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PREFACE TO THE FIRST EDITION 

This book, as its name indicates, is meant to be a text-book 
for the Intermediate students, both Arts and Science, of the 
Indian Universities, and various Education Boards. Regard- 
inn the subject-matter, we have tried to make the exposition 
(‘loar and concise without going into unnecessary details. 
^^aried typos of oxam])le8 have been worked out by way of 
i I lust rations in each chapter and the examples set for exercise 
have been carefully selected and properly graded. 

<ide.stion3 of the University of Calcutta and some other 
Universities are given at the end, to give the students 
an idea of the standard of the examination. 

It is lioiied that the book will meet the requirements 
of those for wliom it is intended and we shall deem our 
labour amply rewarded if the book is found to be a suitable 
t('xt-book both hj the teachers and the students. 

Any criticism, correction and’ suggestion towards improve- 
ment from teachers and students will be thankfully received. 


Calcutta 1 
June, 1947 J 


B. C. D. 
B. N. M. 
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STATICS 

CHAPTER I 
INTRODUCTION 

1 * 1 . DefinitioDS. 

Matter anythiag that occupies space and can lie 
perceived by our sens^j. 

A body is a portion of matter limited in all directions, 
having a definite shape and si/e, and occupying some definite 
space. 

A rigid body is one whose size and shape do not alter 
when acted on by any forces whatsoever, so that the 
different parts of it keep invariable positions with respect 
to one another. 

In naiuro there is no body which is perfectly rigid, for however 
hard body may bo, it will be deformed more or less when the acting 
forces are suflicicntly large. But ordinary solid bodies like stone, wood, 
iron etc. when acted on by finite forces yield so slightly, that the 
deformation is not in general appreciable to the eye, and thus for 
practical purposes they may be treated as rigid. In Statics and 
Dynamics wo are mainly concerned with such rigid bodies. 

A force is that which changes, or tends to change, the 
state of rest, or of uniform motion of a body. 

Statics deals with bodies at rest when acted on by 
forces, or more properly, with the relations between the 
forces which acting on a rigid body (or a system of bodies) 
keep it at rest. 

When a number of forces acting on a body keeps it at 
rest, the forces are said to be in equilibrium. 
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1*2. Classification of Forces. 

The forces that we meet with in course of our subject 
may generally be divided into three types : 

(1) Forces of the nature of thrusts or tensions, push 
or pull applied through actual material contact, by a rod 
or string etc. 

(2) Attraction or repulsion between two bodies, which 
are of the nature of action at a distance, c.r/., earth's gravita- 
tion etc. 

(3) Forces like reaction or friction which are of a sort 
of passive resistance, coming into existence only when 
necessary, and adjusting themselves (within a certain ranged 
to be of such magnitude and direction as are jubt required 
to maintain equilibrium. 

1*3. On Some Special Forces. 

(i) Weight. 

Weight of a body is the force with which the earth 
attracts the body. The direction of this force is vertical. 

It is shown in namics (Arts. 6*1 and C'6) that the earth attract^ 
everybody to itself with a force which is proportional to the mass of 
the body, %.e., the quantUy of matter in a body. 

The unit of mass in British (F.PS.) system is one jjound (lb), 
whereas in 0 G S. system it is one gtamme, [ See Dynamics, Art. j.'3 j 

The amount of force exerted by the earth on a body of 
mass one pound, i.e,, the weight of one pound (brieHy, 1 lb. 
wt ) is usually used in Statics as the unit for measurement 
of magnitude of forces in F. P. S. system. 

Similarly in C.G.S. system, the unit used is the weight 
of one gramme. 

Strictly speaking, the forces of attraction on the same body varies 
slightly from place to place on the surface of the earth, which is nearly 
but not exactly, a sphere. Accordingly, the units above mentioned, 
1 lb. wt. and 1 gm. wt., are not fixed. [ See Dynamics, § 6 d 6'd ] 
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But as in this Elemontary Statics WC shall EOt have OCCasiODB to 
comparo forces at different places on earth, we shall neglect this small 
varianon in the units. 

In practice, for brevity, we shall speak of a force measur- 
ing 20 lbs., or 50 gms., though more accurate expressions 
would be a force of 20 lbs. wt , or 50 gins. wt. 

(ii) Reaction. 

When one body rests in contact with another body, 
pressing against it, it experiences a force at tho point of 
contact which is called tho reaction, exerted by the second 
body on the first.'*" 

Fiir example, whoii a heavy loly, (siy a book), rosts on a horizontal 
table, the weight of the loly which would causo it to fall down to tho 
earth has got its nullified duo to the presence of the table, which 
does not allow the l)ody to poTiCtrato through it. Thus tho table exerts 
A force on tho lx>dy neutralising its weight. This is tho reaction of tho 
table. As tho weight of the body is vertically downwards, the reaction 
of tho table neutralising its effect must bo upwards. 

As another example, when a ladder standing on a horizontal floor 
is leading against a vortical wall, it cxporieucoa forces of reaction at 
its pDints of contact with the firmer as well as with the wall. Those 
two roactions, along with tho weight of iho ladder, keep tho ladder at 
rebt. 


Now it is a common experience that if a body be placed 
in contact with a very smooth surface {e,g., a highly 
polished table), and is urged with any force to slide over it, 
it experiences very little resistance tangentially, but the 
surface, (assumed rigid), does not allow the body to pene- 
trate normally through it. The reaction on such a body 
is therefore normal to the surface. 


• From Newton’s third law of motion [ Dynamics, § G'l <& G'll ] 
the second body also experiences an equal and opposite force exerted 
by the first on it, which wo may call action. 
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In fact a perfectly smooth surface is one whose reaction 
on any body in contact with it is along the common normal 
to the two surfaces at their point of contact. 

The reaction of a rough surface however, on any body 
pressing against it, is not necessarily along the common 
normal. [ See § 91 and 9' 3 J 

(iii) Tension. 


When a string employed to connect two bodies (or two 
points of a material system) is btretched, for example, wlien 
one extremity is tied to a fixed point, and at the other 
a heavy weight is suspended, the fibres of the sbiing become 
subject to a certain pull throughout its length, which under- 



A 



goes by the name of tension, and which, 
if increased beyond a certain limit, wdll 
cause the string to break. This tension is 
a force which at any point P of the string 
is conceived to ))e acting in either of the 
two opposite senses along the string. 

For, eousilcring any small olcmrnt PQ of the 
string, this is stretched by forces set up in the 
fibres pulling if at Q upwards, and at P down- 
wards. Again, consilering the element PP, this 
is stretched by a force pulling it at P upwards 
and at P downwards. Thus at P the tension acts 
in either direction, downwards on the portion above 


it, and upwards on the portion below it. Similar is the case at 


every point. 


If the string he light, the tension is the same throughout 
its length, and is unchanged even when a portion of the 
siring passes over a smooth surface, say a smooth peg, 
or pulley. 


For, considering the element PQ as before, as the string is of 
negligible weight, the only forces under which this element is at rest 
are the two tensions at its extremities Q and P which must accordingly 
balance one another. Thus tension at Q is equal to that at P. Again, 
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considering the equilibrium of the eloment PR, the tension at P is 
equal to that at R. Proooorling in this manner, the tension is the 
same throughout the length of the string. 

Again, when a portion of the string paasts over a smooth pulley 
(or a smooth surface), considering an element MN or M'N' which is 




in contact with the surface, the reaction of tlie smooth surface is 
along tho norm il, and this has no cft'^ct in the tangential direction. 
Ilenco the only tangential forces, namely tho tcnsioiis at tho extre- 
mities M and N nmst balance ono another, and accordingly must be 
equal and opposite. Thus tho magnitulc of tho tension continues 
to be Iho same throughout the stiing even whou it pastes over smooth 
surfdccs as in Fig. ()) above. 

[f however any point G of tho string is knotted to other 
string (or to any other bod>) as in Fig. (ii), we must regard 
its continuity as ))roken, and the tension will not he the 
same in the two portions on the two sides of the knot, though 
for each separate portion it continues to have a constant 
value throughout. 

1*4. Geometrical representation of a force by 
a straight line. 

A force has a given magnitude, and acts at a particular 
point of a body in a definite direction ; in other words, it 
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has a defiaitie ma^^nitude, direction, and point of application, 
the two latter giving the line of action of the force. 

Now a straight line has also a length and a direction, 
and can be drawn through a particular point, thus having 
a definite x>osition. Thus, a straight line drawn through the 
point of application of a toce can very aptly represent the 
force completely in magnitude, direction and position, the 
magnitude of the force being represented on a suitably 
chosen scale by the length of the lino drawn, tlie direction 
of the line representing the direction of the force, the sense 
being indicated by an arrow-head on the line, the extremity 
of tho line being at the point of application of the force. 

A parallel line of equal length drawn anywhere with 
an arrow-head indicating the sense will represent the same 
force equally well in magnitude and direction, but not in 
position. 

Note. A quantity having magnitude and direction (in a definite 
sense) is a vector quantity, and such quantities are geomctrirally very 
aptly represented both in magnitude and rlirrotion by straight lines 
as explained above. [ See Vyjiamtc^, § 2' 2 J For tho oako of rou- 
venieuco, a force represented m magnitude, direction and sense by Ali 

mil usually be denoted by AB or AB. 

1‘5. The principle of Transmissibility of a Force. 

The effect of a force acting on a rigid body at any i^oint 
is unaltered if its point of application is transferred to any 
other point on its line of action, provided the tv'o pomts are 
rigidly cotinecLed to one another. 

This principle follows as an immediate consequence of 
the conditions of equilibrium of two forces acting on 
a body, which is more or less axiomatic, namely that two 
equal forces acting along the same line on a rigid body in 
opposite sense produce equilibrium and will have no effect 
on the body. In fact equal forces are defined as such when 
they satisfy the above condition. 
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Thus, P being a force acting at A along AB on a rigid 
body, if we introduce two equal and opposite forces at B 
each equal to P 
along BA and AB, 
and two latter, being 
in equilibrium, will 
neutralise one 
another and will 
have no effect on 
the original force. 

Now P at 1, and . 

the opposite P at P along tho same line, produce equilibrium, 
and we are left with a force P at B in tho sense AB which 
lb thus cqui\alent to the original force P at A. Hence 
follows the principle of transmissibility of a force aS enun- 
ciated above. 




IHAPTER II 






COMPOSITION AND RESOLUTION OF FORCES 


2*1. Resultant and Components. 

If two or more forces act simultaneously on a rigid 
body, and if a single force can be obtained whose effect on 
the body is the same as the joint effect of the given forces 
(Le.t produces exactly the same motion of the body), then 
this single force is known as the resultant of the given 
forces, and the given forces in their turn are called the 
components of the single resultant force. 

It follows from above that if on a body acted on by two 
or more forces a force equal and opposite to their resultant 
is applied, the whole system is in equilibrium and the body 
remains at rest. 

Conversely, if a set of forces acting on a body be in 
equilibrium, then each force is equal and opposite to the 
resultant of the other forces. 

. Parallelogram of Forces." 

If two forces acting at a point on a body he represented 
in magnitude^ direction and sense by the two adjacent sides 
of a parallelogram dt awn from an angular point, then their 
f> j P resultant is represented 

in magnitude, direction 
and sense by the dia- 
gonal of the parallelo- 
gram drawn from that 
point. 

Thus, if two forces 
P and Q, acting on a body at a point A, be represented (on 
a chosen scale) in magnitude, direction and sense by the 
two straight lines AB and AO, both drawn from A, and 
the parallelogram ABGD be completed with AB and AO 
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as adjacent sides, then the resultant force (say B) will be 
represented in magnitude, direction and sense by the dia- 
gonal AD drawn /ro7w A, 

Note. If both P and Q bo toicards At rop.*csented by BA and CAt 
the resultant v^ill be represented by DA toirards A, If however P is 
along AB and Q along CAj the resultant will not bo along AD or DA, 
nor represented by it. 

A formal theoretical proof of the above theorem is 
reserved for a later consideration.’*' Below we give an ex- 
perimental veriheation of the principle. 

Experimental Verification 

Any three weights Q, B (of which no one should 
exceed the sum of the other two) are tied at the extremities 
of three light flexible strings, the other extremities of which 
are knotted at a common 
point A, Two of these strings 
are placed over two smooth 
pegs, or two light smooth 
pulleys (say L and Jlf), fixed 
against a vertical wall or black- 
board, the knot being between 
the pulleys, and the whole 
system is allowed to come to 
the equilibrium position as in 
the above figure. 

Now at A there are tensions 
acting along the three strings 
which keep A at rest, and are 
therefore in equilibrium. Those 
tensions being constant along 
the respective .strings, and 
supporting the weights P, Q, B at the other extremities, 
have got their magnitudes equal to P, Q and B respectively 
along ALt AM and AB. 



See Appendix, 
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Now, on the black-board, along AL, AM and AB, we 
draw (on any chosen scale) straight lines AB, AG and 
AE to represent, in magnitude and direction, the forces 
P, Q and B respectively. The parallelogram ABBG is 
completed and the diagonal AD joined. It tv ill be found 
that AD and AE are \n the mme straight line and equal in 
magnitude. 

Since P, Q and B are in equilibrium, B is equal and 
opposite to the resultant of P and Q, But R is represented 
by AE, and AD is found equal and opposite to it experi- 
mentally, as stated above. Thus, the resultant of P and 
Q is represented by AD, 

By altering P, Q and B in any manner (with the 
restriction that no one is greater than the sum of the 
other two), and repeating the experiment, the same result 
will be verified in every case. 

This proves the parallelogram law for finding the 
re^tant of two forces acting at a point. 

■^3, Analytical expression for the result ani of 
o given Torces. 


Pig. 0) Fig. (ii) 

Let P and Q be two given forces acting at the point A 
at an angle o, and let them he represented by AB and AG 
respectively. Complete the parallelogram ABDG and join 
the diagonal AD, which then, by parallelogram of iorces, 
represents the resultant B. Let Z.DAB^0, which will give 
the direction of the resultant. Now draw DE perpendicular 
upon AB, produced if necessary, as in Fig. (i). Then in the 
right-angled triangle DBE, 

DE « DB sin DBE » Q sin a 
In Pig. (ii), sin DBE ■* sin (180® - a) * sin a ] 
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Also, ^JS“‘j4B + BB = P + 0 cos a 

[ In Pig. (ii), AE ■= AB -BE^AB-BD cos DBE 

= P - <? cos (180° - a) - P + g cos o ] 

Thus, .47)* “j 4E® + DB* gives 

E* =(P + g cos a)® + (g sin a)* 

= P*+2Pgcosa + g®.'-^ 

,, I A gsina 

liso, tan O’ - ,Tn“ 

All P + gcoea 

Hence. R “ VP“+2PQ cos o+Q“ 


and 6 = tan 


.1 Qainc , 

P + Qcos« y 


^uing bbc and direction cf the resultant, 

w ^or. If tf«0, l{«P+Qandifa«r, R»P-Q. IP>Q) 

llQucBt Ihe resultant of til'd given forrei acting along the same line 
t*! iheir algvhraic >7im. 

3^ Two forces P and Q acting at a point being given In 
magnitude, tb^ir icmUant is gteatest when cos a is greatest i.e.i 
CO*, n-1 4f., a = 0; and the greatest i exultant is P^Q\ and the 
»p uHant is lead when ros a is l^asi t.e., io> a— —1 1 e., a = ir and the 
lead lesuUani is P-Q. 

sy^tor 3. When P«<?, it is oabiiy seen that 
P*=-2P cos Ja and Ja. 

Thus, the lesuliant of tuo equal forces P, P at an angle a, is 
2P cos ia, in a direction hi!>ecttng the angle betiieen them. 

If a = 120®, P = 2P cos 60® -P. 

Hence, the resultant of tvo equal forces acting at an angle 120®, is 
equal to each of the fny ces. [ P « P *=* Q ] 
w> C?or. 4. If a = 90®, P - Jp^ + g», 8 = tan* * C/P. 

If P > 0, the resultant is nearer to P. 

v^r Breaking np a given force into two compo* 
nents. 

A given force may be resolved in two components in 
an infinite number of ways, for by parallelogram of forces, 
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if with the straight line representing the given force as 
diagonal we construct any parallelogram, the two adjacent 
sides of this parallelogram will represent the two component 
forces having the given force as their resultant. 

Again, if we want the component of a given force, in 
a given direction at any inclination to it, the component is 
not determinable, in as much as the direction of the other 
coniponent may be chosen to be anyone, and the parallelo- 
gram constructed with the given force as diagonal. 

If however, with a given force, both the directions are 
definitely mentioned in which we are required to break it 
up into components, these components can be determined. 

Jjet OG represent the given force i?, and OX and OY 

two given directions 
making angles a and P 
respectively with 00, 
on opposite sides of it, 
along which we are to 
find the components 
of 

Complete the para- 
llelogram OAOB with 
diagonal 00, and sides 
along OX and OY. 
Then, by parallelogram 
of forces, 0^1 and OD 
represent the required components P and <3, having E as 
their jesultant. 



Now from the triangle 0 iC, by Trigonometry, 

01 ^ AG ^ OC ^ 

am OCA sin GOA sin OAG 


OA ^ OB ^ OC , ^ ^ li . 

sin 0 sin a sin pL8U® -(a + i3)|" sin (a + j5) ' 

r» E sin ^ sin a / 


sin (a + p) 
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Note, The result -t—s* 7“": : °= — 7:rrSx shows that the two 
sin p sin a sin (a+p) 

components and the resultant are so related that each is proportional 
to the sine of the angle between the other two. 

2*5. Resolving a given force into perpendicular 
components. 

The most important case of resolution of a given force 
into two components is when the directions of the com- 
ponents are at right angles to one another. In this case 
the components are referred to as the resolved parts of the 
force in the corresponding directions. 



O; A X ;; “61 X 

< I 

Fig. (i) Fig. (ii) 

Let the given force P be represented by OC, and let 
the direction OX make an angle COX-0 with it, OY 
being perpendicular to OX. 

Complete the parallelogram OAGB (which is a rectangle 
in this case) with 00 as diagonal, and sides along OX and 
OY [ produced backwards, if necessary as in Fig. (ii) ]. Then 
by parallelogram of forces, the resolv^ parts along OX and 
OY are given by 

OA *» 00 cos XOC P cos 6 
and OB- AC- 00 sin XOC - P sin 6. 

Note. In Figuro (ii), strictly speaking, OA » 00 cos CO A » 
P COB (180®— -P cos 0, and is positive along OX\ Now matke- 
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matically, a force F along OX' i$ identical with a force — F along OX. 
Hence, ~P cos 0 along OX' may be described as P cos d along OX. 

Thus, the resolved part of P along OX is mathematically P cos 
and perpendicular to OX, it is P sin 6, whether 6 is obtuse or acute or 
of any magnitude. 

Uence, any given force P is mathematically equivalent 
to (and accordingly can be replaced, whenever needed, by) 
two simultaneously acting resolved parts, one P cos 6 along 
a direction OX at an angle Q to it, and another, P sin 0 
perpendicular to OX, whatever the angle 0 may be. This 
mode of replacing a given force by its two equivalent 
resolved parts in two suitable perpendicular directions is 
particularly useful in finding the resultant of several forces 
simultaneously acting at a point, as is shown in Article 2T. 

v)^'6. Theorem. The algebraic sum of the resolved parts 
of any two forces acting at a point, alomj any direction, 
is equal to the resolved part of their lemltant, in the same 
direction. 



Let OA and OB represent the two forces P and Q 
acting at the point 0. Then 00, the diagonal of the 
parallelogram OACB, represents their resultant It in 
magnitude and direction. 

Let OX be a line drawn in any direction through O 
and AL, BM and ON the perpendiculars drawn on it from 
A, B and 0 respectively, so that OL, OM and ON represent 
the resolved parts of P, Q and B along OX, in magnitude 
and sign. In Fig. (i) all three are positive, and in Fig. (ii) 
OM is negative. 
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Now, OB and AC being equal and parallel, their projec- 
tions OM and LN on OX are equal in magnitude. 

Hence in Fig. (i), ON OL + LN « OZ + OM 
and in Fig. (ii). ON^^OL- NL^OL- MO 

-OL-(-OM)«OL+Oilf. 

Thus, resolved part of the resultant B is equal to the 
algebraic sum of the resolved parts of P and Q along OX. 

Cor. By a revoatod applicatioii of the above theorem, wo can 
oasily extend tli'' thourom aa follows : 

If any number of forces act at a j^oint, the algebraic sum of their 
resolved parts in any d%yecl%on is equal to the resolved part of their 
rcsuU^it in the same direction. 

\/2*7. Resultant of several coplanar forces simultane- 
ously acting at a point. 



Let a number of given coplanar forces Pi, Pai P31 etc. 
be simultaneously acting at the point 0 , and let their 
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directiioiiB make angles oi, 02 * as, with any suitably 

chosen direction OX in the plane, OY being perpendicular 
to 0 X 9 

We can replace the force Pi by its resolved parts 
Pj cos ai along OX, and Pi sin ax along OY. Similarly, 
P 2 may bo replaced by P 2 cos as along OX, and P 2 sin as 
along 07, and so for each one of the given forces. 

Now P (represented by 00) being the resultant of the 
given forces, and 0 the angle it makes with OA", its resolved 
parts along OX and OY being equal to the algebraic sum 
of the resolved parts of the component forces along the same 
two directions, we get 

R cos 0 “Pi cos ai +P2 cos 02 + P3 cos a3+ ••• (say), 
R sin 6 «Pi sin ai-f-Pa sin aa + Pa Bin a3 + *'*=JEY (say). 

Henco, JJ® -(i’X)* + ^/(i'Xr + Ci’Y)* 

vy . sY 

and tan0“^,^.* vjafT 

P* « {A’Pr cos Or}® + {wPr sin dr\^ 

= (cos^jr + sin^cfr)} + 2i:{PrPs (cOB dr COS dg 

+ sin Or sin ca)} 

** A Pf ^ d" P f P 8 cos (cy a s). 

Note. If no suitablo direction is apparent, wo may tako OX along 
the direction of ono of the given forces, say P^, in which case ai-O 
and Pi cos ai*=Pi, and P^ sin Oj *0. 

2*8. Graphical method of construction of the result- 
tant of concurrent forces. {Force diagram) 

Lst the two given forces P and Q act at 0. In their 
plane, draw a straight line AB parallel to P, on a suitably 
chosen scale, to represent P in magnitude, direction and 
sense, and then on the same scale, draw BO parallel to Q, 
to represent Q. 
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Two forces : — 




Thus, IB, BO taken in order represent successively 
P and Q, Then the third side AG (in o'pposite order) will 
reprebent the ^nuijnitude^ dnet^iion and ben^e of the resultant, 
which will however act at 0. 

In vector notation, AB + BC"AC. 

\ 

The proof is easily aeon to depend on the parallelogram 
of forces, for, completing the parallelogram ABCD, AD, 
wliich ib equal and parallel to BG, represents Q equally well 
in magnitude, direction and sense. 


Any number of forces ; — 


D 



Let P, Q, iv*,...etc. be any number of given coplanar 
forces acting simultaneously at 0. 

In their plane, on any chosen scale, draw successively 
the lines AB,^B0, OD,... etc. parallel to the directions of 



18 


STATICS 


Pi Q, Bi 6tc. fco represenli those forces in magnitude, 
direction and sense. Then the last line to close up the poly- 
gon, in opposite sense (say AB, as in the above figure), 
represents the magnitude, direction and sense of the resultant, 
which will however act at 0. 

For, from the case of two forces, resultant ba>) of 
P and Q represented by AB and BG is represented );y AC. 
Then the resultant of and B, which are given by AG 
and CD respectively, is represented by AD \ and so on. 

In vectoi notation, AB + BG + CD + DE = AE- 

The (m, n) theorem. 

The resultant of two forces represented in magnitude 
by m.OA and n.OB, acting at 0 along 0 1 and OB res- 
pectively, is represented in magnitude and direction hif 
(m+n).OC, where C is a point on AB such that AC : CB 
"n : m, mAC-n.CB. 



Let two forces act at 0 along OA and OB whoco magni- 
tudes are represented by m.OA and n,OB respectively. 

Join AB and let C be the point on it such that m.AC 
^n.GB. Join OG, 

Through 0 draw XOY parallel to ACB, and complete 
the parallelograms 0G*1X and OCBY. 

By parallelogram of forces, the force represented by 
OA can be replaced by the components OX and 00, and 
hence a force represented by m,OA can be replaced by 
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the components m.OK and m.OC. Similarly, the force 
represented by n.Oh can be replaced by its components 
n,OY and w.OC. 

Hence, the two given forces m OA and n,OB are equiva- 
lent to a total component (w + 7 i).O 0 , along OC, a compo- 
nent m,OY along OX and one n.OY along OY, But since 
Tn.OX^7?b.C I — n.CB — n.OY in magnitude, the last two 
components being equal and opposite along the same line, 
balance one another. 

Hence, tbo final resultant is the single force represented 
by (m +n),OC along 00. 

Cor. 1. The resultant of two forces OA and OB [is 
represented by 200, where 0 is the mid-point of AB, 

Cor. 2. The rdsultant of three forces represented b^ 
OAf OB, 00 is 30G, where O is the centroid of the triangle 
ABC. 

2‘10. Illustrative Examples, 

Ex. 1. If file rc^ dtant of tiio forces acfwq ov a pat tide be at fighi 
(ingles to one of the w, attd 1/9 wagmtude be one-th%rd of the magnitude 
of the other, •hotr that the latio of the latytr force to the smaller is 
3 : 2 n/ 2. f p. ] 

Lpt P aufl Q Ip tho fojros, and lot the resultant bo per pend iculir 
to P , its magnitndo boing as in tlio figure, when tlio diagonal ot 
tho parallelogram with P and Q as adjacent side's represents the 
resultant. 



Then, from the figure, 

Q^^(iQy + P\0T, = ; 

.-. Q’/P* = 9/8, 
or, Q : P=3 : 2 J2. 

Ex. 2. Tt( 0 forces acting at a foint have got their resultant 10 when 
acting at right angles, and their leaH resultant is 2. F%nd their greatest 
resultant, and also the lesultant uhen they act at an angle 60”. 
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Lot P and Q bo tho forcos, P being tbo greater. 

Then, while acting porpendioularly, their resultant, 

^//>T+ga = 10, or, P* + (J’=^100. 

Also their least resultant, 

P® + ^*-2Pg-4. 

Hence, P0 = 48. 

Now tlie greatest resultant 

= P+<;)= Jp^ + Q' + 2rQ 

- Vl00+9G*U. 

Aho, when they a^-t at an an^lo 60”, tboir resultant 

P** Jr^-i (,)^+2pg cos r>o® 

“ v/l00 + 2X48xi= ^/l4:8. 

Ex. 3. Forcjs P and Qt uho^e resultant as act at a pomt 0. If 
any transversal cut the hncs of action tf the forces P, (?, It at the points 
Lt Af, N respectively, shoiv that 

OJ^ilrON 



O 


Lot OA bo drawn perpendicular from 0 on tho transversal LNM. 
Equating the algebraic sum of the resolved parts of P and Q along 
OA to that of their resultant P, wo get 

P cos ZiOA + Q cos MOA^^Il cos NOA, 


nOA li^A 

OL^OM ON 
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Alternative method : 

p 

P along OL can be written as ^-•OL“?».OL = where 


P 

OL 


Similarly, Q along OM can be written as n, OM whore 


Now the n'duUant of the forces roproj^ontcil b}'- m,OL and n»OM is 
. ON along ON, where N is a point on LM such that LN : NM 
— 71 : 1 ) 1 . Thus, ON being the direction of the resultant, intersecting 
LM St xV, 


/?-( •» + '0.O.Y. or, 






Ex. 4. T/''oforce<i P, Q t at f t ouit alonq two straight h7ies makbig 
a7t afujlii a with each oilier, and Ji their jesuUant* Tuo other fotces 
P\ Q’ acting along the mme tiro Lnes have a resulta^ii R\ Prove that 
if 6 bo the amflc bciircen the l%7ii\ of action of the resultants, then 

[in o7sO=‘{PQ'+P'Q) cos a + PP'-hQQ/, 
a7id ItR' ^in B—{PO' r^P'Q) sin a. 

If (p be the angle which the resultant R m.i.kos with the Hue of 
action of resolving along and perpendicular to this lino, and equating 
the resolved part of the resultant to the algebraic sum of the resolved 
parts of tho oomporu nts, 

cos </>= cos o, /J sin 0-Q sin a. 

ShniLirly, <// being tho angle made by Jl' with tho same lino, 

II' cos = Q' cos a, R' sin rf>'~Q' sin a. 

Now, 0 — <,'>'^0'. cos 0 = cos 

ItR' cos 0 - lilt' (l’O^ 0 cos 0' + sin 0 sin 0') 

-(P+Q (.os a)(P'-f Q' cos a) + ((2 sin a)(f/ sin a) 

^ PP' + (PQ' + PXO cos a + QQ' (cos’ a + sin * a) 

^(PQ' + P'Q) cos a-hPP'+QQ'. 

Similarly, tho second result follows. 

Ex. 6. Sho7v that the resultant of two forces sec B and sec C actmg 
along AB, AC respectively of any triangle ABC is a force (tan A+tan C) 
along AD, where •D is the foot of the perpendicular fro7n A on PC. 
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We note that the forces sec B and sec C along AB and AC can bo 

written as 

/ \ AB AC 

/ along these lines. 

, / . . BT> A H cos B 

/ N. ^8““’ i»C“.lCcos C 

/ X _ sec C , sec B 

Bo C " AC ' AB'’ 

Thus, the resultant of along AB and along 

AC along AD, since D divides BG in the ratio 


see C sec B 
AC ‘ 'AB' 


[ Sop § 5*9 ] 


Also, B-sin /? f 800 0. ain 0 

-(tan 75 4- tan C). 


Ilenoo the result. 


Ex. 6. ABCDfj 19 a teqular pentagon and forces aHirtg at a point 
are repic'ented in magiiitmh and dtiecUon by the hues iB, AC, AD, 
AJiJ, BC, JW, BE, CD, CE and DK. Prote that their resultant is 
rt presented hy AAE-^2BD. f C. U* 1939 J 

We first of all see that forces 
acting at a point and represented in 
magnitude and direction by the lines 
AB, BC, CD, BE are equivalent to 
a single force represented by AE £ 

[See § 2 8] Written in vector 
notation, 

AB-\ BC+CD+DE=AE. 

Similarly, AC + C£! = A£!- 

Also, AD + DF,-A1S 

and J}}J + ED=BD. 

As two forces represented hy BE and ED acting at a point cancel 
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one another, and as the forces all act at one point, we get by combitiiug 
the above, 

AB + 5C + 01) + DE + AG + CE + -40 + BE = ^AE + OD. 

Ilcnco, adding two more forces represented by aE and OO, we get 
AB+AC+AD+AE + BC + Dl) 4- BE + CO + CE + DE 
=^4:AE + 2BD. 

Ex. 7. Forces of magnitude 1, 2, 3, 4 5 respectively act at an 
angular point of a regular hexagon towards the other angular points 
taken in order ; their resultant, 

ABCDEP being a regular hexa- 
gon, forces 1, 2, 3, 1, 5 act along .40, 

AC , AD, AE and AF. ^ 

In Uio regular hexagon, it ia easily 
from Gpometry that Z_BiC= 

/:.CAD^/LDAE--/LEAF^^Q% and 
so -40 and AE are porpcndicnlar to 
one a noth nr. 

If a bo the rpqniTod rnsnltant and 
0 the angle it makes with AB, wo get 
by ofiuating the resolved parts of the 
r« 33 iiU.ani along .40 and AE to the algebraic sum of the resolved parts 
of the components, 

. jR cos d = 1 + 2 cos 30® + 3 cos CO® + 4 cos 90® + 5 cos 120® 

= 1 + 2.-*^ + 3. 2 +4.0+ 5^-* ^ * 

and Rain 0^2 sin 30® + 3 sin GO® + 4 sin 90® + 5 sin 120® 

= 2. i +3. ‘'^'^+4.1+5. ‘f^ = r)+4s/B. 

iJ* = ( is/a)’ +{5+ 4 ^/3)’ = 70+ 40 ^/5. 

,, , . 6 + 4^/3 

Also, tan d « - • 

n/J 

Hence, 0 = 2 is/l9+ 10 (s/3 and B =« tan“^ ^4+ 
giving the magnitude and direction of the resultant. 
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Ex. 8, Assunnng that the ymaXXeloqrCLm laio of forces is true so 
far as the magnitude only of the resultant is concerned^ prove it for 
direction. 



Ij6u OA and OB roprosont t^o forces acting at 0 iu magnitude and 
direction. Complete the parUIidogram OACB and join the diagonal 
00. It given that the reaultint of Oil and OlS is represented In 
magnitude only by 00. Wo are to show that <ho direction of the 
resultant must ha along 00, 

Let OD bo a force exactly equal and opposite to the unknown result- 
ant of OA and OB, so that OD is equal to OC in magnitude, but we 
do not as yet know the direction of OA Oomplel-o the I'lirallelogram 
ODEA, and join the diagonal OE, 

Now, since OD is equal and opposite to the resultant of OA and OB, 
the throe forces OA, OB, OD acting at 0 are in equilibrium. Hence, 
OB is exactly equal and opposite to the ro^’ultant of UA and OD. 
But from the given condition, the magnitude of this resultant is 
given by the diagonal OE. Hence, OB must bo equal to OE in 
magnitude. 

Thus, OE^OB-AC. Also, ilj?»02>«00. Hence the figure 
OEAC is a parallelogram. Therefore EA is parallel to 00. But by 
oonstruotion, AE is parallel to OD. Hence OD and 00 must he along 
the same straight line. Thus, the direotion of the resultant of OA and 
OB being exactly opposite to OD from construction, is along the 
diagonal 00. 
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^ Examples on Chapter II 

Show that the greater the angle between the lines 
of action of two forces acting at a point, the less will be 
their resultant. 

• 8^ Two unequal forces inclinerl at a certain angle act 
on a particle. Show that the resultant is nearer the greater 
force. 

- ar" The greatest ancl least resultants of two forces of 
given luagnitiulcs acting at a point arc IG Ihs. \\t. and 4 lbs. 
wt. respcctir/^y. Find their resultant when they are at 
an ant^le of GO® with one another. 

The resultant of two forces F and 2P, acting at 
a point, is perpendicular to P. Emd the angle between the 
forces. 

♦ ^ Find the angle between two equal forces P, when 

their resultant is a third equal force P. [ P. IJ. 19 SO ] 

- Two equal forces act on a particle ; find the angle 

botw(3en them when the square ol their resultant is equal to 
three times their prv^duefc. L P. U, 1933 J 

< The resultant of two forces acting at an angle of 
45® is Ihs. wt. ; one of the components being ^2 lbs. 
wt., find the other. 

'8. Find the components of a force P along two 
directions malung angles of 45® and 60® with P on opposite 
sides. 

Two forces of magnitudes 3P, 2P respectively have 
a resultant P. If the first force is doubled, the magnitude 
of the resultant is dou))led. Find the angle between the 
forces, [ 0. U. 1932 } 

^10. Two forces given in magnitude and direction act 
on a particle. Find the direction in which a third force of 
given magnitude should act on it, so that the resultant of 
the three may be the least possible in magnitude. 

Two forces act at a point and are such that if the 
direction of one is reversed, the direction of the resultant 
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ia turned through a right angle. Prove that the two forces 
must be equal in magnitude. 

*M2. If the resultant of two equal forces inclined at an 
angle 20 js twice as great as when they are inclined at an 
angle prove that cos 0-2 cos </>. 

*13. If the resultant E of two fotces P and Q inclined 
to one another at any guen angle makes an angle 0 with 
the direction of P, show that the resultant of the forces 
P + P and Q acting at the same angle will make an angle 
iO with the directiou of P + E. 

r B. U. 1926, '29 ; B. E. 1932 ] 

•^14. If the lesultant of the forces P and Q he equal to 
that of the forces P + S and Q - S acting at the same angle 
P), find the magnitude of the resultant. 

15. Two forces P and Q acting on a particle at an 
ngle a have a resultant (2fc+ 1) + Q®. When they act 

at an angle 90° - a, the rt^^ultant becomes {2k - 1) ; 

prove that 

[B.n.U. 1946 ] 

•16. Two forces P+Q, P-^Q msko an angle 2a with 
one another, and their resultant makes an angle 0 with the 
bisector of the angle between them. Show that 

P tan 0 - Q tan a. [ P. ^7. 1931 1 

T. The angle of inclination between two forces P and 
is 0- It P and Q he interchanged in position, show that 
the resultant will be turned through an angle </>, whore 

tan ^ ^ tan 2 • [ P. U. 1939 ] 

*'18. Twe forces P and Q act at an angle a and have 
a resultant P. If each force is increased by P, prove that 
the new resultant makes with P an angle whoso tangent is 
(P - Q) sin a _ 

P + Q + P + (Z^ + 0) cos a 

[ P. 17. 1943 ; B.-17. U. 1943 ] 
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^ 19, Two forces P and Q acting respectively along two 
different straight lines OA and OB have resultant perpendi- 
cular to 0 1. If two forces P' and Q' acting respectively 
along the same two soraight lines have a resultant perpendi- 
cular to OB, show that 

*^20. Two forces P and Q acting respectively along the 
straight lines OA and OB which are inclined at an angle 
a to one another (a n), have a resultant R making aH 
angle 8 with OA, If Q bn changed to Q\ the resultant 
changes to B' making an angle O' with OA. Show that 

^ sin (a - 0) */ / 

7/ sin (a — o') y 

* 21. The resultant of two forces P, Q acting at a certain 
angle is -T, and that of P, J»* acting at the same angle is 
also X The resultant of Q, li {Q 7^ B) acting at the same 
angle is Y, Show that if P + Q + i^“=0, then Y, 

"^22. Two forces 11 and S act at a point along two 
straight lines inchned nl an angle 6, and 7^' is their resultant. 
Two other forces P' and S' acting along the same lines 
have a resultant If </> he the angle between the lines of 
action of F and F\ prove that 

(l — cos </>Xl + CfH </>) 

>■ 2rji'SS' + - cos 8X1 + cos O) 

“ p-jpr/a 

r 0. U. 1946 ] 

(i) Two forces P and Q acting at a point have got 
resultant 7^ ; if Q lie doubled, Tt is doubled. Again, if 

Q be reversed in diiection, thdn also R is doubled. Show 
that P : Q : Pi - ^/2 : >/3 : v'2. [ Bnmbay, 1034 J 

(ii) Show that three concurrent forces lying in a plane 
cannot produce equilibrium for any arrangement of their 
directions, if the sum of the magnitudes of two of them 
be less than that of the third. 
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* 24. If one of fche two forces acting on a particle be 
double that of the other, and if 0 bo the angle between 
the direction of the resultant and the greater force, show 
that a 

*25. Three forces jP, Q, H in one plane act on a particle, 
the angles between Q and Zt, E and P and P and Q being 
a, p, y respectively. Show that their resultant is ec^ual to 

{P® + Q® + P® + 2QJi cos a + 2PP cos p + 2PQ cos y]^. 

I Delhi, 1931 ] 

* 26. "Plqual forces P act pt a point parallel to the sides 
PC, GA, AB of the triangle ABG, Trove that their resultant 
is given by 

P eoH cos P-2 cos C. 

'27. Forces act through tho angular points of a tiiangle 
perpendicular to tho opposite sides, and ore proportional 
to the cosines of the cor»’es]>onding angles ; show that their 
resultant is propoi tional to 

v(l “ H cos .1 cos B cos C). 

28. Prove that any force in tho plane of a triangle ABG 
can be resolved into three components acting along the 
sides of the triangle. 

In particular if E, F are tho feet of the perpendiculars 
from B and G upon the opposite sides of the triangle ABG^ 
show that a force V acting along EF can bo replaced by 
P cos J, P cos By P cos 0 acting along the sides of the 
triangle. [ B, E, 1936 ] 

*29. Show how a force given in magnitude and line of 
action can he broken up into two equal components passing 
through tv/o given points, which are (i) on the same side, 
(ii) on opposite sides of the line of action of the given 
force. 

*30. Two given forces, which are not parallel, act at two 
given points of a body. If they be turned through the 
same angle in the same sense about their respective points 
of application, prove that the resultant is constant iu magni- 
tude and passes through a fixed point. 
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*31. Two forces P and Q act upon a particle, P is given 
in magnitude and direction, and Q in magnitude only. Find 
the locus of the extremity of the resultant. 

*32. A, B, G are three fixed points and P is a point 
such that the resultant of forces P.4, PB always passes 
through C. Show that the locus of P is a Straight line. 

**33. If the resultant of forces represented by lines drawn 
from a point P to tlie vertices of a quadrilateral be of const- 
ant magnitude, show that the locus of P is a circle. 

* 34. Forces are represented in magnitudo, direction and 
sense by the sides AB, AG ot the triangle iBG, If their 
resultant ])asses through the circum -centre of the triangle, 
show tliat the triangfo is either right-angled, or isosceles. 

* 35. A, P, G are three points on the cireiimferenco of 

a circle. Forces act along AB and BG inversely proj'ortional 
to those lines in magnitude ; ohow that their resultant B(ts 
along the tangent to the circle at B, [ U, P. 19 iJ ] 

36. AB and GD denote any two equal and parallel 
chords of a circle ; P is a point on the circumference eciui- 
distant from A and B, Show that the resultant of forces 
acting at P and represented hy PA, PB, PC, PDU constant. 

[ C\ U. 29i3 ] 

37 PQftS is a quadrilateral. Prove that the resultant 
of the forces completely represonted by the lines PQ, QB, 
PS, SB is represented in magnitude and direction by 2PR, 
and that its lino of action bisects QS, [ C. U. lOiIl ] 

38. If II bo the ortho-centre and 0 the circum-centre of 
a triangle ABG, sliow that the resultant of the forces repre- 
sented by 

(i) OA, OB, OG is represented by OH ; 

(ii) HA, HB, no is represented by 2n0 ; 

(iii) AH, HBt HG is represented in magnitude and 
direction by the diameter through A of the oircum-cirde of 
the triangle. . 
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39. Three forces PA^ PB, PC diverge from the point 
P, and three forces AQ, BQ, CQ converge to the point Q. 
Show that the resultant of the six forces is represented in 
magnitude and direction by SPQ and that it passes through 
the centroid of the triangle. 

40. If 0 be the circum-centre of the triangle ABC and 
if forces act along OA, OB, OG respectively proportional to 
BCt GA, AB, show that their resultant passes through the 
in-contre. 

41. 0 is any point in the plane of the triangle ABC ; 
D, F are the middle points of the sides. Prove that 
the resultant of the forces OE, OF, 1)0 is represented 
by OA. 


42. Two chords AB, CD of a circle intersect at right 
angles at P ; show that the resultaot of the forces PA, PB, 
PC, PI) is 2/^0, where 0 is the centre of the circle. 

43. ABODEF is a regular hexagon and 0 is any point. 
Prove that the resultant (;f tlio forc(*s represented by OA, 
OB, 00, OD, OF, OF is 60G, where G is the centre of the 
circum-cirole of tlie hexagon. 

*44. Eight points are taken on the circumference of 
a circle at equal distances, and fT*om one of the points 
straight lines are drawn to the others. If these lines 
represent forces acting on a particle at the point, show 
that the direction of the resultant coincides with the 
diameter through tiie point, and its magnitude is four times 
the diameter. 

45. Force'^ each equal to P act along the sides AB, GB, 
AD, DC of the square ABGD ; find their resultant. 

46. ABC is a triangle right-angled at A, and AD is 
perpendicular on BG. Show that the resultant of the 

forces acting along AB and acting along AC is 

acting along AD. 
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47. Show that the resultant of the forces OA tan A 
and OB tan B acting along the sides OA and OB of the 
triangle OAB is AB tan A tan acting in the direction of 
the perpendicular from 0 on AB 

'*'48. 'J’wo forces act along the sides CJ, CB of a 
triangle LBC, their magnitudes being proportional to cos -4, 
cos D, Prove that their resultant is proportional to sin 6\ 
and its direction divides the angle C into two portions 
+ t). i(G^A-Bl 

*49. P is a point in the plane of the triangle ABCt and 
7 19 the in-centre. Show that the resultant of the forces 
represented by PA sin A, PB sin B, PC sin 0 along PA, 
PB, PC respectively is 

4 P 7. cos \A cos \B cos iC, 

along Pf, 

50. Four horizontal wires arc attached to a t 0 loi)hone 
post and exert the following ten&ions on it ; 20 lh&. wt. N., 
00 l)jM, wt. Fi., 40 lbs. wt. S. W., and 50 lbs. wt. S. F. 
Calculate the resultant pull on the post. 

51. Forces of 2, 5, >/3 and 2 lbs. wt. re9i)octiveIy 

act at iriQ of the angular points of a regular hexagon 
towards the five others in order. Find the magnitude and 
direction of the re^iultant. 

52. Find the magnitude of the resultant of the forces 
7, 1, 1 and 3 lbs. wt. acting from one anglo of a regular 
pentagon towards the othor angles taken in order, 

53. A BODE F is a regular hexagon of side a. and at .1 
forces diot. represented in magnitude and direction by AB, 
2/10, 3 AD, AAE, HAF, show that the magnitude of the 
resultant is \/351a. 

'^54. Three forces P, Q, i? meet at a point, and the 
resultant of P and Q is 7 lbs. wt. acting at an angle 
cos (tI) with P. The resultant of P and B is also 7 lbs. 
wt. at an angle cos"^ ( “ W with P, and that of Q and B is 
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-7129 lbs. wt. at an angle tan“^ (" Vs) 

P, Q, B in magnitude and direction, it being given that 
Q and B are on the same side of the line of action of P. 

*65. At any point of a parabola, forces represented in 
magnitude and direction by the tangent and normal at the 
point (up to their intersection with the axis), both towards 
the axis, act. Show that the resultant passes through the 
focus. 

*56. Two forces are represented by two semi- conjugate 
diameters of an ellipse ; prove that their resultant is a 
maximum when the diameters are equal and include an 
acute angle, and their resultant is a minimum when they 
are equal and include an obtuse angle. 

57. P is any point on an ellipse of centie C and foci S 
and S\ Two equal constant forces act at 0 parallel to SP 
and 7 ‘S', Show that the end of the straight lino which 
represents their resultant lies on a circle passing through 
the centre. 

*58. Assuming the parallelogram law of forces to bo true 
for direction only, prove it for magnitude. 

ANSWERS 

3. nibs. wt. 4. 120®. 6. 120®. 6. 60®. 

7. 2 lbs. 

10. la the direction opposite to that of the resultant of tho givou 
forces. 

14. P+(?. 

31. A circle with centre at the extremity of P and radius equal to 
the magnitude of Q, 

45. 2P acting along DC, 50. 67 '2 lbs. wt. 

51. 10 lbs. wt., towards the opposite vertex. 62. ^'71 lbs. wt. 

54. P=8 lbs. wt., (3«5 lbs. wt at angle 60® with P, 

Ii=8 lbs. wt., at angle 120® with P. 
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^JEQUILIBRIUM OF CONCURRENT FORCES 

' Mg 

y 3‘1. Triangle of forcea^^ 

\7f three forcea acting at a point, be such as can be 
upresented in ma'imtude, direction, and sense, (Imt not in 
po.ation) bit the three sides of a triawjle taken in order, tJten 
the forces a>e in equilibrium?^ y 




^Let the three forces P, Q, B acting at the point 0 be 
represented in magnitude, direction and sense by the sides 
BC, CA, AB in order respectively of the triangle ABO. 
It is required to prove that they shall be in equilibrium. 


Complete the parallelogram BOAD. Since BB is equal 
and parallel to OA, the force Q which is represented by CA 
can as well be represented in magnitude and direction 
byBD. 


Now by parallelogram of forces, the two forces P and 
Q, represented in magnitude, direction and sense by BC 
and BD, have got a resultant represented in magnitude, 
direction and sense by BA. This resultant of P and Q 
acts however at 0, and being equal and opposite to B 
which is represented by AB, balances the latter force. 
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Honce feho three forces are in equilibrium. 

In vector notation, ^ + BC‘bCA“0, when refm\ng 
to forces acting at a point. ^ }r 

Note. threo forros, in fhis pace, though lepiesenfpd in m igni 
tudo and direption by tho sides of a tiiaiiglp, aH at a und do not 

act alrmq tLo of the Uianqlt It will Qon in a liter chipt* i. 
( § 6‘8), what happens if three forces act along th» sides of a tri'ingh’. 
Three for’p'> ad^vg on a p^irticle moan the sinio thing as thrt** for^'cs 
acting at a point. 

8’2. Modification of the triangle of forces. ( Perpeti'li- 
cular triangle of fort eb)."^ 

[f three jonp^ acting a,, a prnit, he ^urh Lhot theii 
maQniiuie^ are proportional to the ^ides of a tuangle ajid 
their (hreciions are perpendicular to the cm i ebponding 
all inwards, or all outwards, then also th* foices shall he tn 
equilibrium. 

For in this case, li ru^-at^* the tuauglo through one 
right angle in its own plant in tlie irop^n sens*', wt get 
a triangle whose sides in order aio ijarallol to the \cn 
forces, and will lejiresent those toices m both niag.ntuo,* lind 
direction. Accordingly the forces arc in equilibrium. 

Note. Tli(’ cpsulii will also hold if in thn ibovo ca^o, thi duer 'ion * 
of the forces, instead of hnug pcrp« ndicular to the corr^,pon linf' sido-., 
make any equal angle with them, measured the Rime way loun I. Tin 
proof is cxietly similar. 

3*3. The converse of the triangle of forces. 

If three fo7rei acting at a point he in equihhnvm, tf en 
can be repiesented in magnitude, direction and sense ^’t/ the 
three sides of a triangle, taken %n order. 

Let the threo forces P, Q, 11 acting at 0 be In equili- 
brium. Draw the lines BC, CA in succession, parallel to 

*For a note on the method of proof of this Art. see Appendix (B). 
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tho directions o£ P and Q, to represent those forces respect- 
ively in inaf^nitudo, direction and souse, on any chosen 
scale. Complete the parallelogram BOAT), and join the 
diagonal BA. 

Then BD being eijiial and parallel to CA, represents 
Q as well in magnitude, direction and s<>nse. Now, P and 
Q being re])resented 1)\ BG and PZ>, l>y parallelogram of 




torccs, their resultant is rtpi esonted by Pyl. But since P, y, 
K are in cquilibiiuin, E is tcjual and opi»OHite to the result- 
ant oi P and y, and accordingly E is represented in magni- 
tude, direction and sense by AB, 

Thus, we get a triangle ABO whose sides BC, CA, AB 
taken in order, represent the forces P, Q, E in this case 
which proves the theorem. 

Notift, If \^o 'Iraw any other inangle loith the sides parallel to the 
lines of action of the given foiccs, this trUnglo will evidently be similar 
to ABC, and accordingly having the corresponding sides proportional, 
the three foi'ces in this case /nay as well be represented in magnitude, 
direction and sense by the sides of that triangle taken in or tier. 

Cor. Three forces acting at a point being such that the sum of 
any two is loss than the third, they”can never be in equilibrium, for 
they cannot ht* represented by the sides of a triangle. 
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f?* 4. La miVTheoremjjjl^ 

Jf three forces acting at a point he in equilibrinmt then 

eac\ts 2^ToporHo?ial to tne sine of the angle beticeen the other 
two,J 

\ Let tlie threo forces P, Q, E acting at 0 along the 
lines OX, OY, OZ bo in equilibrium. 



It is required to prove that 

_ P ^ Q ^ ^ . 

sin YOZ sill ZOX sin XOY 

On any chosen scale cut off OA and OB along OX and 
OY respectively to represent the forces V and Q in magni- 
tude and direction. Complete the parallelogram OACB and 
join the diagonal 00. Then by parallelogram of forces, the 
resultant of P and Q is represented by 00. 

« 

Now, since P, Q, E are in equilibrium, E is equal and 
opposite to the resultant of P and Q, and accordingly E 
must be represented in magnitude and direction by 00, so 
that COZ must be along the same straight line. Also, AC 
being equal and parallel to OB, lepresents Q equally well 
in magnitude and direction. 

Then in the triangle OAO^ 

OA AC CO 
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B-it, Bin 00 A = sin COB - sin (180* - YOZ) = sin YOZ 
sin GOA - sin (180* - ZOX) - sin ZOX 

and sin OAC = sin (180* — XOY) = sin XOY 

Also, OA, AG, GO represent P, Q, R respectively. 

Thus ^ ^ , 

sin YOZ sin ZOX sin XOY 

_ _ Q_ _ R \ ) 

sm (Q, R) “ sin {B. P) ” sin (P, Q)' - 

Alternatively, sinro the con«urrrnt forces are in equilibrium, the 
algclraic sum of their resi^lved parts in any direction, being equal to 
the ro'^olvcd put of thnr resultant, is i?eio. Then fore, revolving por- 
pcjulirular to OX and to OY respectively, Q sin XOY—H sin X0-Zr=0, 
and P sin TOX- II sin YOZ-^0. Hence, P/sin rOi?«P/Bin XOY 
«g/Rin XOX, 


3‘4 (1). Converse of Lami’s Theorem. 

7/ three forces actimj at a point he such that each is 
proportional to the sine of the angle between the other two 
(the seme of the foiccs being stich that any one of them lies 
within the atigle opposite to that in which the resultant of 
the other two lies), then the thiee forces ore in equilibrium. 

Iiet the three forces P, Q, B acting at 0 along OX, OY, 
OZ he Buch that 

P = 0 „ - -B ... (i) 

sin YOZ sin ZOX sin XOY ^ ' 

the sense of the forces being as indicated by the arrow-heads. 
[ See fig. of § 3'4 ] 

Produce ZO to C such tliat OG^B in magnitude. Com- 
plete the parallelogram OACB with diagonal OC, the 
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sides OAt OB being along OX and OY respectively. Then 
from the triangle OAO, 

OA ^ AC OG Jt . 
sin OCA sin AOC sin OAC sin OAC ' 
also, sin OCA * sin BOG = sin ( IBO® - YOi?) ~ sin YOZ 
sin AOC - sin (] 80® - J^OX ) « sin J^OX 
and sin OAC = sin (180® - ZOY) - sin XOY. 

lienee, 

Comparing this (i), \^e get 

P-OA. Q-^AC-^CB. 

llencfi, by the parallelogram of forces, tbo resultant of 
P and Q, which are now represented by OA and OB, is OG, 
and this by construction is equal and opposite to B. 

Thus, P, Q, B are in equilibrium. 

3*5. Polygon of forces. 

If any number of forces* actiny at a p07nt he 6uch that 
they can be represented m maynitude, direction and ^ense 
by the sides of a closed polygon taken in order j then they 
shall be zw equilihnum. 



Let the forces P, Q, B, S, P acting at 0 be represented 
in magnitude, direction and sense by the sides AB, BO, 
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Cl), DE, etc., taken in order, of the closed polygon ABODE. 
Join the diagonols iQ, AD. 

The forces P and Q being represented by AB, BG, their 
resnlhant (say Rx), is represented by AO. Again, the rcsult- 
fiiit of Rx «»od J?, which are represented by JC, 

67), 13 represented by AD ; in other words, AD represents 
the resultant of P, Q, Jl. J^roceeding in this manner the 
resujtent of the forces J\ (), R, S wliich aro represented 
respectively b^/^ AB, 7i6\ CD, DE is repiesented by AE 
{ See S'S J. 15iit the last foice T is represented by EAi 
and is thus i’qual and 0 ]»posite to the resultant of P, Qt 
R, S. r»oth however acting at balance one another. 
I Ton 00 the given forces aro in equilibrium. 

\ 

Note. It U not l.ire thAt tho forces acling at 0, (and 

?u cordingh the polygon) should bo coplanar. Tho result will bo equally 
Ij no in all < ajos. 


8*6. The converse of the polygon of forces. 

If any n^nnher of forces actiny at a point he in equili- 
in urn, tUen they can he represented in maymmJe, direction 
and .'>enbt3 hy the sides, taken in order, of a closed polygon. 

Jjeb a number of forces 7^ Q, E, S, T acting at a point 

0 be in equilibrium. We aro to show that they can be 
represented in magnitude, direction and sense of the sides 

01 a closed polygon. 

fjet us draw in succeBsion the lines AB^ BC, GD. DE, 
,oined end to end, parallel to, and in the sense of the forces 
/^ fj, R, S (all hut one), of such lengths that they may 
ivpr(“-'ent the corresponding lorces on any chosen scale. 
Join AE, closing up the polygon, and join the diagonals 
AC, AD. [ Sfco Eig.f Art. iS'o j 

Then since P and Q are repn^sented by AB, BG, their 
resultant (T^t* Ray) iR represented by AG. Similarly, AD 
represents tho resultant (i? 2 » sa>) of Bi and R i.e.. of P, 
Q. B. Proceeding in this manner, the last line AE (from 
A to E) represents the resultant of P, Q, R, S (all but the 
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last, namely T). As the forces are in equilibrium, T is 
equal and opposite to the resultant of all the others, and 
accordingly, from above T is represented by EA> 

Hence, the forces are represented in succession by the 
sides of the closed polygon ABODE taken in order. 

Note. Afs polygons with their corresponding sides parallel are not 
necessarily airrilar, i.e., have not got their corresponding sides propor- 
tional always, it follows that tho forces in equilibrium acting at 0 
will not necessarily bo represented by the sides of an?/ polvgon drawn 
with its sides parallel to the forces. [ C/. Art. Note ] 

3*7. Analytical conditions of equilibrium of any 
number of concurrent forces. 

The two necessary and svfflcient conditions that a system 
of coplanar forces acting at a point may be tn equihbrium 
are that the algebraic sum of tUc resolved parts of the forces in 
any two mutually perpendicular duectiom^ may be separately 
zero. 

Let a system of coplanar forces Pi, /^2, Pa, act at 

a point 0, and let OX and OY be any two perpendicular 

directions in their plane. Let ai, 02, 03, bo the angles 

made by Pi, Pg, i^s, with OX. Now, 7? being the 

resultant of the system, and 0 the angle which it makes 
with OX, since tho algebraic sum of the resolved parts of 
any system of concurrent forces is equal to that of the 
resultant in the same direction, resolving along OX and GY 
respectively, we get 

R cos 0 = 2JPi cos ai*=^X (say), 

and B sin 6 — sin ai=JSY(say). 

Thus, B^-=( 2 :Xr+(SY)\ 

Now, if the given force system be in equilibrium, P = 0, 
and accordingly (SZ)^ +(^2?)* being ^rero, each of SX and 
£Y must be separately zero. Hence, the conditions jSX=0 


or any two different directions. 
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and EY’^0 are necessary for equilibrium of the given 
system. 

Afiain, if SX-0 and i’T-O. then R- V(SX)»+(Sr)“ 
“0, and ao the force system is in equilibrium. Thus the 
conditions are suilicient. 

Thus, the two necessary and sufficient analytical condi- 
tions of equilibrium of the given system of concurrent 
coplanor forces are 

SX -JEPi co8ai“0 and SY-SP^ sinai—O. 

3*8. Illustrative Examples. 

t'Rx. t. Time forces P, (?, il acting along OA^ OD^ OC are tn 
eg uililo 'lum . Tf 0 he the' rifciini-cctitie of the triangle ABC, jn’ove that 
P _ Q R 

I 1 _ 1 1 _ 1 4. 1 

b* f ■* b*c* c* a* a^ b* 

ujicfc a, b, c aie the lengths of the sides BC, CA and AB, [0. U. 1938] 

0 boinjr iiiQ oirtum-fontro of the triangle ABC, /LBOG at the 
centre - aZ -.1C at the vircnmferonco = 2il, and si miUrly Z.C04« 27i 
and z.Z07?-=2C. 


A 



Now Mnco the forces P, Q, 11 along OA, OB, OC are in "quilibriuni, 
by Limi’s theoicm, 

7^ ^ g ^ 

sin BOC sin CO-4* sin AOB 

^ ^ ^ ; 
sin 2i4 Bin 2B sin 2C' 
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or, 


P ^ Q ^ R ^ 

•2 bin A oos A 2 sin B cos B 2 sin C cos C 


Kow, in th«! triangle ABC, 

pill A sin P> sin C 


» and cos A- 


2bc 


etc. 


Ilcncfl, from above 
P 


Q 


«rT“') '(‘"rr-) 

Dividing the donominator throughout by ahc, the result fnllO'VP. 


Oex. 2. A body of i ia$^ 10 Ihr. hs !,v>ipciu7ed by two 7 and 

2 1 inclw*\ loriff, their other tud- b^iny fastened to the exiremuie<i of a rod 
of levgth 25 inches. If the rod be to held that the body hang^ tri mediately 

below it& middle point, pnd the toinons of the strin(]s. [ U, IHS J 

AR is the rod of length 25 bichoa, Oxi and Of) the strings of 
lengths 7 and 21 inches by v^hioh tiio wtdght (10 lbs.) is Misp(3ndecl at 
O, where CO is given to bo vortical, 0 being tho mid-point of AB. If 
CD bo drawn parallel to AO, then D ib tho middle point of OH, and 
Ci)= = inches. 

Again, Binco 25^ — 7^ + 24® idcnt’eally, wo 
get AB"^ ^AO^+BO^ and so /LAOH—l rt. Z., 
^lius, OC = ii4ZJ — 124 inches. 

Now, if Ti and T^ be the required tensions 
along OA and OB, since the three forces, T,, 
and the vertical weight of JO lbs. acting at 
0 arc in cquilitiium, the tiiargle ODC, whoio 
suhs are cvidontly parallel to the forcts, is 
n triangle of form and its sides will accordingly 
bo proportional to tho magnitiidos ot Iho forces. 

Thus, 

2\ 10 T^^T,^ 10 

OD OV“ OC' ’ 3J ” 12 ” 12j' 

Hence, 2’i = 2J lbs. wt. and r 2 = 9f lbs. wt. 


B 
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Alternatively, 

by Lami's th«*orPin in tbis cas«\ 

_T, ^ T, ^ 10 T, ^ r, ^ 10 

sin COB ail) CO A sin AOH ’ aiii CBO sin r'*‘10'"siii 90® 


oc, 


Zi.-,!:- 

7 ‘i4 

y5 26 


10 


(‘to. 


Ex. 3. A swiiotli ring of inigiit W can Uifh Jreely along a string 
‘*nh%ch ha'i il^ nul'i attached in tno fixed fioints. ’Vhe ring is pulled 
horiwvtrMy op ihlC side itiih a force P, F»pA P, if in the eguiWrrium 
nnsifiouj portions of the string are inclined at angles 6 and (p to the 
vcrticah 

Let T bo tbn tenbion of tbe string, which must be aam(^ through- 
out tho string, as it passes through a sjuootli ring. 

JNow the riug aL 0 is in cquilibnaiu under four forces, namely, tho 
lonsion T, T on tlip two sides along and OP, the weight vertically 
lownwards, and the horizontal forte 



ftcsolving horizontally an.l vertically lor cciuiUbrium, we got 
P+2^ sin 0-T .‘>iu 5-0, or, P= 2' (sin O-siu 0) 
^ind - r cos 0— T cos 5=0, ur, lV=s T (cos 0+cos 5). 

, P __sin 5 — sin^0_2 ^in § (5 — 0) cos i (5-f-0) 
lir”oos 5 + C03 0 ‘i cos J (5-1-0) cos J (5 — 0) 

= tan J (5 — 0). 

/. P= TV tan 4 (5 — 0). 
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Examples on Chapter III 

1. Three forces of magnitudes 3, 6 and 7 lbs. wt. acting 
on a particle keep it at rest. Find the angle between the 
two smaller forces. 

2. Gan a particle be kept at rest by three forces whose 
magnitudes are proportional to (i) 4, 5, 9 ; (ii) 4, 7, 9 ; 
(iii) 4, 15. 9 ? 

3. (i) Examine whether three forces whose magnitudes 
are in the proportion 3:2: 1. acting on a particle, can be 
kept in equilibrium under any circumstances. [ 6'. U. W4H 1 

(iii) A light string suspended from a fixed point 0 has 
attached to it throe equal masses, one at its lowest point C 
and the other two at A and J9, A lieing above B. If Ti, 
Tg, Ts be the tensions of the parts 0.1, JJB, BG^ show that 
Tx : Ta : ^3 = 3 : 2 : 1. 

4. (i) Three equal forces acting at a point are in equili- 
brium ; show that tliey are equally inclined to one another, 
and conversely. 

(ii) Show that three concurrent forces lying in a plane 
cannot produce equilibrium for any arrangement of their 
directions, if the sum of two of them bo less than the third. 

5. Three forces actiug at a point are in equilibrium ; if 
they are proportional to 

(i) 1.1. ^/2; (ii) J3 + 1. J3-1. ^/6 
find their inclinations to each other. 

6. Find a point within (i) a triangle, (ii) a quadrilateral, 
such that the forces represented by the lines joining it to 
the angular points may bo in equilibrium. 

\l^ ABC is a triangle ; P, E, F are the middle points 
of the sides BC, GA, AB respectively. Show that the forces 
acting on a particle and represented by the straight lines 
AD, BE, GP will maintain equilibrium. '[ B.JI.U, 1940 ] 
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8. Three forces in equilibrium act perpendicularly to 
the aides of a triangle through any point in their plane within 
the triangle. Show that the forces are proportional to the 
corresponding sides of the triangle. 

✓ 

v9. If P he any point in the plane of the triangle ABG^ 
and 1), jEf, F the middle points of its sides J3C, CA^ AB 
respectively, show that the forces AP, BP, CP, PD, PE, 
PF are in equilibrium. 

10. Three forces act in given directions at a point 0, 

and are in oquilihrinin. If a circle^ is drawn through 0 to 
cub the lines c^f action of the forces in A, B, 0 respectively, 
prove that the forces are propc^rtional to the sides of the 
triangle ABC. \ 

11, OA, OB. OG arti three straight lines of equal length 
in one plane, and they are not all on the haine side of any 
straight line passing through 0. Forres P, Q, B act res^ 
pectivoly along these lines, such that 

P Q B 

area OBG area OGA area GAB * 

show that P, Q, li are in equilibrium. 

12w Forces P, Q. H acting alcmg I A, IB, TG, where I 
is Ihe in-centre of the triangle ABG, are in equilibrium ; 
show that P \ Q \ B — oos iA. : cos iB : cos iC. 

tl3« Forces P, Q, B acting along OA, OB, OG, where 0 
is the circum -centre of the triangle ABG, are in equili- 
brium ; show that 

P Q B 

a\h'^ + c" - a*) “ b V + a® - h^) “ + b® - c*)’ 

14. 0 is the circum-centro of the triangle ABG, and 

L, M, N are the feet of the perpendiculars from A, B, G 
respectively on the opposite sides. If forces acting along 
Oa, OB, OG are in equilibrium, show that they are propor- 
tional to the sides of the triangle LMN. 
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15. Porcos X, Y act along fche sides ABf AD respectively 
of a cyclic quadrilateral ABGD. If they are balanced by 
a force Z which acts along the diagonal CA from Cio A, 
show that X : Y \ Z^Cl) : CB : BD. 

16. A transversal cuts the lines of action of throe forces 
P, Q, E which act at the point 0, and are in equilibrium, 
at the points A, B, C : show that (with a convention regard- 
ing Bigu) 

P ^ Q li 

OA.BO On.CA OC.AB 

17. If forces represented in magnitude, direction and 
sense by (m - n) OP, {n - 1) OQ, {L - m) OR bo such that they 
are in equilibrium, prove that P, Q, E are collinear. 

18. If four forccb acting along tlie sides of a qaodii- 
lateral are in equilibrium, prove that the quadrilateral is 

a plane one. 

19. (i) If one of the two inter^^ecUng forces be gis'en in 
magnitude and direction, and the other has its lino of action 
only given, prove that the least lorce which will pjoiluco 
equilibrium is peri)endicuUr to the second force. 

(ii) A particle weighing JO l))s. is supported by two 
strings attached to it. If the direction of one string bo at 
30® to the vertical, find the direction of the other in order 
that its tension may bo as small as ])o&si})le ; find also tlie 
magnitude of the ton«*ions in the two strings in this case. 

20. OD, OK, OF are drawm perpendiculars from the 
circum-ceotre 0 of the triangle ABC upon the sides BC, CA, 
AB, Show that the six forces represented by AO, BO, GO, 
OD, OFj, of are in equilibrium. 

€l Porces acting at a point are represented in magni- 
tude, direction and sense by AB, 2BC, 20D, DA, DB 
where ABCD is a square. Show that the forces are in 
equilibrium. 
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S2. Forces acting at a point are represented in magni- 
t«ute and diroctn)ii hy 2AB, 3BC/, 2CA GA and DB 
wlieic ABGD is a quadrilateral. Show that the forces aic* 
in tquililjiiuip. [ C. V. 19^i7 J 

2?i. J, B, C, X, Y, Z are six points in a p^ane. no three 
o' vh. ch are collm^ar. Shovv that th»* forces GA, AB, 
acting at X. Y, Z respectively are in equilibrium with 
for f ‘ Z\\ J\X, YX acting respectively at A, B, G, 


24. Ooplauar fores s whose magnitudes are proportional 
t ^ tlie hides of a closed pologon act pei iimdicularl^'' to those 
od( ' at oheii noddle points, all iiu\ards or all outwards, 
ih’ove th t ilif \ are iii equilibrium. 


I!o. (i) l‘\ve equal forces so act on a particle that tho 
I 'gle-^ between them in paiia in order aie (‘qual ; show tliat 
th'* i u’les ar(‘ in equilibcium. 

(ii) Two given foiceh act at two given pointb oi 
a holy, if I hey a le turned, round tbos*' points m the same 
• direction thrc-agli any two equal angles, show that then 
lesiihont will pas^ tliiough a fixed point. 


''26. li a tfansvej&al cuts the linos of action OAi, OA^, 
OA^, . (14, t of the forces Pi, Pa, P s, ...Zb», which are m 
equilibrium, at the iioints Ax, Aa, Aj, ...A,i, then 

•^1 4 - + ••• + - 0 

OAj (Ua OAn 


''27. A uniform plane lamina m the form of a rhombus, 
f one of w'^oso an, sics is J20^ is supported by two forces 
api>lied at the centre in the directions of the diagonals so 
tliat one side of the rhombus is horizontal ; bhow tliat if 
P and V be the forces, and P be the greater, tlien P^ 


28. Two light ring-j slide on a smooth vertical circular^ 
wire and a thin string passing through the rings has two ’ 
weights tied at its extremities. A third weight is attached 
to a point of the string between the rings, and tlie system is 
in equilibrium with the rings resting at points distant 30"" 
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from tho highest point of the circular wire. Find the rela- 
tion between the weights suspended. 

Find also the pressure on the wire at one ring, it the 
middle weight be 10 lbs. 

29. A light string is fastened to two points D at the 
same level, the length of the string exceeding the distance 
ADi and particles of weights 2 lbs. and 1 lb are fastened to 
it at two points B and C respectively. If AB, BC, CD make 
angles a, j3, y respectively with the horizontal, prove that 

tan a “ 2 tan y ± 3 tan 


30. A series of oqual weights are knotted at diffcTOnt 
points ot a string, the two extremities of which are tied to 
two fixed points. Prove that, in the equilibrium position, 
the tangents of the inclination to the liorizontal of the 
successive portions ol the string are in A.P. 

K 

\2.l. A string ABC has its extremities tied to tw’o fixed 
points A and B in tho same horizontal line ; to a given 
point 0 in the string is knotted a given weight W, Prove 
that the tension in the portion CA is 


Wb 

AcA 




where //, b, c are the sides and A the area of tljo triangle 
ABC, 


’^32. (i) Three smooth nails are stuck on a vertical wall so 
as to form an equilateral triangle with its base horizontal. 
A light string carrying tw’O equal weights at its extremities 
passes on them. Find the pressures on the nails. 

(ii) Six smooth pegs form a regular hexagon. A loop 
of string passes round the pegs, fitting tightly against them. 
Prove that the pressure on each peg is the same. 

^ If B be the pressure of a body of weight W on an 

inclined plane when the supporting force acts horizontally, 
and B' the pressure when the supporting force acts along 
the plane, then BB' ■= W*. 
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Ex. Ill] 

»34. Two forces P, Q acting parallel to the length and 
baSe of an inclined plane respectively, would each of them 
singly support a weight W on the plane ; prove that 


1 J 1 


35. Two planes AB^ AG having a common height are 
inclined to the horizon at angles a and p respectively. Two 
weights, one in each plane, are kept in equilibrium by 
a string attached to the weights and passing over A, Show 
that the weighrs aro as AB : AC. 

36. A body supported on a smooth plane inclined at 

an angle a to the horizon by a force acting along the 
plane, and a liorizontdl force /’g. The inclination a, as also 
each of the forces Pi and being halved, the body is 
still found to be at rest. Show that [\ : Pa = 2 cos^lo : 1. 


37. A weight of 30 lbs. is supported by a string fastened 
to a poi^t on a smooth plane inclined at an angle 15* to tho 
horizon and tho string is only just strong enough to support 
a weight ot 15 lbs. The inclination of tho plane to the 
horizon being gradually increased, find when the string wall 
break. 

38* A weight is supported on a smooth plane of inclina- 
tion a to the Ijorizon by a string inclined to the vertical at 
an angle y. If tho slope of the plane bo increased to P and 
the slope of the string is unaltered, the tension of the string 
is doubled to support the weight. Prove that 

cot a - cot y = 2 cot p, [ C. U. 1945 ] 


*39. A smooth tube in the form of a parabola is placed 
with its axis vertical and vertex downwards, and a heavy 
particle is placed within it ; show that the particle can be 
kept at rest by an outward torco along an ordinate which 
varies as the ordinate, and that the corresponding reaction 
of the tube varies as the square root of its distance from 
the focus of the parabola. 
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*40. A small bead can slide on a smooth elliptio 'wire, 
being acted on by forces towards the foci which are propor- 
tional to the corresponding focal u'stances. Prove that the 
only positions of equilibrium are the extremities of the axes. 


ANSWERS 

1. CO". 2. (i) Yes. . (ii) Yea. (iii) No. 

3. (i) Yes, when all the three forces act in the same line, the last 
two being in the same sense, and the first one opposite. 

5. (i) 135", 135", 90®. (ii) 75", 165". 120". 

6. (i) The point of intersection of the medians. 

(ii) The mid point of the line joining the middle points of an} 
pair of opposite sides. 

19. (ii) At right angles to the first string ; 5 n/ 3 lbs. wt. and 
6 lbs. wt. 

28. The weights are equal ; 10 s/5 lbs. wt. 

82. (i) TTs/S on the upper, and JTr( s/C- s/2) on either of the lower. 
87. When the inclination is 30". 



CHAPTER IV 
PARALLEL FORCES 


4"t, In the previous chapters we have considered forces 
acting on a particle Le , forces which pass through a point. 
We sljall now consider forces acting on a rigid body. In 
such cases, it is often necessary to find the resultant of two 
forces which are parallel. 

Two parallel forces are said to bo hie when they act 
in the same sense and they are said to be mihlce when they 
act in opposite senses. 

Resultant of two Hke parallel forces,,^ ( V • V * f J 

Let two like parallel forces P, Q acting at points -/I, B 
respectively of a rigid body be represented by the lines AX^ 
BY, Join 4B. 



At A apply a force of any magnitude F along AB. At 
B apply an equal and opposite force F along BA. Since 
these two forces balance each other, they will not affect 
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the required resultant. Let these forces be represented by 
AD and BE. 

Complete the parallelograms ADLX, BEMY ; let the 
diagonals ylT/, BM be produced to meet at 0. Through 0 
draw 00 parallel to AX or BY to meet JB in C, and draw 
nOG parallel to AB. 

Now, the forces P at >4 and Q at B are equivalent to the 
forces P and F at A, and Q and F at B. 

Lut the forces P and F at 1 are equivalent to their 
robultant, say Bi, represented by the diagonal AL. Let 
its point of application be transferred on its line of action 
to 0. Then B t at 0 can be resolved into two component 
forces, parallel to tbtir original directions, one F along 
00 f parallel to and in tbo bense AB^ and the other P 
along CO. 

1/ Similarly, the forces Q and P at B are equivalent to 
their resultant, say ii 2 » represented by B.V, Let its point 
of application be also transferred to 0. Then B 2 at 0 can 
be resolved into two component forces, one F along OH 
parallel to BA, and the other Q along CO. 

Thus tho given forces are equivalent to two forces P 
and Q along CO, and two more forces each equal to F, 
acting in opposite directions 00 and OH. The first two 
forces are equivalent to a single force (P Q) along CO, and 
tho last two forces balance one another. 

Hence, the resultant B of two like parallel forces P and 
Q is a like parallel force {P + Q) acting through a point C 
in AB between the points of application of P and Q. 

Position of the point C through which B acts. 

Since A®-4C0, ADIt are similar, 

AG^AD^AD^F, ... (j) 

CO DL AX P 

Again, since BEM are similar, 
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BC^BE^F^ 

" • CO EM Q ‘ 

Dividing (l) by (2), we got 
^ ' CB P 


— ( 2 ) 

- (3) 


i.c., G divides the line AB niteinalhj in the inverse ratio 
of ilio forces 

Note 1. The ^ihon of tli(> voktif C iema%n^ unaltered jnhatever be 
the 00711)1 0)1 Cient hon of the foic'>^ P a 7 id Q, 

P — <3, C is }vtd-pr%,\t of AB. 

int of two unlike (uiie^al) parallel 

forces.^ 




Let two unlike unequal parallel forces P, Q (P > Q) 
acting at pointb A, B respectively of a rigid body be 
represented by the lines AX^ BY* Join AB* 
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At A apply a force of any magnitude F along AB, 

At B apply an equal and oppofite force F along BA. 

Since these two forces balance each other, they will not 
affect the resultant. Let these forces be represented by 
AD, BE. 

Complete the parallelograms ADLX, BEMY ; let their 
diagonals AL, BM when produced, meet at 0. (Since the 
given forces are not equal, the diagonals are not parallel, 
and hence they always meet.) 

Draw OC parallel to AX or BY to meet BA produced 
at C, and draw IZjUS'parallel to AB. 

Now, the forces P vA A and Q at P are equivalent to 
forces P and F at A, and Q and F at B. 

But the forces P and F 2 A A are equivalent to their 
resultant, say Tifi, represented by the diagonal AL. Let its 
point of application be transferred on its line of action to 0. 
Then at 0 can be resolved into two component forces 
paralled to their original directienS'T one along parallel 
to and in the sense AB, and t^ptber P along OG. 

Similarly, the forces Q and JP at B are equivalent to 
their resultant, say ii 2 » represented by BM. Let its point 
of application be also transferred on its line of action to 0. 
Then Z ?2 at 0 can be resolved into two component forces, 
one F along OJI, parallel to and in the sense BA, and the 
other Q along CO. 

Thus, the given forces are equivalent to two forces, P 
along OG and Q along CO, and two more forces, each equal 
4io F acting in the opposite directions 00 and Oil. 

The first two forces are equivalent to a single force 
(P - Q) acting along OG, and the last two forces balance one 
another. 

Hence, the resultant R of the two unlike unequal parallel 
forces P and Q (P > Q) is a parallel force (P- Q) acting in 
the direction of the greater force, through a point C, outside 
the points of appHeation of the forces. 
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Position of the point C where Jt acts. 

Since A’ OOA, AXL are similar, 
OG^AX^AX P 
AO XL ad"" f' 

P.AC-^F.OC. ••• (1) 


Similarly, since A* OCB, MEB are similar, 

OG ]\IE^BY_^Q 
GB° EB BE f' 

Q.CB^F.GC. - (2) 

From (1) ami (2), P. AG “ Q.CB, — (3) 


or. 


Q , 

OB P ’ 


i.e., G divides AB externally in the inverse ratio o£ the 
foi cea. '"-r 

Note. When ihc parallel forces P and Q are unlike and efiual, 
A* ADL, BEit king ideutioaUy equal, LDAL^^/LEliM. Thoroforo, 
4L, BU ate parallel ; and honce they caimofc moot at any finite 
distaneo. Hence, the geometrical conslruoiicn for finding the resul- 
tant lailb in such a c**se. Thus, wo seo that two oqual unlike parallel 
forces cannot bo compounded into a single force; in other words 
there is no single force of which the effect on d body Will be equivalent 
to the joint cj/ect of two equal and unlike parallel forces. Such a pair 
of forces is said to constitute a couple [ see Chajy, VI ]. This case 
accordingly is called a case of failure for finding the resultant of two 
unlike parallel forces. 

In case of two like parallel forces however, they always have 
a single resultant whether they are equal or unequal, for in this case 
AL and BM [ Fig,^ Art, i2'^ will never be parallel, as can be easily 
seen. 


4*4. Siunming up. 

If the parallel forces P and Q (whether like or unlike) 
have a resultant P. then 
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(i) B is parallel to P and Q in the sense of the greater 
force ; 

(m) B*= P±Q (algebraic sum of P and Q) ; 

Q GA 

If P > Q, BG > GA. Hence the resultant passes 
neairer the greater force, dividing AB internally in case of 
like, and externally in ease of unlike forces. 

(iv) Again, from the above ratio, we get 


P ^ Q ^ P±Q ^ B 
BO CA BC J CA AB 


Hence it follows that if three parallel forces are in equi- 
librium, one is equal and o]»posite to the resultant of the 
other two, and each is proportional to the distance between 
the other two. 

{v) The position of the point 0 is independent of the 
directions of P and Q. This point is usually referred to 
as the centre of the parallel forces P and Q, whatever be 
their common direction. 

4*5. Resultant of a system of parallel forces. 

(?) When the forces are all hie. 

Let Pi, P2, P3, bo a system of like parallel forces. 

First find the resultant Bx of Pi and P2. Then Bx U 
a like parallel force, and is equa* to Pi + Pa. Next obtain 
the resultant B^ of Bx and Pj,; then Jl^a”Pl^'P3‘= 
Pi + Ps +P3, and 7?a is a like parallel force. In this way 
the fiual resultant B would be obtained, which will be a like 
parallel force and 

P = Pi + P2 + P3 + 

(iO When the forces are ?tot all like. 

Divide the forces into two sets of like parallel forces and 
let Pa be the resultants oi the two sets, which are 
obviously unlike parallel forces. 
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If Bi 7*^ Z? 2 , suppose E±> Bi \ then J?i- E 2 is the 
required resultant, which is parallel to the system of forces 
and is equal to their algebraic sum. 

If and their lines of action are coincident, the 

system is in equilibrium ; but if their lines of action are not 
coincident, they form a couple. 

Note. For the point of application of tho resultant sco Art. lO'l. 
4*6. Illustrative Examples. 

Ex. 1. Tuc men are canijinq a straight nn^foim bar 16ft. long 
and neighinq 160 One man su^poit’* it at a dv^ian'^e of 2 ft. from 
o^ie end. and the othey man at a datanre of 3 ft. fiom the other end. 
What might doe*^ each man hear ^ [C. U. 1945 ] 

Let AB he the uniform bar 16 it. long and G be its middle point, 
Eo th.it its wt. 160 lbs a ‘ts at G, [ because the weight of a uniform 
b\r acts at its midalo point, see Ait 10 5]. 


AC G D B 



160 lbs. 


Let the two men support the bar at C and D, eo that AC =‘2 ft., 
and 7iD = 3ft., and Ut P and C be the downward proasure on their 
shoulders. Then P, Q arc the parallel components of the weight 160 lbs. 
of the bar acting at Q. Hence by Art 4’2, 

P + 9 = 160 •” (1) and P.CQ^QPG. i e., 6P==5Q (2) 

whence, P=72/r. C?*=87i*r. 

Iltuce th#. men bear the woightj of 72i'*, lbs, and 87 ix lbs. respec- 
tively. 

Ex. 2. Tno men have to rany o, block of stone of u eight 311 lbs, 
on a light planl. How nni’=^t the lloo\ he jdactd so' that one of the men 
should hear the u eight 205 Ihs. more than the other ? [ C. U. 1935 ] 

Lot AB he the plank and G the point on AB where the stone is 
to he placed. L«t Wi, VW», > Wa'l he the woifthte which \Jae two 
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men at A and B have to bear. Then the weight of the stone acting at 
C is the resultant of the parallel forces W^, 


i 


.0 


B 


311 lb9. 


1 

Wa 


l?r,+ Tr, = 3U; ... (1) 

and W^.AC^Wa.BC. ... (2) 

Also, it is given - TFa = 205. ... (3) 

From (1) and (3). Wt = 258, IT, « 53. 


from (2), 


53 

CB" TKi*258* 


Thus, the stone must be placed on the plank at a point dividing it 
in the ratio 53 : 258. 


Examples on Chapter IV 

1. A horizontal rod which is 4 ft. long (whose 
weight is negligible) rests on two props at its extremities ; 
a body of mass 60 lbs. is suspended from a point C such 
that ^10 — 1 ft. Show that the i)re8sure at A is three times 
that at B. 

2. The extremities of a straight bamboo pole 8 ft., long 

rest on two smooth pegs P and Q in the same horizontal 
line. A heavy load hangs from a point Ji of the pole. 
If Fli “ 3BQt and the pressure at Q be 325 lbs. more than 
that at P, find the weight of the load. [ 0. U. 1941 ] 

3. A heavy uniform rod rests on two pegs in the same 
horizontal line, 1 foot apart^ If the pressure on the pegs 
are in the ratio 1 : 2, find the distances of the pegs from the 
middle point of the rod. 

4. A uniform see-saw plank, 16 ft. long, weighs 1 cwt. 
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Find the position of the support when two children weighing 
44 lbs, and 68 lbs. respectively, sit at the two ends. 

[ P. U. 1945 ] 

5. Two men, one stronger than the other, have to 
remove a block of stone weighing 300 lbs. with a light pole 
whose length is 6 ft. ; the weaker man cannot carry more 
than 100 lbs. Where must the stone be fastened to the pole 
so as just to allow him his full share oC weight. 

[ B. E. Allahabad ] 

6. A light horizontal plank of length 8 ft., on which is 
l)laced a load of 32 lbs. at a point 1 foot from one end, rests 
on supports at its ends. If the load be removed from its 
j)osition and placed at the middle of the plank, find by how 
much the pressure on each support is altered. 

7. If tly) position of the resultant of two like parfllel 
forces P and Q is unaltered , when the positions of P and Q 
are interchanged, show that P*= Q. 

8. Two like parallel forces P and Q act at given points 
of a body ; if Q be changed to P°/<3, show that the line of 
action of the resultant is the same as it would be if the 
forces were simpl> interchanged, 

9. A man carries a bundle at the end of a stick which 
is placed horizontally over his shoulder ; if the distance 
between his hand and his shoulder be changed, how does 
the pressure on his shoulder change ? 

10. A man carries a bundle at the end of a stick 6 ft. 
long, which is placed on his shoulder. What should be the 
distance between his hand and shoulder, in order that the 
pressure on the shoulder may be three times the weight of 
the bundle ? 

11. Show that the algebraic sum of the resolved parts 
of a pair of parallel forces, (not forming a couple), along 
any line in their plane is equal to the resolved part of their 
resultant along the same line. 

12. (i) Show -that the resultant of three equal like 



60 


STATICS 


[ Ex. IV 


parallel forces acting at the angular points of a triangle 
passes through the centroid of the triangle. 

(ii) Three equal like parallel forces act at the mid- 
points of the sides of a triangle ; show that their resultant 
passes through the centroid of the triangle. 

13. Three like parallel forces P, Q, B act at the angular 
points of a triangle. If their resultant passes through the 
centroid of the traingle, whatever be the common direction 
of the forces, then 

P-Q«P. 

14. Three like parallel forces P, Q, R act at the vertices 
A, B, G of the triangle ABG, and are respectixely proper- 
tional to a, ht c. Show that their resultant passes through 
the in-centre of the triangle. 

15. A force P act^ along AO, whore 0 is the circum- 
centre of the triangle ABG» Show that the parallel 
components of P acting at B and 0 are in the ratio 
sin 2P : sin 2C. 

16. Three like parallel forces P, Q, J? act at the vertices 
of the triangle ABG. If their resultant passes through the 
circum-centre in all cases, whatever be the common direc- 
tion of tho forces, show that 

_P^_ Q ^ B . 

sin 2A sin 2B sin 2C 

17. ABC is a triangle, and 0 any point within it ; like 
parallel forces act at A, B, G, which are proportional to 
the areas BOG, GOA, AOB respectively. Show that the 
resultant acts at 0. 

18. A line AB is divided into tw'o parts at G. The 
resultant of two like parallel forces P and Q acting through 
the mid -points of AO and GB passes through G, If P and 
Q be interchanged m ])osition, show that their resultant 
will pass through the mid-point of AB, 

19. The resultant of two parallel forces P, Q at A, B, 
acts at 0 when like, and at D when unlike. Prove that if 
parallel forces whose magnitudes are equal to these resultant 
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forces, act simultaneously at C, P, then B will be the 
points at which their resultant will act in the two cases of 
like and unlike directions. 


20. If the magnitudes of two unlike parallel forces P, Q 
(P > Q) be increased by the same amount, show that the 
line of action of the resultant will move further off from P. 


21. P, Q are like parallel forces. If P is moved parallel 
to itself through a distance ,r, show that the resultant of P, 
Q moves through a distance i’ir/(P + Q). 

22, If the two like parallel forces P rnd Q acting on 
a rigid body at A and B be interchanged in position, show 
that the point of application of the resultant will be 
displaced along AB through a distance d where 


“ n L. (P>Q) [ C. 17 1954 ] 

i V 


23. There are two like parallel forces P, Q. If two 
equal and unlike parallel forces S. S having their lines of 
action pnrallel to those of P and Q and distant b from one 

another he introduced anywhere in the plane, show that 

the resultant is displaced through a distance bSjXr + Q). 

24. The resultant of two like parallel forces P, Q passes 
through a point 0 ; when P is increased by B and Q by S, 
the resultant still passes through 0, and also when Q, B 
replace P, Q respectively ; show that 
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ANSWEBS 

2. 650 lbs. 3. 4 inches, 6 inches. 4, ft. from tT^o heavier child. 
5. 4 ft. from the weaker man. 6. 12 lbs. 

9. The pressure varies inversely as the distance between his hand 
and shoulder. 


10. 2 ft. 
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MOMENT OF A FORCE 


5*1. Forces acting on a particle can produce a motion 
of translation only ; but forces acting upon a rigid body 
may produce either a motion of translation or of rotation 
or of translation and rotation both. The case of rotation 
introduces the idea of the turning effect or moment of a force 
which is defined as follows : 

Def. Thi moment 0/ a Jom about a point is the product 

of the force and the perpendicular distance of the point from 
the line of action of the Jorce. 

Thus, if P be a force, and p the length of the perpendi- 
cular ON drawn from a point 0 upon AB, the line of 
action of the force, then the moment of P about 0 is 
P^ONi e., Pp. 



Note, It is clear from above that if the line of notion of i’ passes 
through 0, its moment about that point is sero. 

5 '2. Physical significance of a Moment. 

Lot a body be capable of turning in a plane about 
a point ; for instance, let a plane lamina resting on a smooth 
horizontal table be pinned at 0, about which it can turn. 
Let a force P be applied in its plane at a point A, say with 
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tho help of a string, one extremity of which is tied at A, 
Now, if it be pulled in a direction which when produced 
passes through 0, it is common experience that the lamina 
does not move. If however the force be applied in a 
different direction, say LA, as in the figure, we can see that 
the body will turn about 0 in an anti-clockwise direction. 



If instead, a force Q be applied at 7? in a direction BM, as 
in the figure, tho lamina will turn about 0 in a clockwise 
direction. If both the forces be applied simultaneously, the 
direction of rotation about 0 due to a joint effect of these 
will depend not simply on the magnitude of P and Q, but 
also on the distances OL and OM of their lines of action 
from the point 0. It will be experimentally observed that 
if [\0L = Q,0M, the body will not turn at all. On the other 
hand, it will rotate anti-clockwise or clockwise according 
as P.OL or Q.OM is the greater. 

Thus, it is experimentally found that the magnitude of 
the tendency of rotation about 0 due to a force depends on 
the moment of the force about the point, and not on the 
magnitude of the force only. The moment of a force about 
a point, therefore, is a fitting 7neasure of the tendency of 
rotation of the body about the point caused by the application 
of the force, 

5*3. Sign of a Moment. 

As mentioned above, the moment of a force about a point 
in a body represents the tendency of rotation of the body 
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about the point due to the application of the force on it. 
Now, aa already pointed out, on account of the situation 
of the point with respect to the lino of action of the force, 
in Borne cases, the application of the force may cause the 
body to rotate anti-clockwise (as in the case of P along LA) 
and in other oases (as in the case of Q along BM), the rota- 
tion may be clockwise. Tiie moments of the forces in the 
two cases about 0 are to be regarded as of opposite signs. 

Although either direction of rotation may be chosen as 
positive, the usual convention is to regard the moment in 
case of anti-clockwise tendency of rotation as positive, and 
in case of clockwise tendency of rotaiiont the moment is 
negative. 


5*4. Graphical representation of a Moment. 




0 N 


Let the force P be represented in magnitude, direction 
and line of action by AB, Let 0 be any point, and p the 
length of the perpendicular ON from 0 upon AB or AB 
produced. Join OJ, OB, The moment of P about 0 ij 
Pp i,e., AB ^ ON^2I\OAB, Thus, the magnitude of the 
moment of a force about a point is represented by twice 
the area of the triangle formed hij joining the point to the 
extremities of the line representing the force. 

When proper sign is given to this expression as exolained 
in the previous article, we get the moment completely in 
magnitude and sign. 

5*5. Unit of Moment. 

The moment of a unit force aboiit a point at a unit 
perpendicular distance from the line of action of the force 



MOMENT OF A FORCE 


65 


is defined as the unit for the measurement of moments. If 
the unit of force be a pound weight, and unit of distance be 
one foot, the unit of moment is a fooUpovnd. Similarly, if 
the unit of force be a gramme weight, and unit of distance 
be one centimetre, the unit of moment is a centimetre- 
gramme, 

Varignon’s Theorem, 

[The algebraic suvi of the moments of two forces'^ about any 
point in their plane is equal to the moment of their resultant 
about that point. 

^There are two cases to be consitlered. 

Case (i), When tbo forces meet at a point. 

Let the two forces P and Q act at a point A [as shown 
in figures (i) and (u)l along AX and AY respectively, and let 
0 be any point in their plane. 



Draw OG parallel to P to meet the line of action of 
^ in G, Now choose scale so that the length AG may 
represent the magnitude of Q, and on the same scale let 
AB represent P. 

Complete the parallelogram ABGD^ and join AD, OA, 
and OB. Then AD represents the resultant E of P and Q. 

* Which do not form a couple. 
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Now in either figure, the moments of P, Q and B about 
0 are represented by 2AOABy 2AOAO, and 2A0AD 
respectively. 

In fig. (i), where 0 lies outside the ABAOt the moments 
of P and Q about 0 are both of the same sign, (positive in 
this figure), and their algebraic sum is represented by 
, 2AOAB + 2AOAC = 2ADAB + 2AOAG 

= 2 AG AD + 2A0AG = 2 AO AD 

= moment of 11, 

In fig. (ii), where 0 lies within the ABAC, the moment 
of P being positive and that of Q being negative, their 
algebraic sum is equal to 

2A0AB - 2AA0G « 2ADAB - 2AA0G 
= 2AGAD-2AAOG 
^2 AO AD 
*= moment of B, 

Cage (H). When the forces are parallel. 


PI 


A 


4 


'+Q 


to 


Fig. (i) 


Fig. (ii) 


Let P, Q he two like parallel forces, and let 0 be any 
point in their plane. 

Through 0 draw a line perpendicular to the lines of 
action of the forces P and Q to meet them in A, B 
respectively. Then by Art. 4’2, their resultant is the like 
parallel force P = P + Q, acting through C on AB, such that 
P.AC--Q,BG. 
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In fig. (i), the algebraic sum of the moments of P and Q 
about 0 is 

P.OA + Q.OB 

■-P{OG-AC)+Q{OG+CB) 

= {P + Q)GG-P.AG+Q.GB 
= (P+C>)OC-P.OO 
= moment of B about 0 


In fig. (ii), whora 0 is within AB, tlio algehiaic sura of 
the moments of P and Q about 0 
= - P.OA + Q.OB 
= - P.(pG + AG) + Q(BG - OG) 

= - (P + Q) OG - P.AG + Q.BG 
“ -(P t-g) 00= -B.OG 


= moment of B about 0 
(taking into account its sign as in 


the 


figure)^ 


Note. If the panillol forc<*a aro unliko and unequal, the theorem 
cau bo proved exactly in the same way. 

Cor. It easily follows from above that the algebraic sum of the 
momenta of any two forces about any point on the line of action of 
their resultant is zero, and conversely, if the algebraic sum of the 
moments of any two coplanar forces (which are not in equilibrium) 
about any point in their plane is zero, their resultant passes through 
that point. 


5*7. Generalized theorem of Moments. 

Jf any nuviher of coplanar forces actiivj on a rigid body 
have a resuliant, the algebraic sum of their moments about 
any point in their plane is equal to the moment of their 
resultant, [ Extemion of Vari(jno7i*s Theorem ] 

Let Pi, Pa, Ps,... be the forces acting in a plane, 
and let 0 be the point in it about which the moments are 
taken. Further let the resultant of Pi and P 2 be 22i, and the 
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resultant of B± and P3 be B2 ; then B2 is the resultant of 

Pli Pfli Ps' 

Similarly, let the resultant of B2 and P* be B^ and 
so on, till the final resultant B is obtained. 

Now, by Art. 6‘6, the algebraic sum of the moments of 
Pi and'Pa about 0 is equal to the moment of Pi about 0 . 

Again, the algebraic sum of the moments of Pi and P3 
ix.t of Pi, Pa, Ps about 0 is equal to the moment of P 2 
about 0 : and so on, till all the forces have been taken. 
If we denote the perpendiculars from 0 on the lines of 
action of the forces Pi, P21 Pa.--- bv Pi, ps, Ps,... and if 
d be the perpendicular distance from 0 of the line of action 
of the final resultant P, then wo have 

SPv^Bd. 

Cor. 1. It follows from above that if a system of toilanar forces 
he in eq_u%libr%umt the algebraic sum of their 7Uom>’*nts aho it any point 
in the plane is zero. 

Cor. 2. If 0 lies on the line of of action of the rosultant, J — 0 .incl 
hence ZPp**0, Hence, the algebraic sum of the moments of any 7i tier 
of coplan ar forces abovt any point tn the line of aiAiOtu of their dtant 
IS zero. 

Cor. 3. Again, if SP/}=0, tlion Rd=^0 ; hpnoe either (7 = 0, or 72 = 0. 
ThM9, if the algebraic mm of the moments of any nninber of rojlanar 
forces about any point in their plane be zero, c thcr the re^^ Ita d passes 
through the pointy or the forces are in equilihrtwr. 

The above property enables us to determine the line of 
action of the resultant of a 1 umber of coplanar forces b^ 
determining the points through which the resultant passes. 

5*7(A). Moment of a force about the point (x, y). 

Let P be the given force acting along AK and D be the 
given point. Through any point A on the line of action 
of the force P, draw two perpendicular lines AB, AC pa>*allol 
to the axes of co-ordinates OX, OY. 
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Let D be the point Vt) about which the moment is to 
be taken. Join AD. Draw DNy DL, DM perpendiculars 
to AK, AB, AG respectively. 

Let Ziv4D*=0and 
ZD iK^a. 

The components of the 
force J\ along 17i, AG aro 
7' cos 0, P sin 6 respectn ely. 

The sum of the moments 
of the cojiiponcnts of the 
force P about the pqint D 

— P cos O.DL — P sin B.DM ••• (l) 

P cos O.AD sin (O + a) - P sin 6 AD cos (0 + a) 

- P AD {sin {d + a) cos 0 - cos (d + a) sin 0} 

- P, ID sin a 

^P.DN 

- the moment of the force P about D. 

Thus, ihe moment of a force about a point is eqiial to 
the aljebraic sum of the moments of its components about that 
point. 

r^et X, Y bo the components of the force P parallel to 
the co-onli^'ate a\oa and (/i, k) be the co-ordinates of J. 
The moment of the force P about the point D[x^, yi) is 

X(yi-k)-Y(xi-h). - (2) 

If Z coincides with 0 i,e., if the line of action of the 
force P passes through the origin, h, k become zero. In 
this case, the mojnent of the force P about D{rx, Vi) is 

Xyi-Yxi. - (3) 

Note. In the Examples on Chapter V, for Ex. 86, apply formula 
(2) and for Ex. 37,’ apply formula (3). 
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5*8. Moment of a force about an axis. 

So far we bad confined ourselves to the consideration of 
two-dimensional cases only, where forces are confined to 
act in one plane, and the body is capable of turning in the 
same plane about some point in it. Now let us consider 
the more general case of a solid body capable of turning 
about a fixed line as an axis (a door capable of turning about 
the line of hinges being an example), A force acting on the 
body at any point in any manner, it is seen that if the lino 
of action of the force passes through the axis of rotation, 
or else is parallel to that axis, the body will not turn. On 



Fig. (i) (ii) 

the other hand, if the line of action of the force does not 
intersect the axis of rotation, nor is parallel to it, the body 
will tarn about the axis. The measure of the tendency ot 
rotation in this case necessitates the definition of the moment 
of a force about a line as follows : 

When a force P acts on a body in a direction perpendi- 
cular to a line AB in the body, but not interse^ing it, 
when P acts in a plane perpendicular to AB, as in 
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Kg. (i), the moment of the force P about the line AB is 
defined to be P.ONj where ON is the perpendicular distance 
between the line of action of P and the line AB about 
wliich the moment is to be taken. 

When P acts in any direction (not necessarily perpendi- 
cular to AB) as in Fig. (ii), let ON be the shortest distance 
between AB and the line of accion of P. If now P, assumed 
to be acting at N on its line of action, be resolved into two 
perpendicular components, one parallel to AB and the other 
perpendicular to it, the moment of P about is the product 
of tlie resolved part of P perpendicular to AB and the short- 
est distance ON between AB and the line of action of P ; 
in other words, the^ moment of P about AB in this case is 
P sin 6.0N. 

Note 1. Tho moment of P about AJ) is zero, if oitheT (i) P is 
parallel to AB or else (ii) if the line of action of P intersects AB. 

Note 2. It must be borne in mind that when in the two-dimen- 
sional case wo speak of a body in the form of a lamina rotating about 
a point in its plane, it really rotates about an axis perpendicular to the 
plane through the point in question. Moment of a force about a point 
in its plane in two-dimensions is therefore nothing but the particular 
case of the momen*- about an axis perpendicular to tho plane of the 
force through tho point. 

Note 3. As in case of Varignou's thoorem in two dimensions, we 
can show in the general case of a solid body acted on by a system of 
forces, that if a spstofji of forces acting on a body have a resultant^ the 
algebraic sum of their moments about any line in the body is equal to 
that of their resultant. 

Hence, if a system of forces, acting on a body generally Jceeps it at 
rest, the algebraic sum of their moments about any line in the body is 
zero. 

5‘9. Illustrative Examples. 

Ex. 1. Three forces P, Q, B act along the sides BC, CA, AB of 
a triangle ABO, Their resultant lies in the lijie joining in-centre 
and centroid of the A ABC, Show that 



72 


STATICS 


Lefc I and G be the in-centre and centroid of and r tho 

in-radius. Then the perpendiculars from I on tho sides are each equal 
to r. Let Ghf G2lf, GNhe tho perpendiculars from G and Pa bo 

tho perpendiculars from B, ConBC, CA, AB ; then GL^ip^^ and 

0& = JA. ^ • Similarly, 011f=|A. ? • 01^=5 A- ^ • 

CL 0 C 

Since the resultant passes through I and G, hrnce the algebraic sum 
of the moments of the forces about each of tbo t^o points Is zero ; 


• 

• • 

P.r+Q.r+li.r’^Q, i.e., P+Q+ li~0, 

(1) 

and 

PaL+ Q.aM+ P.ON^O, 


i,e,. 

P.S A - 1 +0.3A. } +ie ^ A. ^ =tf, 

a 0 c 


or. 

P. ^ +0' ^+B*~ “0, i.e., P.6c + (3.0^1 + 
a 0 c 

0. -(2) 

From 

(1) and (2) by cross-multiplication, we get 

tho required 


result. 

Ex. 2. A narrov! uniform plank 20 ft* lonq ireiqhing 100 lbs* is 
supported in a horizontal vosition on tr'o post% one 6 fL from one end 
and the other 8 ft* from the other end cf the plank* A hoy v'eiyhing 
60 lbs, walks on it starting from the latter post towards the cot responding 
end. Find how far it is safe for him to walk. What are reactions 
of the posts when he is furthest from the starting point ivithoiit upsettina 
the plank ? [ C, U* 193b ] 


A 


C 



100 lbs. 


60 lbs. 


Let AB be tho plank placed upon two posts C and B, so that 
ilC~5 ft. and BI)»8ft. The wt. of 100 lbs. of the plank acts at O, 
the mid-point of AB ; then JDG='2 ft. 

Let P bo the position of the boy between D and B, beyond which 
he cannot walk safely without upsetting the plank, and lot DP^x, 
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In this position as the plank is on the point of being upset about 
D, the coat ict with the support at C is just broken and the reaction 
at C is zero then. Now taking moment about Z>, we have 

GO.PD = 100 QDt i fl., 60® ® 100 x 2, . * . a = 3i ft. 

For the position, as already remarked, reaction of the post C is 
zero and reaction of the point D balancing tbe resultant of the weights 
at 0 and P (which are like parallel forces) is equal to 
100 +60 = 160 lbs. wt. 

Ex. 3. One end of a Uoiit rope oflenqth 20 ft is fixed to a vertical 
telegraph post standing on the ground t and a man pulls at the other end 
with a given force* Find the point of the post at v)hich the rope is to he 
fixed in order tint the man vill have the best chance of over-turning 
the post. [ C. IT, 1944 ] 

Let AB be the telegraph post, A being the base and C the point 
to which the rope CD must be fixed where D is the position of the man 
on the ground. 



Then CP® 20 ft. 

Prom A draw AM perp, to CD and let A^ADC^B* Let F be the 
force acting along CD, 

The moment of F about A 

*=Fx i4Af»-PXilP sin B-FxCD cos B sin B 
^FxiCD sin 29 
* lOP. sin 29. 

This is greatest 'when sin 29^1 i,e,, 29=90®, i.e., 9 = 46*', 
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Tien AC=CD sin 45*-20x ^ 2 “^° 

Thus, tho ropo is to be fixed at a height of 10^/2 ft. from the 
ground. 

Ex. 4. A round table of weight W stands on three legs^ of ichlch the 
upper ends are attached to its rim so as to form an equilateral triangle. 
Show that a body whose weight does not exceed W may he placed any- 
where on the table without the risk of toppling it over, {, G. U, 19 i3 ] 



Let ABC bo a ciroular table and let A^ Bt 0 be the upper ends of 
the legs attached to the rim such that ABC is an equilateral triangle 
and lot A\ B\ C be the points of contact of tho legs with the floor. 

Let Q be the centre of the table through which its weight 17 acts. 
There is a chance of overturning if any weight is placed on the portion 
of the table outside the triangle ABO^ say in tho portion BEG, and the 
table will, if it turns at all in this case, turn about tho line B’C\ and 
when it is on the point of being overturned, A' just loses contact with 
tho floor and the weight placed and the weight of the table have equal 
moments about B'Q\ i,e., about BC, Now, the weight will clearly 
have the greatest turning effect when placed farthest away from BC 
i.e,, when placed at Et the mid-point of the arc BEd, 
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Since ABC is an equilateral triangle, AQDE (D beiog the mid>point 
of BC) is perp. to BO, Let X be the weight placed. Then taking 
moment about BCt 

X.ED^W.QD, — ( 1 ) 

Join OCt then from jC^OCD, OD^GC sin 30®* JGC = iGfiJ, 
GD^VE. 

/. fromO), X=W, 

i.e., the greatest value of X when the table just not overturns is W. 

The same value of X would be obtained vthen placed in the portion 
on the side of or AC^ oppobito to the triangle A BC, 

Hence W is the greatest weight that can be placed anywhere on the 
table without toppling its. over. 

It may be noted that if the weight be placed within the triangle 
ABC, its moment about BC or CA or AD being of the same sign as 
that of the weight of the table, there is no c banco of the tabic being 
overturned whatever the weight may be. 


Examples on Chapter V 

1. AB is a diameter of a circle and AG, AD are chords 
at right angles to one another. Show that the moments of 
the forces represented by AC, AD about B are equal. 

2. Forces 2, 4, 6, 8, 10 and 12 lbs. wt. act respectively 
along the sides AB, BC, CD etc. in order, of a regular 
hexagon each of whose sides is ^/3 feet. 0 is the centre of 
the hexagon and on AB an equilateral triangle O^AB is 
drawn on the side opposite to the hexagon. Find the 
algebraic sum of tlie moments of the forces about 0, 
A and 0\ 

3. A uniform beam AB 16 feet long and weighs 
50 lbs ; masses of 20 and 50 lbs. are suspended from A, B 
respectively. At what point must the beam be supported 
so that it may rest horizontally ? 

4. A metre rule of negligible weigl^t carries weights 

1, 2, 3, 100 ^ms. attached to marks 1, 2, 3, 100 cm. 

Find the point about which it will balance. 
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5. Masses of 1 lb. 2 lbs., 3 Ihs., 4 lbs., and 5 lbs. are 
suspended from a uniform horizontal rod ABt 10 ft. long, 
weighing 3 lbs. and supported at its ends, at distances of 
1 foot, 2 feet, 3 feet, 4 feet and 5 feet from A, Find the 
pressure on the supports. 

O'. The horizontal roadway of a bridge AB is 36 ft. 
long, weighs 5 tons and rests on two supports at its ends. 
What is the pressure on each support when a lorry of 
weight 3 tons starting from A is two-thirds oC the way 
across the bridge ? 

7. Prove that if four forces acting along the sides of a 
square are in equilibrium, they must be equal in magnitude. 

8. (i) Show that the sum of the moments of the forcea 
represented in magnitude, direction, sense and line of action 
by AD, BE, CF where I), E, F are the mid-points of the 
sides BC, Cl, AB of A/IBC, about each of the points A, 
B, C is zero. 

(ii) If D, E, F bo points on the sides BG, CA, AB of 
a triangle ABC such that BD : DC^CE : AF : FB, 

prove that the algebraic sum of the moments of the forces 
represented by AD, BE, CF, about each of the points 
A, B, C are equal. 

9. Throe forces P, Q, Tt acting at the vertices A, B, G 
respectively of a triangle, each perp. to the opposite side, 
keep it in equilibrium. Prove that 

P : Q : : b : c. 

10. If three forces P, Q, B acting along the bisectors 
of the angles of a triangle, at the angular points A, B, C 
respectively, keep the triangle in equilibrium, show that 

P : Q : B = cos iA : cos : cos JC. 

11. Three forces acting along the medians of a triangle, 
all from the vertices, are in equilibrium. Show that the 
forces are proportional to the lengths of the medians. 
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12. Forces P, Q, B acfc from the angular points of 
a triangle ABGy perpendicular to the opposite sides. Prove 
that if their resultant passes through the clrcum-centre, 

P (b cos C “ c cos JS) + Q(c cos A- a cos C) 

+ B(a cos B-b cos 4)“0. 

13. Forces I.BG, 7 /h-CA, n,AB act along the sides of 
a triangle ABG tal^(•n in order ; show that their resultant 
passes through the centroid of the triangle if ! + m + 7i = 0. 

14. Three forces net along the sides of a triangle 
taken in order. If the sum of two of the forces be equal 
in magnitude hut opposite in sense to the third force, then 

their resultant passes 'through the in-centre of the triangle. 

15. If four forces, each acting along a side of a cyclic 
quadrilateral, be in equilibrium, show that each force is pro- 
portional to the opposite side. 

16. Three forces P, Q, B act in the same sense along 
the sides BGy 0/1, AB of a triangle ABG ; show lhat if their 
resultant passes through 

(i) the in-centre, P + Q + 11 = 0 ; 

(ii) the centroid, P cosec Ai- Q cosec P + P cosec 0*0 ; 

(iii) the circum-centre, P cos ^ + (*) cos P + P cos 0*0; 

(iv) the oitho-cenire, P sec A-\-Q sec B + B sec 0*0, 

17. Forces 7^ Q, Tt act along the sides PC, CA, AB of 
the triangle ABC, If the line of action of their resultant 
passes through the in-centre and the circvm-centrc of the 
triangle, prove tliat 

P _ ^ Q B ^ 

cos P - cos 0 cos 0 - cos A cos A - cos P 

P __^ Q ^ B 

{b ■“ c){b + c - a) (c - a){c + a — 6) (a — b){(i +• fe — c) 
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*18. Three forces P, Q, B act in the same sense along 
the sides PC, GA, AB of the triangle ABG, If their result- 
ant passes through 

(i) the ortho-centre and the centroid^ 

P ^ Q 

sin 2 A sin {B - G) sin 2B sin (G — A) 
sin 20 sin (A-B) * 


(ii) the ortho-centre and the circum-centrcy 

^ ^ ^ Q = . 

(6® -c^) cos A cos B (a® -6®) cos C 

P ^ Q . 

sin 2 A sin {B - 0) sin 2B sin (0- A) 

U 

bin 2G sin {A - B) ’ 

(iii) the in-centre and the ortho-centre t 

P ^ ^ 

COB A (cofa B - cos G) cos B (cos C - cos 1) 


7 ? 

cos G (cos A - cos B) 

(iv) the centroid and the cir cum- centre ^ 

- - P - = Q ^ 

sin 2A sin (B - C) sin 2B sin (C - A) sin 20 sin (A - B) 


19. A uniform beam 10 ft, long and weighing 60 lbs. 
rests on two props at equal distances from the ends. Find 
the maximum value of this distance so that a man weighing 
10 stones may stand anywhere on the beam without upset- 
ting it. 


20. Eight feet of a plank. 24 ft. long and weighing 
200 lbs. project over the side of a quay. What least weight 
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musfi be placed on the end of the plank so that a man 
weighing 150 lbs. may be able to walk to the other end 
without the plank tilting over ? 

21. A uniform rod of length 6 ft. and weight 2 lbs. rests 
horizontally on two props at its extremities, each of which 
will bear a maximum weight of 13 lbs. Find on what part 
of the rod a weight of 16 lbs. can be placed without breaking 
either support. 

22. A non-uniform rod IG inches long rests on two 
pegs y inches apart, with its centre midway between them. 
The greatest masses that can be suspended in succession 
from the two ends without disturbing the equilibrium are 
4 Ib^. and 5 lbs. respectively. Find the weight of the rod 
and tlie position of th )0 point at which its weight acts. 

"^23. A uniform plank of length 2a and weight W is 
supported horizontally on two vertical props at a distance 
b apart. The greatest weight that can be placed at the two 
ends in succession without upsetting the plank are TFi and 
respectively. Show that 

TF+ TTi W+ ^2 a 

24. A heavy carriage wheel of weight W and radius r, 

is to be dragged over an obstacle of length by a horizontal 
force P applied in the centre of the wheel. Show that 
P must bo slightly greater than 

r — 

25. A man tries to uproot a tree with the help of 
a rope of length 30 feet, by fastening one extremity at some 
point of the vertical stem and pulling at the other end from 
the ground. The least moment about the foot of the tree 
necessary to uproot it is 1200 ft.-lbs. Find the least force 
that the man has to apply. 

A smooth bamboo pole ]ust stands vertically on the 
ground, and a horizontal rope which is once wrapped at 
its tup has the tw^o portions at right angles to one another. 



80 


8TATI08 


[Ex. V 


The pole is kept in position by pulling it with a rope 
attached at one-third the height of the pole. If this latter 
rope be inclined at an angle 45® with the horizon, prove 
that the tension in It must be six times that of the rope 
at the top. 

27. If the moments of two given intersecting forces 
about a point in their plane be equal and of the same sense, 
prove that the point must be on a certain straight line. 

28. The magnitude of a force and also its moments (of 
the same sign) about two given points are given. Find its 
line of action. 

29. Forces are represented in magnitude, direction and 
line of action and sense by the perpendiculars drawn from 
the angular points of a triangle to the opposite sides. If 
their sum of moments about each of the angular points is 
zero, show that the triangle is equilateral. 

30. If three forces represented in magnitude and direc- 
tion by the bisectors of tho angles of a triangle, all acting 
from the vertices, be in equilibrium, the triangle must be 
equilateral. 

31. The sums of the moments of a system of forces acting 
at a point about two given points are equal in magnitude. 
Show that their resultant is parallel to a fixed line or passes 
through a fixed point. 

32. Of four coplanar forces in equilibrium, one is given 

completely, a second and a third, which arc not parallel, 
have their lines of action given, wliile the fourth has its 
magnitude only given. Prove that tlie line of action of the 
fourth force must touch a fixed circle. [ 0. U, 1934 ] 

33. ilBC is a right-angled triangle, the sides 130, CA, 
AB being 13, 12 and 5 units of length respectively. The 
moments of a force P about A, B, C are, 

(i) 0, 25 and 144 units of moment respectively ; 

[ C. U, 1936 ] 

(ii) 0, —25 and 144 units of moment respectively ; 

fi‘id in each case the magnitude, direction and line of action 

of i^. 
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34. ABO is an isosceles right-angled triangle whose equal 
sides AB, AO are 4 ft. in length ; the moments of a force 
about the points A, B, G are respectively 8, 8 and 16 units 
in the same sense ; find the magnitude and the line of action 
of the force. 

35. Forces 1, % 4, 5 lbs. wt. act, all in the same sense, 
along the sides of a square taken in order. Prove that their 
resultant is parallel to a diagonal and find where it cuts 
the side along which the first force acts. [0. U, 1937 ]^ 

36. The moments of a force about the points (0, 0), 

(10, 0), (0, 5) are 1R4, - 46 and 249 foot-pounds. Find 
where the force meets the axis of x and find its components 
parallel to the co-ordinate axes. 

*37. OX and OY are two straight lines at right angles, 
and a force acting in their plane at 0 has moments G and 
'O' about the two points whose co-ordinates are (a?, y) and 
{x\ 2 /') respectively with respect to the lines OX and Or as 
axes of co-ordinates. If (xy - x*y) is not zero, prove that 
the magnitude B of the force and the angle 0 between the 
lino of action and OX are given by 

t?2 ^ ( ^O' - xOy + iyG' y'O )^ 

(xy* - ajV)* 

and tan 0 = ^ ft' [ C. 17 . 1946 ] 

''38. Like parallel forces P, Q, It act at the vertices of 
a triangle ABC perpendicular to its plane. If the resultant 
.passes through 

(i) the iU’Centre of the triangle, 

P : Q : E’^sin A : sin B : sin C ; 

(ii) the circum-centre of the triangle, 

P : Q : B-sinQA : sin 2B : sin 20 ; 

(iii) the ortho-centre of the triangle, 

P \ Q : B^ tan A ; tan B : tan C. 
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*39. A square table stands on four legs placed at the 
mid-points of its sides. If the total weight of the table and 
legs be TF, find the greatest weight which can be put at 
one of the corners of the table without upsetting it. 

*40. A circular table of weight TFhas four legs spaced 
at equal distances round its edge. Show that the least 
weignt sufficient to overturn the table is ( s/2 + 1) W. 

ANSWERS 

2. 63, 63 and 81 ft.db8. rospectivol^. 

3. 6 ft. from B, 4. 67th mark, 5. 7 lbs. wt. ; 11 lb3. wt. 

6. Si tons wt. at At 4^ tons wt. at B, 19. 1} ft. 20. 25 lbs. 

21. Within a distanoo 1} ft. from the middle point on either side. 

22. 3J lbs., i inch from the mid-point. 26. 80 lbs. wt. 

83. (i) acting along the tangent at 4 to the circum-cirole of 

I^ABO, (ii) J^-»13, acting along the perpendicular from A on BC. 

34. 2 units acting parallel to AB at a disbanco 4 ft.' from it on the 
opposite side of C. 

35. Divides it externally in the ratio 2 : 3. 

36. At a distance 8 ft. from the origin ; 13 lbs. wt. along se-axis and 
23 lbs. wt. along |/-axis, 

39. W. 



CHAPTER VI 
COUPLES 


6*1. We have seen in Chapter IV that the general 
method of finding the resultant of two equal and unlike 
parallel forces fails, z.e., there is no single force whose efiect 
is the same as the joint effect of tw^o equal and unlike 
parallel forces. Hence such a pair of forces acting upon 
a rigid body cannot produce a motion of translation. 

Tloo equal and unlike parallel forces (whose lines of 
action are not the same) are said to constitute a couple. 

V 

The arm of a couple is the 
perpendicular distance between 
the lines of action of the two 
forces forming the couple. 

The moment of a couple is 
the product of either of the forces 
forming the couple^ and the 
perpendicular distance between 
their lines of action (i.e,, the arm). 

A couple, each of whose forces is P and whose arm is 
p, as in the above figure, is very often denoted by (P, p). 

The whole effect of a couple acting on a rigid body 
is to produce rotation without imparting to it any motion 
of translation. 

The moment of a couple is considered positive or negative 
according as the couple tends to rotate the body in the anti- 
clockwise or clockwise direction. 

Examples of a couple are the forces applied to the key of 
a clock in winding it up, or the forces applied by the hand 
^o the handle of a door in opening it. 

Couple is called by some writers Torque. 
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6'2. Theorem. 

The algebraic sum of the moments of the two forces 
forming a couple about any point in their plane is a non-zero 
constant and equal to the moment of the couple. 

Let each of the two forces forming the couple be P and 
0 be aay point in their plane. Through 0 draw a line OAB 
perpendicular to the lines of action of the forces meeting 
them in A and 



The algebraic sum of the moments of the forces about 0 
1\0A - PiOB - OA) 

which is constant independent of the position of 0) 
and which is equal to the moment of the couple. 

Note. Tho moment of a couple can never be zero, for then the 
two forces cancel each other, 

6’2 (A). If the algebraic sum of the moments of any two 
forces acting on a rigid body about any point in their plane 
is a constant (?^0), then the two forces form a couple. 

Let P, Q be two given forces ; they cannot meet at a 
point, for then the algebraic sum of the moments of the 
two forces about that point would be zero, which is contrary 
to hypothesis. So they must be parallel. Now, if they be 
like, or unlike and unequal, they will have a resultant 
and the sum of their moments about ai>y point on the 
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resultant will be zero, which is aLo contrary to hypothesis. 
Thus, the two forces cannot meet at a point, nor can 
they be parallel and like and parallel, unlike and unequal. 
Hence the two forces must be parallel, unlike and equal and 
hence they form a couple. 

Cor. Here three forces acting upon a body form a couple. We 
easily see that the algebraic sum of the moments of the forces about 
each of the point B, C is equal and equal to the moment of the 
couple {vis.t twice the area of the triangle). 

6*3. Equilibrium of two couples. 

Theorem. If two couples^ tvhose momenta are equal and 
opposite, act in the savie plane upon a rigid body, they balance 
one another. 

Let (7^ p) and (Q, q) be the given couples, so that 

P.p = O.q in magnitude. (1) 

Case J. When the forces forming the couples are not all 
parallel. 



Let one of the forces F of one of the couples intersect 
one of the forces Q of the other in A, and let the other two 
forces meet in B\ 
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Now, the sum of the moments about A oi P and Q 
acting at B ■= Pjp - = 0 by (1). 

/. the resultant of P and () at B passes through A, 
and hence acts along BA from B to A. Similarly, the 
resultant of P and Q at A acts along AB, from A to B. 

Since the two forces at A are respectively equal and 
opposite to those at B and since both pair act at the same 
angle, their resultants must be equal in magnitude and 
opposite in sense ; and as they act along AB and BA, they 
cancel each other. 

Thus, the resultant of the forces forming the two couples 
is nil, and hence the two couples balance one another. 

Case IT. When fhe forces forming the couples ore all 
parallel. 

Draw a straight line perpendicular to the linos of action 
of the forces, meeting them at A, C, B, D. 
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Let the resultant (P + Q) of the like parallel forces 
P Bit B and Q at C act at 0 ; then 

P,BO-^Q.CO. - ( 2 ) 

Subtracting (2) from (1), 

P{AB-BO)^Q{CD-CO), 

P,AO^Q,DO. 

Thus, the resultant (P + 0) of the like parallel forces 
P at ^ and Q at D also acts at 0. 

Since these two resultants are equal in magnitude and 
opposite in directions and act at the same point, they are in 
equilibrium, and bonce the two couples balance each other. 


6*4. Equivalence of two couples. 


As a corollary to the above theorem we get the 
following : 

Two couples xn the same plane whose moments are equal 
aiul of the same sign, are equivalent to one another. 

For, by reversing the constituent forces of any couple, 
all the forces will be in equilibrium. 


It follows therefore, that a couple acting in any manner 
in a plane can be replaced by any other couple in the same 
plane, provided the moment of the latter is equal to that 
of the former, and of the same sign. It is immaterial what 
the direction of the constituent forces of the second couple 
may be, or their magnitude, or the arm. 


Thus, a couple (P, p) may be replaced by a couple 
|p, in the same plane with its constituent forces each 


equal to F, the arm being such that the moment remains 
unaltered. Also one force P’ may be taken to be acting in 

Pv 

any line and sense, the other at the distance ^ being 


on that side so as to make the sign of the moment same 
as that of (P, p). 
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Similarlyi a couple (P, i>) may be replaced by a couple 


(?’ *) 


with a given arm x anywhere in the plane. 


6*5. Couples in parallel Planes. 

The effect of a couple is not altered if it is transferred 
to a parallel plane^ provided its moment is unchanged in 
magnitude and sign. 

Let AB be the arm of the couple (P, p) and let CD be 
a straight line equal and parallel to AB, lying in a plane 
parallel to the plane of the couple. 

Join AD, BC and let 0 be their point of intersection. 
Then 0 is the middle point of both AD, BC. 

At each of the points G and D introduce two equal and 

opposite forces, each 
being equal and 
parallel to P. 

Now, like parallel 
forces P at 4 and P 
at D may be replaced 
l)y their resultant 2P 
acting at 0, along OE 
parallel to them. 

Again, like parallel 
forces P at J5 and P 
at C may be replaced 
by their resultant 2P 
acting at 0, along OF 
parallel to them. 

Being equal, oppo- 
site and collinear, these two resultant forces balance, and 
we are left with two unlike parallel forces, one P acting 
at 0 in the same sense and direction as P at A, and the 
other, P acting at D in the sense and directijon of P at B, 
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Thus, the given couple (P, p) with the arm AB is 
equivalent to the couple (P, p) of the same moment in 
a parallel plane, having its arm CD equal and parallel 
to AB. 

Now, the couple (P, p) with arm CD can be replaced in 
its plane by any other couple, provided the moment is 
unchanged in magnitude and sign, as in Art. G‘4. Hence) 
a couple in any plane can be replaced by any other couple 
in a parallel plane, provided its moment remains unchanged 
in magnitude and sign. 

Note. From above it is clear, that the effect of a couple remains 
unaltered so long as its moment remains the same in magnitude and 
sense, whatever bo the ntagnitude of its constituent forces, the length 
of its arm, and its position in any one of a sot of parallel pianos in 
which it may be supposed to act. 

A couple is therefore completely specified if we know (i) the direc- 
tion of the set of parallel planes, (ii) the magnitude of its moment, 
(iii) the senso in which it acts. 

These three characteristics of a couple can be aptly represented by 
a straight line drawn. 

(i) perpendicular to the set of parallel pianos, to indicate the 
direction ; 

(ii) of a measured length to indicate the magnitude of the 
moment ; 

and (iii) in a definite sense, to indicate the sense of the moment. 

A line so drawn to represent a couple is called the axis ol the 
Couple. 

6*6. Resultant of coplanar couples. 

Any number of coplanar couples acting on a body is 
equivalent to a single couple whose moment is equal to the 
algebraic sum of the moments of the couples. 

Iiet (P, p), (<5, q), (B, r),... be a number of couples acting 
in the same plane upon a body. 



90 


STATICS 


Let AB represent the arm p of the couple (P, p) whose 
component forces P. P act along AX and BY, 



The moment of the couple (Q, q)- Hence, 

the couple (Q, q) may be replaced by another couple whose 
arm coincides with AB and whose component forces of 

magnitude act along AX and BY. 

Similarly, the couple (it, r) may be replaced by another 
couple whose arm coincides with AB and whose component 
Jir 

forces of magnitude act along AX and BY, 

P 


Replacing all the other couples in this way we get 
a single couple with the arm AB^ each of whose component 

forces 


\ ^ p 



Hence, the given system of couples is equivalent to 
a single couple whose moment 


^ Pp+ Qq + Rr f ••• 

“the algebraic sum of the moments 

of the -different couples. 



COUPLES 


91 


Note. If the moment of any of the couples, say I2r, be negative, 
as in the figure, corresponding component along AX will be negative 
ie., opposite to the sense of P there, and similarly for the component 
at JB. Hence, the resultant single force along AX ot BY is the algebraic 
sum of these component forces. 

6'7i Resultant of a couple and a force. 

A force and a couple in the same plane are equivalent to 
a single force, equal and paraVel to the given single force. 

Let F be the given force acting at 0 along OA and (P, p) 
the given couple. \ 

Replace the given couple by another couple having its 
forces each equal to F, If x be the length of the arm of 


-/ 

c 


this new couple, its moment the moment of the 
original couple. 

Hence, sr = • 

Place the couple suoh that one of its component forces 
F acts at 0 along the lino of action of the given force F but 
in the opposite ^ense i,e,, acts along OB, 
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Now the two equal and opposite forces acting at 0 
along the same line balance, and we are left with a single 
force F at 0 which is in the direction of the original force, 
and at a distance Pp/F from it. 

Thus, a force F and a couple of moment O are equi- 
valent' to a single parallel force Ft displaced to a distance 
OIF from its original position. 

Cor. A force and a couple actinq in the same plane cannot ptoduce 
equilibrim 

g ^-8. Theorgm. If three forces acting upon a rigid 
^ody be represented in magnitude, direction, sense and line 
of action by the sides of adnanglOf taken in ordcr^ they are 
equivalent to a couple lohose moment is equal to ttvice the 
area of the triangle. 


Let three forces P, Q, B acting upon a body be repre- 
sented in magnitude, direction, line of action and sense 
by the sides BG, CA, AB respectively of the triangle ABC- 

Draw EAD parallel 
to BO, and introduce 
at A two equal and 
opposite forces equal 
to P, acting in the 
directions AD and 
AE. Draw AN perp. 
to BG, The three 
forces P along AD, Q along CA, and R along AB, acting 
at A, and being represented in magnitude, direction and 
sense by the sides of a triangle taken in order, are in 
equilibrium, by the triangle of forces. 



We are thus left with forces P along AE and P along 
BC, which form a couple of moment P x AN, i,e., BO AN, 
i,e„ equal to twice the area of the AABC. * 
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Alternative method : 

The forces Q and R acting at A and roprosented by CA and AB are 
equivalent to a force acting at A represented in magnitude and direction 
by CBi i.a., equivalent to a force P acting at A parallel and opposite 
in sense to the given force P. Hence, the three forces are equivalent to 
a couple of moment PxAN, i.c., BCxANt %.e», twice the area of 
A ABC, where AN is the perpendicular from A on BC. 

/ 6*9. Theorem. If a system of coplanar' forces acting 
'upon a rigid body he represented in magnitude, direction, 
sense and line of action by the sides of a polygon taken 
in order, they are equivalent to a couple whose moment is 
represented by twice the area of the polygon. 


Liet the forces he completely represented by the sides 

AB^ BO, CD, DE, EA of the polygon ABODE. Join AO 
and AD. 


. Let U8 introduce in the body two pairs of equal and 
opposite forces represented by AC, CA and jID, DA acting 
along these lines. Those do not affect the given system. 

Now, the forces represented by the sides BO, CA 
of the actually acting along these lines, are equi- 

valent to a couple of moment 

2AABC. 

Similarly, the forces repre- 
sented by the sides of A A CD 
^and AADE are respectively 
equivalent to couples of mo- 
ment 2AACD and 2 AADE. 

Now, these three couples 
are equivalent to a single 
couple whose moment is equal to 2[AAB0-^ AAOD 
+ AilDJB)- twice the area of the polygon ABODE. 


O 
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6’10- Theorem. A force acting at any point A of a body 
is equivalent to an eqml and parallel force acting at any 
other arbitrary point B of the body^ together with a couple. 

Let P be a force 
acting at A along AX, and 
B any arbitrary point, 
and let p be the distance 
of B from AX. At B apply 
two equal and opposite 
forces, each equal and 
parallel to P, along BG, 
BD. These two forces will 
have no effect ou the 
body, and the three forces 
P may now be regarded as 

P along AX and P along 
BD forming a couple of moment Pp, and a force P at 
B along BG, parallel to the original force and in the same 
sense. 

Note. The moment of the couple is equal to the moment of tho 
original force at A about B. 

6*11. Theorem. If a system of coplanar forces reduces 
to a couple, the algebraic sum of the moments of the forces 
about any point in their plane is constant, and equal to the 
moment of the couple. 

Let P, Q, B, S,... be a system of coplanar forces, and 0 
any arbitrary point in their plane. 

As in the previous article, we can replace the force P 
by an equal and parallel force at 0, together with a couple 
whose moment is equal to the moment of P about 0. 
Dealing with each of the other forces in the same manner, 
we get the given system of forces equivalent to a set of 
concurrent forces at 0, together with a number of couples, 
which later can be compounded into a single couple, whose 
moment being equal to the algebraic sum of the moments 
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of the couples, is ultimately equal to the algebraic sum of 
the momeuts of the given forces about 0, The concurrent 
forces at 0 must in this case be in equilibrium for other- 
wise they would combine into a single resultant force, 
which along with the couple would give us a single force 
as our resultant, and not a couple. 

Thus, when the given system of forces reduces to a 
couple, the algebraic sum of the laoments of the forces 
about 0, which is arbitrary, is always the same, namely, 
equal to the moment of the resultant couple. 

6*12. Illustrative Examples. 

Ex. Four fotces comnUtehj represented by the sides AB^ BC, 

CD, DA of a quadrilateral ABCD ; 
show that they are equivalent to 
a couple t consisting of txco equal 
forces through B and D. 

Forces JB and BO arc equi- 
valent to a force at B represented 
in magnitude, direction and sense 
by AC. 

Similarly, forces CD and DA 
are equivalent to a force at D 
represented in magnitude, direc- 
tion and sense by CA. 

Thus, the four forces are equivalent to two equal, parallel and unlike 
forces at B and D and hence they are equivalent to a couple. 

Examples on Chapter VI 

1. Forces equal to 3, 6, 3 and 6 lbs. wt. respectively 

act along the sides of a square taken in order ; hnd their 
resultant. [ C. 17. 1932 ] 

2. Show that the forces 3, 8, 7, 11 and 5 lbs. wt. acting 
respectively along AB, £C, CD, DA and AC of rectangle 
ABCD are equivalent to a couple, if AB*=*6it. and 
jBC — 4ift., and show that the moment of the couple is 
79J ft.-lbs. 
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3. Forces of magnitudes 1, 2, 3. 4, 2 act respectively 

along the sides AB, BC, CD, DA t.nd the diagonal AO of 
the square ABCD, Show that their resultant is a couple, 
and find its moment. [ C. U. 1947 ] 

4. Forces P, 2P, - P, 2P act along the sides AB, BC, 
CD, DA of the square ABCD, and a force P acts along 
each of BD and ‘ CA. Show that the forces re^upe to 
a couple of moment 2aP, whore a is the side of the square. 

6. Unlike parallel forces each equal to 4 lbs. wt, act 
along a pair of opposite sides of length 2 ft. of a rectangle. 
Find the magnitude of the forces which, acting along the 
ocher sides of length G inches, will form with these a system 
in equilibrium. 

0. Two couples with forces acting along the sides of 
a parallelogram are in equilibrium ; find the ratio of the 
forces of the couples. 

7. Four forces acting along the sides of a parallelogram 
are equivalent to a couple- Show that the forces along the 
opposite sides are equal in magnitude and opposite in 
sense. 

8. Three forces acting along the sides of a triangle 
taken in order, are equivalent to a couple. Show that they 
are proportional to the sides of the triangle. 

9. In a tetrahedron PABO, show that the resultant of 
the couples whose moments are represented by the areas 
of triangles PBG, PCA, PAB is a couple whose moment 
can be represented by the area of the triangle ABC, 

10. Prove that forces represented in magnitude and line 
of action by the sides of two triangles, taken opposite ways 
round, are in equilibrium, provided the triangles are of 
equal area. 

11. Three forces proportional to the sides of a triangle 
act perpendicularly to these sides, all inwards. Show that 
they aro in equilibrium or they form a couple. 
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12. P and Q are like parallel forces. An unlike parallel 
force P + Q acts in the same plane at perpendicular distances 
a, b respectively from the forces and between them. Find 
the moment of the resultant couple. 

13. Find the resultant of a force of 7 lbs. wt. and a 
couple in the same plane whose arm is 3^ ft, and whose 
forces are each 4 lbs. wt. 

*14. Three parallel forces P, Q, Jl acting at the angular 
points of a triangle ABG are in equilibrium when they are 
perpendicular to the side BC. If their lines of action are 
turned through a given angle in the same sense, show that 
they are equivalent to a couple. 

15. D, E, F divide the sides JJG, CA, AB respectively 

of an equilateral triangle ABC of side a in the ratio 6 : 1. 
Three forces each equal to P act at D, E, F perpendicular 
to the sides and outwards from the triangle. Show that 
they are equivalent to a couple of moment Pa. 

[ C. U. 1943 ] 

16. ABCD is a rectangle such that AB^CD^a and 
BC — DA — b. Forces P act along AD and CB and forces 
Q act along AB and CD. Prove that the perpendicular 
distance between the resultant of the forces P, Q at 4 and 
the resultant of the forces P, P at C is 

Pa- Qb ^ 

*17. If three forces P, Q, B acting at the angular points 
of a trianglo ABC along the tangents to the circum- circle, 
the same way round, aro equivalent to a couple, show that 

P : Q : B =* sin 2il : sin 2B : sin 2C. 

[ Moments about the vertices of the triangle formed by three tangents 
are eguaU ] 
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*18. P and Q are two like parallel forces. If a couple, 
each of wliose forces is P, and who3e arm is a, in the idane 
of P and Qt is combined with them, show that the resultant 
is displaced through a distance 

Fa 

P+Q 


*19. The constituent forces of a couple of moment 0 act 
at A and B ; if their lines of action are turned through 
a right angle, they form a couple of moment IL When they 
both act at right angles to AB^ show that tl\ey form a couple 
of moment 

*20. ABCD and A^B'G'D* are any two coplanar parallelo- 
grams, If forces act along AA\ B'B, GC\ JD^D represented 
by these respective lengths, show that they reduce to 
a couple. 

*21. Forces Ka, Kb, Ke parallel to the sides of a triangle 
ABC, act at /i, /21 1st the centres of the escribed circles. 
Show that they are equivalent to a couple of moment 
^KBia + b + c), where B is the radius of the circumcircle. 

*22. X, Y, Z are points on the sides BG, GA, AB of 
a triangle ABG, such that 


BX GY AZ q 

xo^ya'^zb" V 

Prove that the system of forces represented by AX, BY, 


CZ is equivalent to a couple of moment 


V-2A. 

•p + q 


A is the area of the triangle. 


where 


*23. H is the orthocentre of the triangle ABC and three 
forces fia, fib, fic act along AH, BE, CH, If the forces are 
rotated through the same angle a, about A, B, G respec- 
tively, show that bhey become equivalent to a couple whose 
moment is 4 AiU sin a, where A is the area of the triangle 
ABO. 
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*24. If three forces completely represented by the sides 
of a triangle taken in order, are in equilibrium with three 
equal forces acting at the corners of the triangle along the 
tangents to the circumcircle the same way round, prove 
that the triangle must be equilateral. 

ANSWERS 

1. A couple of moment 8a, where a is a side of the square. 

3. 5a, where a is the side of the square, 

5. lib, wt. 

6. Proportional to the sides of the parallelogram. 

12 . 

13. 7 lbs. wt. acting parallel to the given force 7 lbs. wt. and at 
a distance 2 ft. from it, 



CHAPTER VII 

REDUCTION OF COPLANAR FORCES 


7*1. Theorem I. Any system of copJanar forces acting 
on a rigid body can he reduced ultimately to either a single 
forcot or a single couple, unless it is in equilibrium. 



Let P, Q, B, S, Ti.., etc. be a system of coplanar forces 
acting on a rigid body. 

Take any three forces P, Q, B of the system. The two 
forces P and Q can be combined into a single resultant by 
parallelogram of forces if they meet, or by the method of 
combining parallel forces when the^’^ are parallel, like or 
unlike, excepting in the case when they form a couple. In 
case P and Q form a couple, we can combine P and B into 
a single force, unless P forms a couple with B also. Now, 
if P forms a couple with Q, as well as with P, Q apd B 
must be like parallel forces which can be combined into 
a single force. In any case therefore, the three forces can 
be reduced to two. 

With these two, take another force 8 of the system. 
These three forces again, just as before, can be reduced to 
two. Proceeding in this way, when all the forces of the 
system are exhausted, we get ultimately two forces. These 
two, if they are equal and opposite acting along the same 



BEDVCTION OF COP L ANAR FORCES 


101 


line will produce equilibrium. Otherwise, if they are equal 
and unlike parallel forces, they form a couple. In case 
they do not form a couple, we can finally combine them into 
a single resultant. 

7 '2. Theorem 11. Any system of coplanar forces acting 
on a rigid body can ultimately he reduced, to a single force 
acting at any arbitrarily chosen point in the plane, together 
loith a couple. 

Also, the resolved part in any direction of the single force 
obtained above, is equal to the algebtaic sum of the resolved 
parts of the given forces in that direction, and the moment of 
the couple is equal to the algebraic sum of the momenta of the 
given forces about the chosen point. 



Let F, Q, B, S,... be a system of coplanar forces acting 
at A, B, G, etc. of a rigid body, and let 0 be any 
arbitrary point in the plane. 

Consider a force F of the system. If we introduce at 
0, two equal and opposite forces, each equal and parallel 
to P, these two forces, balancing one another, will not afi*ecfe 
the given system. Now the given force F, along with the 
equal and unlike parallel force P at 0, form a couple whose 
moment is equal to Fp, where p is the perpendicular 
distance from 0 on the line of action of P, and wo get in 
addition a force P acting at 0, which is equal and parallel 
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to the original force P at A. Exactly in the same manner 
the force y at I? is equivalent to an equal and parallel force 
Q at 0 in the same sense, together with a couple of 
moment Qq, which is equal to the moment of the given 
force y at jD about 0 ; and similarly for every force of the 
system. 

Thus, the given system of forces is ultimately reduc ed to 
a system of concurrent forces acting at 0, equal and parallel 
to the original forces, together with a number of couples 
whose moments are respectively equal to the moments of 
the individual forces of the given bystem about 0. The 
concurrent forcC'^ at 0 can ultimately be combined into 
a single resultant force acting at 0, and the couples can be 
combined into one single couple. 

Also, the resolved part of the single resultant in any 
direction, is equal to the algebraic sum of the resolved parts 
in the same direction of the constituent forces at 0, i,e,, of 
the given forces whirjh are equal and parallel to them. 

Again, the moment of the resultant couple, being equal 
to the algebraic sum of the moments of the indiv'dual 
couples, is equal to the algebraic sum of the moments of 
the given forces about 0. 

Hence the theorem. 

7*3. Analytical reduction of a system of coplanar 
forces. 

Let OX and OY be any two perpendicular lines which 
are cho'^en as the axes of co-ordinates in the plane of 
a given system of coplanar forces which consists of forces 
Pit p 2 t Psi-.-etc., acting at the points A 2 t etc, 

whose co-ordinates are (a-i, yj, {x^t y^)t etr\ 

Let the direction of Pi make an angle ui with OX, and 
let Xi, Yx be the resolved parts of Pi along OX and OY 
respectively, so that Xi“Pi cos ai and sin ai. 

At 0, introduce a pair of equal and opposite forces 
Xi, Xi acting ill the line OX, and a pair of equal and 
opposite forces Yi, Yi acting in the line OY. These forcesi 
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balancing one another, will have no el3fect on the given 
system. 

Now, the component force at and the equal and 
unlike parallel force Xj_ at 0, form a couple whose moment 
is clearly equal to —y-iXi, since its tendency of rotation 





is clockwise. Similarly, the component Fi at and the 
equal and unlike force Yi at 0 form a couple of moment 
fl"! Yi as is easily seen. Also there aie left a force X± along 
OX and a force Yi along 0 Y at 0. 

Thus, the force Pj at -di (i.e., Ti, j^i), having the resolved 
parts A'i, Yi parallel to the axes, is equivalent to the 
components Xx and Yi along the axes at 0, together with 
a single couple of moment (aJi Yi - ViX^), 

Exactly in the same manner, the force P 2 at A 2 can be 
replaced by the resolved components Xq and Ys along the 
axes at 0, together with a couple of moment (ir 2 Y 2 -' 1 / 2 X 2 ) ; 
and similarly for every force of the system. 
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OombiniDg all the components along OX and OY 
separately, and combining all the couples, we ultimately 
get the given system of forces reduced to 

a component force cos oi) along OX, 

a component force Y=-SKi(=2JPi sin aj along OT, 
and a single couple of moment G^S(x^ Ki ATi). 

The two components and along OX 

and OY will give rise to a single resultant force B acting 
at 0 in a direction 6 with OX, where 

B cos and P sin 6= Y^SY± 

so that B “ + {i: Fi)® » Jx- f F®. 

Thus, the given system of coplanar forces is reduced to 
a single resultant force B at the origin 0 (which may bo 
chosen arbitrarily in the plane), together with a single 
couple Q. 

Note 1. The moment of the force about any point D(h, ^), 
being equal to the algebraic sum of the moments of its components 
about the point is easily seen to be 

(®i {ffx “-k)j 

i.e., (aSiFi — j/iXJ — hFx+7Xi. (1) 

if G' be the algebraic sum of the momente of the system of 
forces {%,e„ if O' be the momeut of the resultant B) about D, then 

0'«s(xxFx-^xZx)-h2;rx+/fS-x:x — (2) 

i.e., G' = G-;iy+fcX. ••• (3) 

If the resultant R pauses through D, then G'*0. hT—kX’^Q 
This shows that (h, ^*) any point on the resultant B, lies on the 
line xY’-yX-O-O — — (4) 

which is thus the equation to the lino of action of the resultant. 

Again, if y^mx+c be the equation of the line of action of the 
resultant and B be the magnitude of the resultant, 


,/ mh^k—c 
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Note 2. If RsaO, the given system of forces reduces to a couple 
only, which in this case will be tlio same, whatever point is chosen as 
origin. 

If G=0, the given system reduces to a smgle resultant force R 
at 0. 

If Gt^O, then also, the single force and single couple can 

be combined into a hinqle resultant force, same in magnitude and 
direction as R at O, but shifted in position. 

If R=sO, 0=0. the system will be in eqmUbrium, 

7'4. Equation to the line of action of the resultant. 

Wo have seen thjtt the given system of forces can be 
reduced to a single forte R acting at tho origin 0, having 
components EX and EY along the axes, together with a 
couple O^E[x\ Yj. - ViXi), In case iliese can be combined 



into a single resultant force, the magnitude and direction 
of it will be tho same as those of li at 0. To get its position, 
let £r, y be the co-ordinafes of any point on its line of action. 
Then the algebraic sum of the moments of the given forces 
about this point, being equal to that of the resultant, must 
be zero. In other words, the algebraic sum of the moments 
of the components EX along OX, EY along OF, and of the 
couple 0 about the point a?, y must also be zero, for this 
set is equivalent to the given system. 
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Thus, Ti + G = 0, or, cri" Ti - t/S -V i - G = 0, 

i.fi., xY — yX^ G*=0, is the rclaiion which must be satisfied 
by the co-ordinates (x, y) of any point on the line of action of 
the resultant. 

Hence, the equation to the line of action of the i exultant is 

xY-yX-G«0. 

7*5. Illustrative Examples. 

Ex. 1. Forces 3, 2, 4, 5 Ihs. vt. act re^pcdirely along the AB^ 
BCf CD, DA of a t^quaye. Find the waqmtude of their resultant and 
the points where its line of aHion nuets AB and AD. 



The resultant of the unlike parallel forces 5 lbs. wt. along DA 
and 2 lbs. wt. along BC are equivalent to a forces f>-2~3 lbs. wt. 
parallel to DA along some line OF sa>, external to AB, but nearer to 
AD, along which the greater force acts. Similarly, the resultant of 
4 lbs. wt. along CD and o lbs. wt. along AB h.ave a resultant I lb. wt. 
parallel to CD along some line FO, Now, the nsiiUant of 31bs. wt. 
along OF and 1 lb. wt. along FO which are mutually perpendicular 
will give a resultant 

v'^3* + l'‘“ ^/^) lbs. wt. 

along some line YOX, meeting BA and AD, let us suppose, at X and 
Y respectively. Let a be the side of the square ABCD, and let AX*^ x. 
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Then equating tho algebraic sum of the momenta of the given forces 
about X to the moment of the resultant, wo get 
2(a+a!)+4a-5j-«0, 
or, x = 2a, 

Similarly, absuming -41'=?/, and considering moment al-out F, 
3ty+2u-4{y-a) = 0, 
whence y- Ca, i.e., AY=C\xiD. 

Thus the line of action of the resultant is obtabied. 


K\. 2. Forces of magiufiHe 3, 4, Ti, G, 7, act in onler along the 
sides ABt J>G, CD^ DE^ EF^ FA of a regular hangon. Find their 
re'iultant coinjdetelih 




Lot 0 be the centre of the regular hexagon. It is known from 
Geometry that the opposite sides AR, ED and the diagonal FOG are 
parallel, and similarly for other sets, Als^o tno angles AOBt DOG, etc. 
are each equal to 60°. 

Now, reducing each force io a parallel lorco at O, together with 
a couple, we get the given system of forces equivalent to forces 3, 4, 5, 
6, 7, 8, along OC, 07), OE, OF, OA, OB respectively together with 
a couple moment p(3 + 4+ 5 + C+7+8) = 33j[), where j; is the perpendi- 
cular from 0 on any side of the hexagon. 

Oombining the force at 0 in pairs we get the forces 3 along OF, 
3 along 0-4 and 3 along OB. Now 3 along OF and 3 along OB give 
2 X 3 X cos 60° =3 3 along 04 as resultant. Hence, we ultimately get 
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a single resultant 6 along OAt together a couple of moments SSp. 
The single force and the couple combine finally into a single force equal 
and parallel to 6 along OA, but shifted from 0 towards the left through 
a distance x, where, considering moment about 0. 

6xa*»33p, or, 

Hence, OM being perpendicular on EF, resultant meets OM 
produced at N, where OM, 

or, ON:NM^ll:0, 

Thus, the magnitude, direction and line of action of the resultant 
are completely obtained. 


Ex. 3. Forces L, M, N act along the sides of the triangle formed, 
by the lines jj+p- 1 = 0, a;-j/+l = 0, i/ = 2. 

Find the magnitude and the line of action of the resultant. 

Lot AhO be the triangle formed by the giyen lines, the equation 
of BC, CA and AB being 

a+ty--l«0, a!-t/+l«0, j/“2 respectively. 

The point 0 has co-ordinates (0, 1), so it is situated on the t/-axia 
and AB is parallel to sr-axis and at a distance 2 from it, 

The algebraic sum of the resolved parts of the forces along OX, 
(the a-axis) is denoted by X. 

/. X=iicos45°+itfcos45*-J^= — (1) 

hjz 

The algebraic sum of the resolved parts of the forces along OT 
(the i/-axi8) is denoted by Y, 

r=Jf8in45'-I/sln 45*= — (2) 

kjl 

Let B be the resultant of the forces. 




(Tj+M- s/2N\ 


n/2 


I 




+ sl^N(L + M)). 

The algebraic sum of the moments of the forces about the origin 0 
is denoted by 0, 

••• O— 
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By Art. 7*4, the equation of the line of action of the resultant B is 
xY—yZ—O=0, 

here the equation of the line of action of the resultant 
/M-L\ /L + M- J2N\ 2^/22V-r,-if « 

i.e., j/(L + Af- ^/227)«2 J2N+L + M^0. 

Bz. 4. If a system of coplanar forces reduces to a couple whose 
moment is G, and when each force ^s turned round point of applica- 
tion through a r^ght angle, it reduces to a couxAe II ; prove that when 
each force is turned through an angle a, the system is equivalent to 
a couple whose moment is 

Q cos ai-H sin a. 

Let Pi acting at the point 
(Xi, i/i) ^t an angle to the 
ac»axi8 be any one force of the 
system. The components parallel 
to the axes are Pi cos $i and 
Pi sin Oi, and the algebraic 
sum of their moments about 
0 is 

XiPi sin Bi-piPi cos 

ence, since the system 
reduces to a couple G, we must have, SP* cos 2Pi sin di«0, 

and G«S(XiPi sin Bi^ViPi cos dj. 

When each force is turned through an angle a, the system reduces 
to a foroe component cos (d^ + a) 

»coa aSPj cos d^-sin a^Pi sin dji»0 along Ox, 
a force component 2 Pa sin (d^ + a) 

»cos a2Px sin di+sin a2Pi cos d* ■■0 along Oy, 
and a couple Gf'=*2{xiPi sin (dx+o)-yxPx cos (dx+o)} 

-cos a2(xiPx sin Bi^ViPi cos di) 

. +sm a2(xxPx cosdi + VxPx sin di). 
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In other words, tho system in this case reduces to a couple 
G'-G cos a + siii a:£:{i\Pi f'ts O^+yiPi sin 0i). 

Now, when a = 90®, wo arc given G ^IL 

J7==2t:(riP, 003 + sin 0i), 

Tlius, G'^Q cos a + 11 bin a. 

Examples on Chapter Vll 

1. Prove that a fc»r(‘e acting in the plane of the 
triangle ABC can he replaced uniquely by three forces acting 
along the sides of the tnangh*. 

2. fthow that a system of coplanar forces can be 
reduced to 

(i) two forces acting through two given points ; 

(ii) two forces, one of wdiich acts through a given 
point, and the other along a given straight line ; 

(iii) three forces acting along the sides, of a given 
triangle, in tho same plane. 

3. (i) If two coplanar systems of forces have equal 
algebraic sum of moments about each of three non-colliuear 
points, they are equivalent to each other. 

(ii) A system of forces P, Q, B acting along the sides 
of the triangle ABC is equivalent to a system X, Y, Z along 
the sides of the pedal triangle. Show that 

2X=* (}/co4 B + P/co9 C. 

4. The sum of the moments of a system of coplanar 
forces about each of three non-collinear points in the plane 
of the forces is the same (without being equal to zero). 
Prove that the system is equivalent to a couple. 

Hence show that three forces represented in magnitude, 
direction and position by the three sides of a triangle taken 
in order are equivalent to a oouplec [ 0. TJ, 1937 ] 
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5. The algebraic sum of the momontri of a system of 
coplanar forces not in equilibrium, is zero about each of 
two points J and Show that the algebraic sum of the 
resolved parts of the force system in the direction perpendi- 
cular to AJ> is zero. 

6. Forces P, Qt U act along the sidss 71C, CA, AB of 
the tii angle ABG. If -P be the magnitude of their resultant, 
then 

ir- = 7>2 + cos A - 2BP cos B - 2P0 cos G. 

7. Tlie moments of a system of coplaimr forces (not 
in equilibrium) about three collinear points A, P, G in 
their plane are C/i, fra, G3 ; prove that (with due regard 
to the sign) 

O^MG t Og.OJ t GzAB - 0. [ P. U. 1939 ] 

‘'8. The moments of a force lying in the plane of the 
triangle IBC about J, P, G are L, Zl/, N respectively. If 
the force is the resultant of three forces P, (>, B acting 
in the same sense along BG, GA, AB respectively, then 

P: QiB^aLibM: cN. 

*9, A system of forces acts in the plane of an equilateral 
triangle of side 2 units. The algebraic sum of the moments 
of the forces about the three angular points are Gi, O 2 , G 3 . 
Prove that the magnitude of their resultant is 

[1{G, * + <?a® + Oa® - GaGs - GfgGi - GiGa)]^. 

*10. The algebraic sum of the moments of a system of 
coplanar forces about three non-collinear points A, B, G 
in their plane are L, M, N respectively. Prove that their 
resultant B is given by B^ =Sa^iL- ilf)(Pr-N)/4A®. where 
a, h, c are the sides of the triangle ABG, and A is its area. 

*11. Two systems of forces P, Q, B and P', Q\ B' act 
along the sides PC, GA, AB of a triangle ABG ; prove that 
their resultants will be parallel if 

{QB' - g'P) sin A + (PP' - P'P) sin B 

+«(PQ' - P'Q) sin 0 = 0. [ Lucknow, 1929 ] 
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*12. Three forcen each equal to P act along the sicles 
of a triangle JBG in order. Prove that the resultant H is 

given by P = P (1 “ 8 sin iA sin iB sin iC)^ 

and find the distance of its line of action from A, Examine 
the case when the triangle is equilateral. 

*13., Forces LBG, m.GA, n.AB, where Z, w, n are positive, 
act along the sides BG, GAt AB respectively of a triangle 
ABGt in the senses indicated by the order of the letters. 
Show that the lino of action of their resultant di\idc 3 BG, 
CA, AB externally in the ratios m : n, n : 1^ I : m. 

What happens if Z m *= w ? 

14. ABG is an equilateral triangle ; forces of 4, 2 and 
1 lb. wt. act along the sides AB, AG, BG respectively, in 
the senses indicated by the order of the letters. Find the 
magnitude, direction and the line of action of the resultant. 

[ P. 17. J932 ] 

15. The algebraic sum of the moments of a system of 
forces about tlie three vertices -d, P, C of an equilateral 
triangle whose sides are 2 ft. long are + 10, + 20 and — 10 
foot-pounds. Find the magnitude of the resultant force, and 
the points where its lino of action intersects AB and AC. 

16. Forces proportional to 1, 2, 3, 4 act along the sides 

AB, BG, AD, DC respectively of a square ABGD, the length 
of whose sides is 2 ft. Find the magnitude and the line of 
action of the resultant. [ Bombay, 1934 ] 

*17. ABCDEF is a regular hexagon of which 0 is the 
centre. Forces of magnitudes 1, 2, 3, 4, 6, 6 act along 
AB, GB, CD, ED, EF, AF in the senses indicated by the 
order of the letters. Reduce the system to a force at 0 and 
a couple, and find the point in AB through which the single 
resultant passes. [ I. 0. S. 1938 ] 

*18. If six forces of relative magnitudes 1, 2, 3, 4, 6 and 
€ act along the sides of a regular hexagon, taken in order, 
show that the single equivalent force is of relative magni- 
tude 6 and that it acts along a line parallel to the force 5, 
at a distance from the centre of the hexagon 3i times the 
distance of a side from the centre. [ M. T. 1908 ] 
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19. Six coplanar forces act on a body along the sides 
AB, BG, CD, DE, EF, FA of a regular hexagon ABCDEF, 
in which AB is one foot long ; their magnitudes are 10, 20, 
30, 40, P and Q lbs. wt. respectively. Find P and Q so that 
the system reduces to a couple. [ P. U. 1030 ] 

*20, ABC is an equilateral triangle and D, E, F are 
the mid -points of the aides BG, CA, AB, Forces P, 2P, 
3P act along BC, GA, AB and forces 4P, 5P, 6P act along 
FE, ED, ])F, Find the line of action of the resultant. 

21. Forces 1, 2, 4, 6 lbs. wt. act along the sides AB, 
BC, CD, Dxi of a square ABGD and a force P acts at the 
centre of the square. If tlio five forces are equivalent to 
a couple, find the magnitude and direction of P. 

22. Forces 1, 2, 3, 4, 5, 6 lbs. wt. act along the sides of 
a regular hexagon, taken in order, and a force acts at the 
centre of the hexagon. If the several forces are equivalent 
to a couple, find the moment of the couple and the magni- 
tude and the direction of the force at the centre. 

23. (i) ABOD is a quadrilateral in which the sides BG and 
AD are riarallel. If forces j>,AB, q.BC, r.CD, s,DA acting 
along AB, BG, CD, D i are equivalent to a couple, show 
that p ““ r and (p ~ a) AD — {r-q) BC, 

(ii) Forcfs act along the sides AB, BC, CD, DA of 
a plane quadrilateral, taken in order and their magnitudes 
are p, q, r, s times the lengths of the sides in which they 
act. Prove that if they are equivalent to a couple, then 
ip “■ q) OB = (r - s) OD, and (q — r) OC = (s - p) OA, 

24. ABCD is a square whose side is 2 units in length. 
Forces a, b, c, d act along the sides AB, BC, CD, DA, 
taken in order, and forces p ii/2, q ^/2 act along AC and BD 
respectively. Show that if p + q^c — a, and p-^q — d-'h, 
the forces are equivalent to a couple of moment i* + 6 + c + rf. 

25. A force has moments 6 units, 26 units and 36 units, 
about the origin, the point (8, 0) and the point (0, 10) respec- 
tively. Find the magnitude and the line of action of the 
force. 


8 
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*26. Find the intercepts made on the rectangular axes 
OXj OY by the lino of action of the resultant of a force of 
7 units along OP, where ohe co-ordinates of P are Oi, 4) and 
a counter-clockwise couple of moment 111 units. 


27. Forces 2, 1, G, 8, 8 >,^2 act along the sides JP, PC, 
CVt D I and the diagonal UP of a square of side 2 units 
in the senses indicated by the order of the letters. Taking 
AU, AI) as axes of .t and // respectively, find the magnitude 
of the resultant force, and the equation of its line of action. 


*28. A system of coplanar forces Pi, P2, P3,... acting at 
the points (ti, y^), (ir-j, 7/2), (scs, y^)... are equivalent to 
a couple. The <‘omponents of Pj., P2f* parallel to the 
axes are (Xi, Yi), (X2, Ys),... etc. Prove that by turning 
tlie forces about their respective points of application 
througn a certain common angle, the system can bo reduced 
to equilibrium. 


*29. Moments of the resultant U of a system of coplanar 
forces about three points 0, A and U hing in the plane of 
the for< os are G, G + Jx and (1 + Jq respec tivoly. If referred 
to 0 as origin the polar co-ordinates of -1 and B bo (r,, Oi) 
and (r2, ^2)1 show that 


P® sin® (61 -"02) 


* j. ^ ^2) 

2 *• " 2 "" 2 

rx r2 rtr2 

[ C, il. 1961 ] 


*30. The algebraical sums of the moments of a sy-^tem (A 
coplanar lorces about points whose co-ordinates are (1, 0), 
(0, 2) and (2, 3) referred to rectangular axes, are Gi, 02% Qs 
respectively. Find the tangent ot the angle which the 
direction of the resultant force makes with the axis of .tj. 

[ G. IL J956 ] 


*31. The straight lino 40* + 3.v **5 meets the rectangular 
axes OX and OY at the points A and U respectively. If 
forces P, 0, E act along the lines OB, 0 4 and AB, find the 
magnitude of the resultant and the equation of the line of 

action. [ C. H. 1958 } 
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ANSWERS 

12. 2PA/aZ?. 

14. ‘j (^3 lbs. wl. in a diroction perpendicular to BCt dividing BC 
internally in tlio ratio 1:2. 

15. ^2 ^21 lbs. wt. thrungb tho mid.-pt. of CA, intersecting BA 
pro iuced 2 ft. from A, 

16. 5 s'‘2 pirallel io AG dhiding AD internally in the ratio 2 : 3. 

17. Forces at 0 i^ 2 porpciwiicular to EF ; couple ib -Sp, where 
p is the pcrpcndicuUr di^^ti'ien fjom 0 on a sid\ Tho final single 
resultant pA^ses through the middh point of AB. 

19. p ~ - 10 lbs. wt., — 00 lbs wt. 

20. Varalh I t(j CB, dividing DA In the ratio I : 5, 


21, 3 s/2 Ibb. Wt. along 4C. 

22, at where a is a bide of tho hexagon ; 6 p^rallol to the 
2 


force 2. 


25. 6 , in a direction joining the points (0, -2) to ({, 0). 

26. 3?, 5. 27. 4^/I0;a;+3^/ = 9. 

30. (0C?.-2O,-f;.)/(fi», + <7^-20.). 

31. Jp^+Q‘+li' + lPH-tQll ; 
a:(5P+4B) -y(5Q-Zl{)-bH=0. 

32. (ii) 20. 33. (i) 217, -17‘ x+2yH-a=0. 

34. (3a, 0) ami (0> 3a). 

35. s/{P’+a* i-n^-VQU sin 0+2/lP cos 0), 

Pj! -Qy I Pl-i" <^OB 9+v sin 6 — 7 ))= 0 . 

JJ jJ/i “* ®ij/, 1 — 3fa®i J 


38. where AB’^a ; the magnitude of tho resultant -vanishes. 

U I Cr.j 
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EQUILIBRIUM OF COPLAN AR FORCES 

* 

, 8*1. Equilibrium of three coplanar* forces. 

Theorem. If three coplanar forces acting on a rigid body 
be in eqiiilihrium, they muH either all three meet at a point, 
or else all must he parallel to one another. 

Let the tliree 
coplanar forces P, 

Q, It acting oil 
a rigid body, be in 
eqtiihliriuni. 

Let P and Q 
meet at 0. Then 
by parallelogram of 
forces they can ])o 
combined into a 
single rebultant at 
0. Since P, Q, R 
are in equilibrium, Ji 
must balance the resultant of P and Q, and thu must be 

equal and opposite to it, 
acting along the same 
line. Thus li must pass 
through 0, Hence P, 
Q, B all meet at 0. 

If P and Q be 
parallel (like or unlike), 
their resultant is a 
parallel force, and 2?, 
])alancing their resultant, 
must be acting in the 
same line in opposite 
sense. Hence P, (>, B are all throe parallel to one another. 

*Seo Note 3. 
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Note 1. P and Q can never form a couple in this ease, for then 
Ft Q, Ti (i .0 , a couple and a force) can never bo In equilibrium. 

Note 2. Th'* alove thforom {^ives a condition of equili- 

brium of throe »'Oplanar forces, bnt not sufficient. For suffiideiit condi- 
tioin, (i) when tho three forces meet, tbe> must al«o satisfy Lami’s 
thforem, or tlio converse of tho tri.iuglo of forces, (ii) when they are 
all parallel, one being equal and opposite to the resultant of tho other 
two, their algebraic sum must be zero, anu Ibc moments of any two 
about a point on tho third must be equal and opposite. 

Note 2.* Tf JlbYcP foices acting on a rigid body he in eqmUhriumt 
th<y ivn^t ail to maU rally be cnplorar; for in this caso the algebraic 
sum of their moments about an/ lino in space must be zero. We c.in 
first of all ec.nsider lin>5fl diawn through any point of P intorbccting 
(,), whereby it will bo shown tbal each of them interstets 72, bO that 
V an<l It .iro coplanar. Then P, balauci ng tho resultant of ^3 and It, 
in..sfc bo in that piano. 

8*2. Illustrative Examples. 

Ex. 1. A hea^^v nnifuiui rod cf Ungth avists iiith one end aga%n*^t 
o s.unofh leriical unlit the other end being 

tied to a point nj the wall by a stimj of 

length 1. Ptore that the lod may remain %n 
equilibrium at an angle B to the vail, given by 

[C.U.lOin 

6a 

AB is tho rol of length a, BO is the 
string of length 1. The thKO forces which 
keep tho rod in equilibrium aro the weight 
of tho rod acting ver'ic.illy downwards 
through the middle point (7, tho tension 
along the string ]:C, and the le'iction of tho 
smooth w'all at A whidi must bo normal to 
the wall and thoroforo borizoutal. Tho three 
forces in equilibrium, not being all parallel, 
must meet at a point 0, as shown in tho figure. 

•For a note on the method of pi oof see Apj^endix B. 
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Now $ beiag the inclination to the vertical at which the rod restB» 
from the figure, 

il0=40 sin 9= * sin e, G0=4O oos 9= ^ cos 9. 

Also, 00 being parallel to AC through the mid>point O of AB, 

• CO and AC=2C?0“ a cos 0. 

Hence, from the triangle AGO, CO’ = AC* + AO®, 

i.c.f ^2 j “(acosd)’ + (^ fiinO^ > 
or, oos’0 f rt’ sin^^^Sa’ fos’^+u*. 

• • 3a« • 

Note. For the above equilibrium position to be possible, cos’d 
must be positive and not gr eater than unity. Hence, V > and 
3<x’. Therefore, I > a but ^ 2a. 

Ez. 2. A Liniforni bfjuare latvina reaU in egnilibrniiu under gravity 
in a vertical plane ivith tiro of Us sides in contact with smooth pegs in 
the same horizontal line at a distance c npai t. Shojn that the angle 9 
made hy a side of the square v'iih the horizontal in a non-symnieirical 
position of eg uilibrium is given by 

c [sin 6 + cos d) = a, 

where 2a is the langth of a side of the square. [ C. U. 194G j 

ABCD is the square lamina (of side 2a) whoso weight acts vertically 
downwards along 00 through its centre O, P and Q arc the smooth 
pegs whose reactions are normal to the edges APB and AQD, As these 
are the only three forces which keep the lamina in equilibrium, they 
meet at a point 0 as shown in the figure. ON being drawn perpendi- 
cular to AB, N is the mid-point of AB, so that AN^NG^a, PQ is 
horizontal and equal to c. Let 9 be the inclination of the side AB of 
the square to the horizon. 

Then AP-c cos d, OP= AQ = c sin d. 

Now from the Geometry of the figure, since 00 is vertical, the 
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horizontal distance of O from ii = the horizontal distance of 0 
from Ay 



%.e.i AN cos d — ON sin 0 P cos B ~ OP sin By 
or, o(ios 0 — sin 0) = c(oo8*0— sin^0), 

■whence c (cos B + sin fl) = a. 

The other possibility, cos tf-sin 0 = 0, i.e., tan 0=1, or, 0= Jff gives 
the symmetrical position of equilibrium. 

Ex. 3. Shorn that the greatest inclination to the horizon at which 
a uniform rod tan rest ]tartlp inside and parPy outside a fixed smooth 
hemispherical bowl placed with its r%m horizontaly ts \/3). 

AB represents the rod, O its middle point. The reaction of the 
smooth bowl at A being along the normal AOD passes through the 
centre O of the bowl. The reaction at C whoro the rod is in contact 
with the rim is along tbe normal CD to the rod and the rim. The 
weight of the rod vertical downwards through O and the two reactions 
at A and C, keeping the rod in equilibrium, must meet at a common 
point D, Iict DG produced meet the bowl at E ; join AE, 
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Now AO being along a diameter, and ACD a right anglr, the point 
D must bo the extremity of thn diameter. Hence AED is also a right 
angle and sc AH is horizontal. 

Thus d boing tho inclination of tho roT to the horizon, 

0^/.EAB=I.ACO^A.OAC. [••• OA^OC] 



Thus, if a bo the radius of tho bowJ, and I the length of tho n»‘i, 

'2a cos 29 AH =■ A G cos 9 ~ cos 9, or, Z = V 
2 ros 9 

Hut part of tho rod being out, I AC^ 

4a cos 26 ^ „ „ „ , « 

or, _ '^2a cos 9, or, 2 cos 29 < cos' 9. 

cos 9 ^ 

2(1-2 sin'0)<(l-sin-*a). 

8in-0>J» 8ind>^g; 
in other words, 9 > bin" Mi n/B). 

Ex. 4. Equal weights P and P are attached to two strings AGP and 
BGP “passing over a smooth ]>eg O. AB is a heavy beam of weight W, 
whose centre of gravity is a feet from A and h feel from Ji ; show that 
AB is inclined to the horizon at an angle 

[i+S 

The rod AB is in equilibrium under tho two tensions along AC and 
BC, and tho weight W vertioaily downwards through its centre of 
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gravity O, Tlieso three forces then must meet at a common point C. 
The tensions in the strings, supporting the cqu.fc’ weights P, P at the 


other ends, arc equal. The n suit w.t 
of the two equal tensions balancing 
the weight along CCr^ CG mu‘t 
bisect the anghi ACJ,. Thiib, 

Z.^CG = /PCa-00"~« (si>). 
Then, 

ir “21^ cos {00*^ — a) “ 2P sin a, 

• -1 

or, a-sin^_./ 


C 



Again, $ b^'ing the required inplination of the rovl to the lion/on, 
Z-CGR 00“-e. Uf-mV, Z.CJr; -= (00“-«) - (90° -o) = 0-9 And 
Z CD(x = (90° + 9) - (90° - a) o + 9. 


^ AG A(} (W ACG m\_CBG 
no'" GO LG i^mCAG bin JA'G 
_ ( os a siii(a + fl) sinCe-ftl) 


‘in(a — 0) cos 

and ^.s AO — a and (W-h (given), 

, a sm(a+<l) 
wo get, , /• 


bill (a — 0) 


a - /i_ f oi a sin 0 
a i b SMJ u cos 0 
[a-h ^ 


= ian 0 cot a. 


(a . 6 (a + l! 2;')} 


Examples on Chapter VITl(a) 

( T/iree forces in cqmlthnnm ) 

1. A lieav> rod Jb s\ibponde(i from a point 0 by two 
strings OA aud OB, Show that the plane 0 iB ib vertical. 

\ C. U. 1925 ] 

2. If a uniform heavy rod bo supported by a j-tring 
fastened at its ends and passing over a sinoodh peg, show 
that it can onh rest in a horizontal or vertical position. 

3. Show that it i>^ impossible for a heavy rod to rest 
in equilibrium with its ends on two smooth planes, one of 
which is horizontal and the other inclined to the horizontal 
at any angle. 
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4. Prove that a uniform rod cannot rest entirely within 
a smooth spherical bowl, except in a horizontal position. 

5. A uniform rod has its lower end fixed to a hinge, and 
its other end attached to a string which is tied to a point 
vertically above the hinge ; show that the direction of the 
action at the hinge bisects the string. 

6. A uniform rod can turn freely about one of its ends, 

and is pulled aside from the vertical by a horizontal force 
acting at the other end of the rod, equal to half its weight. 
Prove that the rod will rest at an inclination of 45° to the 
vertical. [ G. U, 1U51 ] 

7. A uniform rod AB is suspended with its end in 
contact with a smootili vertical wall AG by a string GE ; if 
AE^^iAB, show that GB will be horizontal. [ P, U. 1928 ] 

8. A uniform rod of weight W and length 2Z has one 
end against a smooth vertical wall and rests at an inclina- 
tion o£ 46** with the vertical upon a sraooth rail parallel to 

the wall. Find the distance of the rail from the wall, and 
the reactions. L C, U, 1914 ] 

9. A heavy uniform rod of length 2a rests in equili- 
brium, having one end against a smooth vertical wall, and 
being placed upon a peg at a distance h from the wall. 
Show that the inclination of the rod to the horizon is 

cos”^(6M^. 

10. A heavy uniform rod is in equilibrium with one end 
resting against a smooth vertical wall, and the other against 
a smooth plane inclined to the wall at at an angle 0, Prove 
that if a be the inclination of the rod to the horizon, then 

tan a ®= i tan Q. [ P. U, 1932 ] 

11. Two strings have each one of their ends fixed to 
a peg, and the others to the ends of a uniform rod. When 
the rod is hanging in equilibrium, show that the tension of 
the strings are proportional to their lengths. 

12. A uniform beam of length I and weight W hangs 
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from a fixed point by two strings of lengths a and b. Prove 
that the inclination of the rod to the horizon is 

Cb^ _ ^8 

Find also the tensions of the strings. 

13. A imifortn beam is hinged at A, and is kept in 
equilibrium at an angle of GO* to the horizontal plane 
through A by a string BC which connects B to a point C 
in this plane behind A. If ICJ^-ABy find the direction of 
the reaction at A. L 0. (7. J04S 1 

14- A uniform rod AB ot weight ir can turn freely about 
a hinge at and to the end B is attached a string which 
passes over a smnll 'smooth pulley at 0, vertically about Ay 
and carries a weight w hanging freely. Prove that in the 
position of equilibrium 

BC : AG^^w : TF. 

15. One end of a uniform rod of weight 40 lbs. is 
attached to a hinges and it is supported b> a string attached 
to the other end and to a point at the same level as the 
hinge, the rod and the string being inclined at the same 
angle 30® to the horizontal. Find the tension in the string, 
and the action at the hinge. 

’*'16. A uniform rod 4 inches long, is free to turn in 
a vertical plane about its upper end which is hinged. To 
a point of the rod 3 inches from the hinge is attached a string 
which running perpendicular to the rod passes over a pulley 
and supports a weight P. The rod is in equilibrium at an 
angle of 60® to the horizontal. Provo that P is one-third 
of the weight of the rod, and the reaction at the hinge makes 
an angle tan”"^ v/3) with the horizontal. [ Allahabad ] 

*11, A uniform beam AB which is 6 feet long and weighs 
40 lbs. can turn freely about its end A which is attached to 
a vertical wall, and the beam is kept in a horizontal position 
by a rope attached to a point of the beam Ij feet from 
A and to a point of the wall vertically above A. If the 
tension of the rope is not to exceed 120 lbs. wt., show that 
the height above A of the point of attachment of the string 
to the wall mnst'not be less than li ft. 
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18. A uniform rod AB is in equilibrium at an angle a 
with the horizontal, with its upper end A resting against 
a smooth peg, and its lower end B attached to a light cord 
whicih is fastened to a point G on the same level as A, If 
the cord is inclined to the horizontal at an angle /?, then 

tan j3 « 2 tan a + cot a. 

19. A uniform rod of weight W rests with its ends in 
contac.t with two smooth planes, inclined at angles a and ^ 
respectively to the horizon and intersecting in a horizontal 
line. If 6 be the inclination of the rod to the vertical^ 
show that 

2 cot 0 “ cot /? - cot a. 

Also find the reactions at the ends of the rod. 

[ P. (/. m3 ] 

20. A uniform rod of length 2Z rests with its lower end 
in contact with a smooth vertical wall. It is supported 
by a string of length a, one end of which is fastened to 
a point in the wall and the other end to a point in the rod 
at a distance b from its lower end. If tho inclination of 
the string to the verth al bo 0, show that 

//-7/y2 _ 12^ 

“■■'’-.•iW-i')- lu.r.mol 

21. A uniform rod \vhose weight is W is supported by 
two fine strings ono attached to eat'h end, which, after 
passing over small fixed smooth pulleys, carry weights Wi 
and V /2 respectively at the other ends. Show that the 
rod is inclined to the liori/on at an angle 

W >/2( + Tra=)- 

22. A uniform bar of length a rests suspended by two 
strings of lengtlis L and /' fastened to the end of the 
bar and to two fixed points in the same horizontal line at 
a distance b apart. If tbe directions of the strings produced 
meet at right angles, and if Pi and Tz be the tensions of 
the strings, then 

Pi^flZ + br 

Tz al* + hi 
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23* A picture of weight 5 lbs. is hung from a nail by 
a cord 5 feet long fastened to two rings 3 feet apart. Find 
the tension in the cord. 


24. A heavy ocinilateral triangle hung ujion a smooth 
P'^g by a string, the ends of which are attacliod to two ot 
iti angular points, rests with one of its sides vertical. 
Show that the length of tho string is twice the altitude of 
the tiungle. 


25. A bQuaTo ol side 2a is placed with its plane vertical 
^ between two smooth pegs which arc in the same horizontal 
line and at a distance d. Show that it will be in eqiiih- 
1 hrium vrhon the inclination of one of its edges to tho horizon 
is either 


n 

4 


or i sin 




26, A uniform scjuare lamina of side 2r6 rests in a vertical 
plane on two smooth pegs in a horizontal line. Show that 
li the burn of the distances of the pegs from tho lowest corner 
• i > fciual to a, there is equilibrium. 


27. A beam whose centre of gravity divides it into two 
portions d and h is placed inside a smooth sphere.^ Show 
that if 0 be its inclination to tho horizon in the position of 
eciiiilibiinin, and 2a be the angle subtended by the beam at 
the centre of tho sphoie, 

tauO-fT^taua. \a.U.J9a4] 

b + a 

[ The centre of q,av%tv cf a body is the pennt at which %to vevfht 
may he as^u,nd to act, ] 

28. A rod of length I rests wholly inside a fixed smooth 
hemispherical bowl of radius a placed with its axis vertical. 
The centre of gravity of the rod divides its length in the 
ratio m : n. Show that the inclination of the rod to the 
horizon is 

. ,1 _ 

2 V(m + w)®a® - mnl^ 
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29. A fixed smooth hemispherical bowl of radius a is 
placed with its axis vertical, and a uniform rod of length I 
rests with one end inside the bowl, and the other projecting 
over the rini. Prove that the length of the rod outside the 
bowl is 

J ill- v/Z« + 1^8a®) 

and hence deduce the shortest length of a rod that can rest 
in this manner. 

30. A smooth hemispherical bowl of radius r is placed ^ 
on the ground with its rim in contact with a smooth vertical " 
wall. A heavy uniform rod is placed with one end inside 
the howl, and the other in contact with the wall. If 0 be 
the inclination to the horizon at which the rod rests, prove 
that the length of the rod is 

31. A smooth howd in the form of a part of a sphere is 
placed with its axi-j vertical, and a rod rests with one end , 
within it, and a 2 ’art of it 2’rojecting out over the rim. If 
a he the angle made by any radius to the rim with the 
vertical axis, and p, that made with the same axis by the 
radius to the lower extremity of the rod in tlio position 
of equilibrium, prove that the length of the rod is 

4a sin P sec i (a - p). 

32. A solid cone of height h and semi-vertical angle a 
is placed with its base against a smooth vertical wall and 
is supported by a string attached to the vertex and to a point-* 
in the wall. Show that the greatest possible length of 
the string is 

h tan®a. 

[ The centre of gravity of a solid right circular cone on the aosis 
at a distance ith from the vertex, ] 

*33. Inside a smooth hollow vertical right circular 
cylinder of which the external radius is E and the internal 
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radius is r, two spheres whose radii are a and b rest. If 
the sphere of radius b is upper and if w be its weight, show 
that the cylinder will not overturn if its weight exceeds 
w (2r - a - h)lB, 


ANSWERS 

8. 12n/ 2; TV and TV^/2. 

lo _ _ , _ _ 

n/ 2(«^ + &^)-P ^/2(a* + 60-P 
13. At an angle tan~'(S n/ 3) to the horizon. 

15. 20 lbs. 'wt. ; 20 lbs. wt. at an angle 60** with the horizon. 


19 a ^ W sui ft 

sin (a + pi) sin (a + pi) 


23. Si lbs. wt. 


29. Qan/I. 


8'3. General conditions of Equilibrium of any system 
of cdplanar forces. 

(A) The neces&ary and nifficient conditions that a system 
of coplanar forces aciino on a rigid body may be in equili- 
brium are that 

(i) & (ii) the algebraic sum of the resolved parts of 
the forces in any two mutually perpendicular'*' directions 
should be separately zero, 

tMid (iii) the algebraic sum of the moments of the 
forces about any point in their plane shauld also be 
zero. 


To prove that the conditions are sufficient : 

Let Pi, P 2 . Pa,--- he a system of coplanar forces acting 
on a rigid body, and 0 any point in their plane. 

By introducing at 0 two equal and opposite forces each 
equal and parallel to Pi (which neutralise each other) the 
given force Pi may be taken as equivalent to an equal and 


*or any two different directions in the plane. 


9 
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parallel force Pi at 0, together with a couple. Dealing 
with each of the other forces in a similar manner, and then 
recombining, the given system of forces can be reduced ulti- 
mately to a single resultant force B at 0 together with 



a couple G (See Art, 7' 2), Moreover, the resolved part of E 
in any direction, say OX, is equal to the algebraic sum of 
the resolved parts of the given forces in that direction, and 
the moment of the couple G is equal to the algebraic sum 
of the moments of the given forces about 0. 

Now, if the algebraic sum of the resolved parts ot the 
given forces in any two perpendicular directions OX and 
OY, namely HX and be separately zero, these being 
also the resolved parts of the resultant B in the‘:>6 direc- 
tions, + =0. If in addition, the algebraic 

sum of the moments of the given forces about 0 bo zero, 
we get Hence, both B and G being zero, the force 

system is in equilibrium. 

Thus, the above three conditions being given, the force 
system will be in equilibrium. Hence the conditions are 
sufficient. 

To prove that the conditions are necessary : 

Let the given force system bo in equilibrium. As 
proved above, the given system is reducible to a single 
force B at 0, together with the couple O. In this case 
B and G must be separately zero, for a couple and a single 
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force can never produce equilibrium. Now the algebraic 
sum of the moments of the given forces about 0, being 
equal to the moment of G, must therefore bo zero. Again, 
the algebraic sum of the resolved parts of the given forces 
in any two perpendicular direct ion‘=i, being equal to tho 
resolved imrts of 72 in those directions, must 1)6 separately 
zero, since B is zero here. 

Thus, tho force system being in equilibrium, the three 
above conditions follow as a necessary consequence. 

Note. Anaivtually, if OX and OF bo any two porpondicular diroc- 
liens in the piano of a system of coplanar forces, and 2)F, tho 
algebraic sum of tlm resolved parts of tho given forces .along OX and 
OF respectively, and ^ = 2(3;F— j/X) be the algebr.aic sum of the 
mommts of tho given forces about O, the conditions of equilibrium are 
:SX=*0, SY =«0, O— S(xY-yX) = 0. 

(B) Another set of necessary and sufficient conditions of 
eqnilibrhim of a given system of coplanar forces is that 

(]), (ii) & (iii) the algebraic sum of the momentB of 
the given forces about any three non-collinear points in 
their plane should separately vanish. 

Lat a given system of toplanar forces acting on a rigid 
body be such that the algebraic sum of the moments of 
the forces about three non-collinear points A, B, G in their 
plane are separately zero. 

Now, we know that a given system of coplanar forces 
can always be reduced either to a single force, or to a single 
couple. In this case, the force system cannot reduce to 
a couple, for then the moment of this couple, being equal to 
the algebraic sum of the moments of the given forces about 
any point A, is zero, and so the couple vanishes. Again, 
if the force system reduces to a single resultant force 72, 
its moment about A, being equal to the algebraic sum of 
the moments of the given forces about that point, is zero. 
Thus the resultant, if it be not zero, must pass through 4. 
Similarly, it will pass through B and 0. Now, A, B, C 
being not in the Same straight line, the resultant, which is 
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in a definite direction, cannot pass through all three simul- 
taneously. Thus the resultant must vanish. Hence the 
given system of forces, being neither reducible to a single 
resultant, nor to a couple, must be in equilibrium. 

Thus the three conditions above being given, they are 
suflScjent to ensure equilibrium of the given system. 

Conversely, if the given bystem })0 in equilibrium, reduc- 
ing it to a single force at any arbitrary point A together 
with a couple, which must both be zero, we can conclude 
that the algebraic sura of the moments of the given forces 
about A must vanisli ; and s niilarly for B and C. Thus the 
conditions follow necessarily. 

8*4. Illustrative Examples. 

Ex. 1. Forces P, (3, JR, S ad along the sides AB, BC, CD, DA of 
the cyclic quadrilaietal A BCD, takrn m order, nhere A and B arc the 
extremities of a diameter. If they are %it eginlibrinint prove that 

^r^-^Q*-i'S^+2PQSiB, [ c. u, mo] 



Hero tbo resultant of P and Q acting at B at an angle 180^ ~P 
balaiicos tbe resultant of B and 8 D acting at an angle 180^ -P i.e, 
at an angle P. [ '•' tbo quadrilateral is cyclic ] 

Hence, P’ + (3®-2PO cos P = P* + 5* + 2PS cds P. — (i) 
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Agiiu, for equilibrium of tho whole qystom, taking moraont 
about Bt 

li.BC sin 0 ^S in sia 4=0, or, “f, * 

[*.■ 4=180'’-0] 

Thus, since ACB is i. right wiglo for 4B is a diiraetor, 


CO, J 


BC__R 
AB li 


Now from (i), 

f*' + V' + 2 = hS'-iS', 

If, n^-p‘ 8 -ni’QSin. 


Ex, 2. Aqat( (jfect iUjU and Qf it mdc \ieufht% 1 J 2 and 
Mtopoited hy t to ’ inqe , one foot ftoit, He lotto n and top tcbpectii ely. 
The lover lunge ra t oil tj (jt rl a hor%zontal leaction Find the reaction’t 
<i' b dll hinge^t if a toi, of wt^ght 52 lb\ is nitmg on the end of the gate, 

r 0, U. 19i2 ] 



Let X, Y be the hori/oiiul and veitb al r omjonentB of reaction at 
the upper hinge U, nnd X the reaction of tho low, r hinge L, which is 
given to be horizontal only. These reactions at tho hinges, together 
with the woipht of tho gate at its centre G, and the weight of the boy at 
tho end B of the gate, keep it m equilibrium. 
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For equilibrium, resolving horizontally and vertically, we get 
r-X=0, 01, X--X 
r-112-62=!0, or, 5^=161 lbs. wt. 

Also, taking moment about the lower bingo, (since OT/ = 6-2«»4 ft., 
ft., distance of Q from the lino AD is 4 ft.) 

X4- 112.4 -52.8 = 0, 
whence X=2161bs. wt. 

Thus total reaction at the upper hinge 

= Ayx* + r*= V 216 * + 104 ’* = 271*2 lbs. wt. nearly. 

The reaction at the lower hinge® X'*X== 216 lbs. wt. 

Ex. 3. A ladder of weight 24 lbs, rests on a smooth horizontal ground 
leaning against a smooth reitiral wall at an inclination tan“^ 2 icith 
the horizon and is i^revented from slipping by a string attached at Us 
lower endt and to the junction of the wall and the floor, A boy of weight 
72 lbs, begins to ascend the ladder. If the string can hear a tension of 
30 lhs<. wt., haw far along the ladder can the boy rise loiih safety ? 



AB being the ladder at an inclination 0»tan’^2 to the horizon, 
lot T be the tension in the string AO, when the boy rises a distance 
AO^x along the ladder. Let AB^a, and let JR' and B be the reactions 
at A and JR which, since the floor and wall are both smooth, are vertical 
and horizontal respeotively. 
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Now for equilibrium,' resolving horizontally, and taking moment 
about il, wo got 

i.d., 

and ^ a sin d - 24* ^ cos 6 — 72.x ros 0 « 0, 


when re, 




r 1 

30 “ 6 * 


Now maximum valuo of T that the string can bear is 30 lbs. wt. 
Honrn the groat- Sb possible valuo of xfa consistent with equilibrium is 
Iff — H 0. 5i or the greatest valuo of x possible is ^a. 

Thus tho hoy can rlsso a distance i of tho ladder with safety. 

Ex. 4. A triangle formed of three rod*i u fixed in a horizontal 
portion, and a lomogenrous smooth sphere rests on it ; sho70 that the 
reachon of each red is proport onal to its length* 

Iiot P, J<7, F be tho points where 
tho sphere touchcB tho rods BCt CA^ 

AB. The reactions of tlio rods on 
tho sphere being along tho normals, 
must pass through tho centre O of 
tho sphere. 

Lot J?,, 7?., Jv, bo those reactions. 

Tho section of tho sphere by Ihephino 
of tho triangle i.s a circle which 
touches the sidos of the triangle ABC 
at jD, >7, Fr and is accordingly the 
in-circle of tho triangle. Its centre I 
is at the foot of the perpendicular 
from tho centre 0 of the sphere on 
the plane ; thus 01 is vertical, and 
along this line the weight of the sphere acts. 

Now, DI^EI=‘FI, and so which represent the 

tangents of the angles ODI, OEI^ OFI are also equal. Thus DO, EO^ 
FO are inclined at the same angle {$ say) to the horizon. 


a 
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The reactions H,, 22, along DO, EO and FO, together wiih the 
weight of the sphere are in equilibrium, lienee resolving horizontally » 
the horizontal components of 22^, 22^, Rj, which are evidently along 
DI, El, and PImq in equilfbrium. 

Thus, by Lanii’s theorem, 

, 22x cos B /2a B R^ cos B 

sin EIF sin FID sin DIE 

Now, am i!jri/^=M‘Ti (180® — 4) -&in il. [*.' AElFiicyiilU ] 
Similarly, sin F/Z) = sin 2?, sin DIE = sin C. 

Thus, 22i : 72^ : 22 , = sm id : sin 7> : sin C 
-a : h ; c, 

1 , 0 ,, the reactions of the rods are proi'ortional to their lengths. 


Examples ou Chapter Vlll(b) 

1. A uniform beam who 40 weifthfc is 200 Ib^. and which 
is 12 ft. long IS hinged to a vertical wall. A string attached 
to the other end keeps the beam horizontal and is iixod to 
the wall 9 feet above it, A weight of 300 lbs. is hung ironi 
this end. Find the tension of the string and the tbiust on 
the beam. 

2. A ladder of length 2i and weight W rests against 

a amooth vertical wall. Its lower end is in contact with 
the floor which is smooth and is prevented from .slipping 
by a string of length a, connecting it with the junction of 
the wall and the floor. If a person of weight 217 stands 
on the rung of the ladder distant from its lower end, 
determine the reactions at the two ends of the ladder, and 
the tension of the string. [ C. U, 1941 ] 

*3. A ladder resting on a smooth floor and against 
a smooth vertical wall is prevented from slipping by a rope 
tied to a point on it with its other extremity fixed at the 
junction of the floor and the wall. If the centre of gravity 
of the ladder divides it in the ratio m : 71 , and the ladder 



Ex. VIII (b) ] EQUILIBRIUM OF OOPLANAR FORCES 


137 


and tlie rope he inclined at angles 0 and <h respectively to 
the horizon, show that tho ten'^ion of the rope is 

rjr rn r*OS 0 
Ik • / \» 

??4 + n hin (0 ~ <t)) 

where W is tho weight of the ladder. 

4. A heavy rod of weight W is hung from a point by 
two equal ' brings, one attached to eaoii extremity of tho 
rod. A w' ight is suspended half-way between the mid- 
point and one * nd of tho rod. Jf Ti and T., bo tbe tensions 
m til' 'itnngi, show that 

Tl 2Tr+3?/» 

5. x\ uniform beam of length 9a, and weight 17 rests 
with its eriiU on two smooth pianos Inclined at angles 30*^ 
and (iO** respcrti/ely to the horizon. A ring ot weight "AW 

can blide along it-i length Find the ])osition of the ring 
when tho b. am rests in a horizontal position. 

6. A square lamina ABCI) of weight 17 is hinged to 
a vortical wall at A with its plane vertical. A weight T7 is 
suspended from its corner 0 and ii» is supported with AU 
horizontal hv means of a horizontal string joining Jl to the 
wall. Find the tension of tho string and the reaction at 
the hinge. 

7. A door 7i ft. high is hung from two hinges placed 
9 inches from the top and the bottom. If tho weight of the 
door be 3G Ihs. wt., and its C. G. is at 0 i distance ft. from 
the line of hinges, sh )W that the total force on each bingo 
is 22i lbs. wt., it being assumed that tho weight of the door 
is supported by each hinge. 

8. A gate is supported by two hinges in such a way 
that the action of the upper hingo is entirely horizontal. 
The distance between tbe hinges is 3 ft., and tho weight of 
the gate, 60 Ihs., acts along a vertical line ft. from the 
line of the hinges. Find the force exerted by each hinge 

[ 0 . a mi' } 
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9. Forces P, 0. P. S acting along BO, CD, DA 
of a quadrilateral ABCD are in equilibrium, show that 

P^jR „_Q^S 

AB X CD “ PC X d'A 

*10. PorcftB P, Q, Tt act along the sides PC, GA, AB of 
a triangle ABC and forces P', Q\ B' act along AO, BO, CO, 
where O is the centroid of the triangle. If the six forces 
arc in equilibrium, show that 

4 . WL 4 . 

A O.BG BG.CA GO.AB 


*11. Forces P, Q, 71 act along the sides PC, CA, AB of 
the triangle ABC and forces P^ Q\ B’ act along OA, OB, 
OG, where O is tlie circ urn- centre, in the senses indicated by 
the order of the letters. If the six forces are in equilibrium, 
show that 


and 


P cos A + Q cos P + P cos C ■= 0 

PP\Q0\B7r^^ 
fi> b c ' 


12. Forces Pi, P«, P 3 , P 4 , P 5 , Pe act along the bides 
of a regular hexagon taken in order. Show that they will 
he in equilibrium, if 

vP “0 and Pj - P^ -^Pa Po “ P 5 “ P 2 . 


13. Three uniform rods ^4P, PC, CD whoso weights 
are proportional to their lengths a, b, c are jointed at B 
and C, and are resting in a horizontal position on two smooth 
pegs, the distance between which is x. Show that 
2 9 

- ^ K c* , , 

^ 2a + 6 2c + b 


14. A weight W is attached to an endless string of 
length I which hangs over two smooth pegs distant c apart 
in a horizontal line. Prove that the pressure on each peg is 


// /-o \ 
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16. A uniform rod of weight W is supported in equili- 
brium by a string of length /, attached to its ends and 
passing over a smooth peg. If now a weight W* be sus- 
pended from one end of the rod, prove that the system 

IW^ 

may be placed in equilibrium by sliding a length 
of the string over the peg. 

*16. Two uniform reds J/', AC, cacli of length 2a, are 
smoothly jointed at A and rest s^mmctncally in a vertical 
plane on two smooth pegs in the SBine horizontal level at 
a distance 2r ipart. Show that the> are in equilibrium if 
each rod makes with the vertical an angle sin”^ y{xla). 

\ 

17. Two equal uniform heavy rods are connected at 
one extremity by a thin string, and the system is placed 
symmetrically in a vertical plane with tlie rods resting on 
tw^o smooth pegs in the same horizontal line. If a be the 
length of eacli rod, h the distance between the pegs and 
I (< b) is the length of the connecting string, show that in 
equilibrium position, the inclination of eacli rod to the 
horizon is 

*18. A triangular lamina of weight W is supported hy 
three vertical strings attached to its angular ]if ints, so that 
the plane of the triangle is horizontal. A particle of weight 
W is placed on the triangle at its ortho-centre. Prove that 
if Ti, T 2 , Ta he the tensions in the three strings, then 

1+3 cot B cot C 1 + 3 cot C cot A 1 + 3 cot cot B 

*19. A circular lamina is hung up from three points 
A, jB, C on its rim by equal strings attached to a fixed 
point If Ti, T 2 , Ts be the tensions in the strings, then 

- ^8 . 

' sin 2A sin 2B sin 2C 
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20. A heavy triangular lamina is suspended with its 
plane horizontal from a fixed yomt by strings attached to 
its corners ; show that the tension of each string is propor- 
tional to its length. 

Provo that the same result is true oven if the plane 
of the triangle is not horizontal. 

A si)hcre rests on three smooth pegs, which lie in 
a horizontal plane, and aro at distances a, h, c from one 
another. Prove that tli(' pressure on the pegs are in the 
ratios 

a" (6‘" + o" - a") : h- (c" + a* : c® fa" + - c"). 

22. A light table sUndi »a three equal vertical legs and 
a weight is placed at the in-centre of the triangle formed 
by the points ol intersection of the legs with the table. 
Show tliat the pressures on the legs are proportional to the 
lengths of the oppo-jitc} sides of the triangle. 

23. Two equal smooth spheres, each of weight W and 
radius r, are placed within a thin hollow vertical cylinder 
of raduis a ( <' 2r), open at both ends, and resting on 
a horizontal table. Prove that the least weight of the 
cylinder so that it may not 1)0 upset, is 

24. Two equal uniform ladders of length I, freely jointed 
at Ay aro connected by a horizontal rope PQ and rest on 
a smooth horizontal plane ; a man of weight W climbs 
a distance x up one of the ladders. If w he the weight of 
each ladder, 26 = length of the rope, and AP’=^AQ=^ay show 
that the tension of the rope is 

Wt + wl b 

2a 

25. ABy BCy CD are three equal rods jointed at B and 
C. Tho rods A By CD rest on two smooth pegs in the same 
horizontal lino, so that BC is horizontal. If a be the 
inclination of AB and p that of the reaction at B to the 
horizon, prove that 


3 tan a tan “ 1. 
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26. A sol’d hemisphere of weight W and radius a is 
placed with its curved surface on a smooth horizontal table 
and a string of lengtli I {< a) is atteched to a point on 
its rim and to a point on the table ; show that the tension 
of the string is 


iw- 


a - I 

s/^aL-P 


27. Two smooth halls of tlie same n*aterial of radii a 
and b aie placed inside a hemispherical bowl of radius if ; 
prove that the line joining the centres of the halls wall be 
horizontal, if 

p _ (a + b)(a® 

-ab i b" 


28. Inside a fixed vertical ring of radius i?, there are 
placed symmetrically two equal small rings of radius r, and 
a third equal ring is placed symmetrically on them. Prove 
that the rings will remain in contact, provided 

Zi* < r (1 + 2 J7). 


29. Two uniform sidures of equal weight hut unequal 
radii a, b are co'^nected by a < ord of length I attached to 
a point on each surface. They rc^t in contpct, the string 
hanging over a smooth i>eg. Show that the two portions of 
the string make equal angles 


a + 

+ b + 


with the vertical. 


*30. Two smooth spheres of radii a and 0, of equal 
density, are connected by a light string of length Z, the ends 
of the string being attached to points on the smJace of the 
spheres The string is slung over a smooth fixed peg and 
the spheres hang freely in contact with one another. Show 
that in the position of equilibrium, the peg divides the 
length of the string in the ratio 

6® ‘(6+ Z)-a* : a® (a + Z)-6^. 



142 


STATICS 


[ Ex. vra (6) 


81. The height; of a solid homogeneous right circular 
cone is h and the radius of its base is r ; a string is fastened 
to the vertex and to a point on the circumference of the 
circular base, and is then put over a smooth peg ; if the 
cone rests in equilibrium with its axis horizontal, show 
that the length of the string is J{h^ + 4r®). 

[ C. H. 1960 } 

*32. A smooth plane is inclined at an angle B to the hori- 
zon. A smooth rod of length 21 has one end resting on the 
plane and is supported by a horizontal beam which is parallel 
to the plane and at a distance d from it. If a be the 
inclination of the rod to the inclined plane, then 
d sin 0 — 1 sin^a cos (a — O). 

*33. ABG is an equilateral triangle formed by three 
smoothly ]ointcd uniform rods, each of weight w. If D be 
the middle point of the rod AB which is the uppermost 
and C bo the lowest vertex of the triangle, hnd the action 
at C and at each of A and B. 

*34. Two rods OA, OB are fixed in a smooth vertical plane 
with 0 uppermost, each rod making an acute angle a with 
the vertical. Two smooth rings of equal weight w’, which 
can slide one upon eaoli rcfl, are connected by a light inex- 
tensible string, upon which slides a third smooth ring of 
weight 2?r. Show that in the symmetrical position oi 
equilibrium, the ratio of the distance Irom 0 of the third 
ring to the distance from 0 of either of the other strings 
is i(sec a + cos a). 

*35. The ends of a light string are attached to two 
smooth rings 0, B of weights Wi, and the string carries 
a third smooth ring P of weight W which can slide upon 
it. The rings w^, are free to slide on two fixed rods 
inclined at angles a and P to the vertical. If y be thd angle 
which either part of the string makes with the vertical, 
then in equilibrium, show that 

cot y : tan J3 ; tan a = W : TF’+2m?2 • W'+2w;i. 

*86. Two circular discs, each of radius p, with smooth 
edges, are placed on their flat sides in the corner between 
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two mooth vertical planes, which are inclined at an angle 29. 
The discs touch each obher in the line bisecting the angle 
29. Show that the radius of the smaller disc that can be 
pressed between them without causing them to separate 
is p (sec 6 - 1). 

*37. Four equal uniform rods jointed together form 
a ^qua^e figure LMNV and the system is su'^pended from 
the joint /v, and kept in the iorm of a square by a string 
connecting L and N. If T be the tension of the string, 
and Wt the sum of the weiglits of the four rods, show that 
; and if li be the reaction at either of the joints 
B or /), find the magnitude and direction of U, 

j *38. ABGD is a square board, which is hung flat against 
a smooth vertical wall by means of a string APBt which is 
fastened to the two extremities A and B of the upper edge 
AB and which passes over a smooth nail at P. When the 
t.tring APB is less than the diagonal AC of the board, show 
that there aie three iJObitions of equilibrium. 

*^39. A right circular cone of height h and vertical angle 
2a ib placed with its vertex in contact with a einooth veiti- 
• cal wall and its slant side resting against a smooth hori- 
zontal rad fixed parallel to the wall and at a distance G 
from it. Show that if in the position of equilibrium, the 
axis makes an angle 9 with the horizon, then 
3/i*=4c 80C^(9 - a) sec 9. 


ANSWERS 

1. G66f lbs. y,t ; s/265 lbs. vrt, 

aW 

f 2. Tousion = reaction of tho wall = . . ; 

MU --a 

reaction of tbe floor = 3 

5. Ja from the end on 30® plane. 

6. Sir ; W (s/I5 making an angle tan'‘ J with the horizon. 
8. 70 lbs. wt., and 10 n/ 83 lbs. wt. 

33. At 0, ^ v) ; at etch of A and B, 

I 87. B^\W and aots in the horizontal direction. 



CHAPTER IX 
FRICTION 


9‘1. Hitherto we have considered examples of bodies 
acted on by forces, which in some cates had reen in contact 
with other smooth bodies or surfaces. Such a surfac 4 ?;jfrom 
the very definition, can exert a reaction in tho nornwil 
direction only, and is incapable of exerting any force in the 
tangential direction. A ])erfectly smooth body or surface 
is however an ideal one, as is never to he met with in nature, 
and all bodies or surfaces which are experienced by us are 
more or less rough, 

^Iten a body is in contact irith a rough surface (or 
sorru other rough body), and is acted on by external forces 
whereby it is urged to slide over that surface, it experiences 
a tangential resistance at its point of contact, which is known 
as the force of friction ^etween the body and the surface 
( or between the two bodies),) 

As an illustration, let us consider a book resting on 
a rough hori/ontal table. E\idently, the reaction of the 
table, which is vertically upwards, balances tho weight of 
the body. Now, sup])ose we apply a horizontal pull on the 
body by a string ; for instance, a string attached at ono 
extremity of the book, after passing over tho table, has 
a weight hanging from it at the other end. J1 the weight be 
not sufficiently large, it is found that the book does not 
move. This shows that the table (in addition to thn vertical 
reaction balancing the weight of the body), exerts a hori- 
zontal force opposing the tension, and keeps tlis book in 
equilibrium. This is the force of friction. If now the 
hanging weight is increased a little, provided it does not 
exceed a certain limit, the body is still found to remain at 
rest. The force of friction must accordingly have increased. 
If the weight be diminished or removed, the body con- 
tinues to remain at rest, which shows that the frictional 
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force also diminishea or disappear simultanoously, or 
otherwise the body would move in the opposite direction. 
The direction of the horizontal pull may he altered and the 
experiments repeated. The results in all cases wiJl indicate 
that the force of friction is a self-adjusting force, of the 
nature of a pa'^sive resistance, appearing only when neces- 
sary and being always (up to a certain limit) ]ust sufficient 
t'j j)rovGnt motion, and in the lequisite direction. 

l^ow su]'i)‘’so the external force urging M)e body to slide 
over the rough surface (the tension in the above case) be 
gradually im-rcased. A time comes when the urging force 
is suflichintly large, and friction is no longer able to 
heep the bovly in equilibnnin, and tlie body begins to 
move. There is thi>s a limit to which friction can rise. 
The value of this limiting friction depends on the weight 
of the body on the tab!*', (or more generally, on the normal 
reaction between the liody and the rough surface), as can 
be verified by placing dilVcrrnt additional weights on the 
hook, and finding the limiting friction in each case by 
increasing the tension and seeing when the body just 
begins to move. 

All three experiments performed suitably and repeated 
under different circumstances ultimately lead to certain 
laws satisfied by the force of friction which are given below, 
h’or experiments, the students are referred to any liook on 
General Physics. 

As we have already mentioned, perfectly smooth bodies 
are never to be met with in nature. In fact friction plays 
a very important part in our everyday life. If there were no 
friction of the ground, walking would have been impossible. 
Screws or nails would not stick to wood. Nothing would 
rest on any slope, and would slide down. Ladders would 
not rest on the ground leaning against a wall. Wheels and 
carriages would not roll. No heat could be generated without 
friction, and our everyday life practically W'ould be upset. 

9*2. The laws of Statical Friction. 

When a body^ rests in contact with a rough surface (or 
another, rough body), and is acted on by forces urging it 
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to slide on the surface, the force of friction at the point oL 
contact satisfies the following lav^s. 

(Law L Tlie dirccUoa of the force of friction is alway^i 
--opposfte to that in rvhickthepoint of contact has the tendency 
to slide. 

JjEW II. The maijniiude of the force of friction is such 
as ivould be just svffi,cient to prevent Hie slidinrj motion of the 
point of contact^ svhject to a certain mao'imum limit. 

When the forces ac*:in^’ on the liody ^irging the sliding 
motion o.re autfiriently large, snch that the limiting v-.ihie 
of the friction is reached, and the l)Ofly is on tlie point of 
sliding, the law satisfied by thivs Ihnitmg friction is 
follows * 

Law III, The viatinitude of the limiting friction ahoau^ 
bears a constant ratio to the normal pressinc between the 
two bodies m conioct, and this ratio depends only on the 
naUvre of roughness of the materials of which the bodies arc 
composedy but not on the shape or extent of the surfaces in 
contact?^ $ 

The law of Dynamical Friction. 

When a body in conta’t with a rough surface is acted on by forces 
such that it actually slides on the surfoce, the force of friction at the 
point of contact is in a direction opposite to that in which thn point of 
contact slides, and its magnitude bears a constant ratio to tbo normal 
pressure between the bodies in contact. 

In f<ict in this case the maximum amount of friction that can be 
called into play between the bodies is exerted at the point of contact. 

9*3. DefiDitions. 

Limiting Equilibrium and Limiting Friction. 

/ j When a body in contact with a rough surface (or another 
rough body) Is acted on by forces, and is in such a condition 
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thiit it id about to slide on the surface, the force of friction 
at the point of contact having reached a maximum limit, the 
body is said to be in limiting cguilihrium. and the force of 
friction then called into play is knoton as limiting friction,^ ^ 

* Coelficieat of.’frIctioD. * 

hen a ifody in contact icith another rough body or 
surface is about io slide on it, the constant ratio which the 
limit) ng friction hears io the normal reaction betiuecn the 
two bodies in contact is defined as the coefficient of friction 
between the bodies. 

Thus, in case of linhtiiug equilibrium of a body on 
a rough hui fact*, if h' ho the limiting friction at the x^oint of 
oontac'fc, 11 the normal reaction between the bodies, tbon 


i? 

or, b = 




where /i is a constant^which rovresents the coeJlicient of 
friction in this caso^ 

Note. Tho v.iluo of u ib «liffjroTit for different pairs of bodies in 
(’Oiitact. Kv ‘11 if ouj of the pair of bodies iu contact has got its rough- 
ness alt-orcJ, say bv rubbing or otherwise, tho value of im alters. 


As far as is known, in no c*aso jtc has been found to be greater 
lb an unity. 


The coofiiciont of dynamical friction, though very nearly equal to 
the coeJficiont of statical friction, is atrii tly speaking, between tho same 
pair ot bodies, slightly loss than it, ;for cxporimenla show that the 
least tangential force nc^ccssary to start into motion a body, restiug 
on a rough surface, is slightly greater than that required to continue 
the motion cnce started, though tho normal pressure between the 
bodies is tho same in the two cases. 

'^\ngle of friction. 

5 (fn case of limiting equilibrium of a body on a rough 
surface, the auyle made by the resultant of the forces of 
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limiting friction and Vie normal reaction fi.e., the remltant 
reaction of the rough surface) with Vie normal to the surface 
at the point of contact is defined as the angle of frictioi^ t) 

Thus li being Tihe 

normal reaction, the 

liniiting friction is 

F=fiJit where /i is the 
eo(»f!ficjent of friction, and 
their resultant S making 
an angle A with the 

normal, A is (l<‘lintd as 
the angle of friction. 

Now from tlie figure 
it is clear that 





tan A= = ,, «//. 


Thus we may give another definition for the angle of 
friction as follows : 


The angle of friction is that angle of frliichthe tangent 
is equal to the coefficient of friction. 

It may be noted that for a body in contact with 
a rough surface, if ON represents the normal at the point 
of contact, and if OL and OM be drawn on either side of 
ON making the same angle A with OJV, then in the case of 
limiting equilibrium of the body, the direction of total 
reaction of the surface (resultant of normal reaction, 
and friction which is limiting) will be along OL or OM 
according as the body is on the point of sliding one way 
or the other. 

In case of non-limiting equilibrium of the body, the 
force of friction F being less than where F is the 

normal reaction, the angle 9 made by the resultant reaction 
with the normal is given by 

tan 0 - ^ < tan A. 


Thus 0 < A. 



FRICTION 


149 


Renee, in any ra^e of equilibrium of the body on the 
rough .surface, the total reaction of the m-ifice must be witlun 
the angle LOM. 

Accordingly, if the rosultnnt of the external forces 
acting on the body bo outside the angle vertically opposite 
to LOM, the body can never be in equilibrium, for the 
total reaction of the surface in the case cannot balance the 
resultant of the external forces. On the other band, if the 
resultant ot the externol forces be within the said angle, 
the force of friction will adjust itself so that the resultant 
reaction will I)alanco tho resultant of the external forces and 
will keo]! the body in equilil#rium. 


Cone ol friction. 

^ ^IVheii a hah/ /s* in contact until a rough surface^ and 
vnth the rommnz normal at the poiiU of contact a^ acriSy 
ice descfihc a right circular cone who^e f^emi -vertical angle 
i!t A - tan" ^ It, udicre ft the coefficient of friction, this cone 
is defined u.j the cone of friction^ ^ (d) 


Pjvery g'^nerator of the 
cone of friction, therefore, 
makes an angle equal to 
the angle of friction with 
the nr^mal. 

tho body is capable 
of sliding in any direction 
on the surface, it ib clear 
that the resultant reaction 
of the surface can never 
have a direction outside 
the cone of friction. 

Accordingly, for equili- 
brium of the body it is 
e'^sseutial that the resultant of the external forces on the 
body should be within the vertically opposite cone. 
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9*4. Rolling of a body on a rough surface. 

Let a body having a point in contact ^vith a rough 
surface be acted on l)> any B>6tcm of external forces. If 
this forco system reduces to a single resultant through the 
point of contact, then if this resultant forco makes an angle 
not C 2 :ceeding the angle of friction with tlie produced direc- 
tion of the normal at the point of contact, the total reaction 
of tlio surface will adjust itself to neutralise the above 
resultant, and the body will remain at rest ; otherwise the 
body will slide. P 

If, however, tho oxteiual forco system acting ou the 
])ody does not reduce to a single resultant through the 
point of contact, the total reaction of the surface, by any 
adjustment whatever, cannot keep tho body in equilibrium. 
In this ca80 W0 can always reduce the external lorce system 

into a single force acting at tho point of contact, together 
with a couple which does not vanish. Now, if the total 
reaction of tho surface can balance the single resultant 
(which ^\ilJ ho the case when the resultant does not make 
with the normal an angle greater tlmn the angle of friction), 
the point of contact will have no sliding motion, but the 
couple will produce a turning effect on the liodv which 
will turn about tlie point of contact , iu other wt^rds, the 
body' will roll. This is tho case of pure rolling. 

If on the other band, the single nsultant makes an angle 
with the normal greater than the angle ol friction, the point 
of contact will slide, while tho body yill turn duo to the 
couple. 

In tho case of pure rolling, tlio force of friction at tlie 
point of contact is, in general, los-> than the limiting friction. 

If the bod\ instead of having a point of contact with 
n rough surface, has an area in common with it, then in 
case where the external forces reduce to a single resultant 
intersecting the area of contact, the body will either be in 
equilibrium, or will slide, according as this single resultant 
makes with the normal to the surface at its point of inter- 
section, an angle, not exceeding, or exceeding the angle of 
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friction. It however, the sin^^le resultant does nut intersect 
the aiea of con tart, the body niu«»t to])i>le. 

Tn ^voikjnfi out e\am])les where a nod.\ with an area 
in conti.ict with a ronpjh surface, and acted on by external 
*o?ros, has {;nt the oquihV^innn broken, and it i^ not known 
whether if will begin l)\ rclhng or })y sliding, it is always 
advisable to assume i oiling first, and woik out the magnitude 
of tlie Ino'ion necr^ssary to tb(* t-lidmg motion. If 

it is fiMind to exceed the luiiiting friction, then sliding will 
take phu before this lolling stage is icaehed. Otherwise 
the hodv vvill roll, and the ufce‘^‘^an friction, not exceeding 
the limiting friction, w’ll come into play to prevent sliding. 

9M. E(|uilibru\in of a heavy body on a rough inclined 
plane under any force. 

XiCt a h<av\ l>od\ 

weight W he placed 
on a rough inclined 
piano of inclination a 
to the ht'ri nin, and be 
acted on b\ a force P at 
an angle 0 to the plane. 

I jet // be Uie cxefTicicnt 
of I notion 

Case 1. f.et the hoJv 1 e ju^t s^fi>vo,tcd, i.o , jhht on the 
I ^ini of f>hppni(i dov n. 

11 J! ho the noimal reaction of tlic plane, the fnction 
ill tJiis case, whicli is limiting, is ph up the ]dnne 

Hence fc i equilibrium, lesohing along nnd pr rpendiciilar 
to the plane, 

F cos 0 + ft li — W sin a 
sin fH JB*= IV COP a, 
whence, eliminating h\ 

P(cos 0 - // sin O) «= W'(bin a- ft cos a,*. 

P-W ^ 

‘ ‘ ‘ cos d - fi sin 0 
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If A be the angle of friction, so that fi ■= tan A, 


we get P^W 


sin a - co«i a tan A _ -p^sin (a “ A) 
cos $ - sin d tan A cos (0 + A) 


giving the necessary value of P in the given direction just 
to support the weight on the plane. 

Case II. Let the body he on tlie point of sliding up. 


In this case the limiting friction fiJl is down the plane, 
and hence the equations for equilibrium give 

P cos 0 “■ ///i W sin a 
and P sin 0 + 7b “ ir cos a, 


whence, 


P« 


^si n a + /« cos a 
cos 0 + ft sin 0 


sin (a + A)^ 
CO-; (O- A) 


Alternative method. 




In case I, the total roartion S of the inclined plane is 
making an angle A with the normal to the right as in fig. (i), 
when the body is in limiting equilibrium, about to slide 
down. Thus angle between P and S is 90® - 0 - A, and that 
between W and S is 90'*-” a + 90® + A. Now, for equilibrium 
of the three forces P, S and by Lamis* theorem, 

W P u n _ 

sin(90®-0-A) sin (180® - a + A) ^ co8(0 + A) 
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In case II, when the body is on the point of sliding up, 
?, being on the opposite side as in fig. (ii), we get, as before 

W P in Ti7-sin(a+A) 

sin (90** “ 0 + /) sin (l 80® - a — A) ^ cos (0 - A) 

Cor. 1. If o X, it U foind tViat for easel, P-ir’’"’ 1"“^! 

COS (0 + X) 

nogfttivo or /.'^ro. Jii ofclipr worvla, ro forcr is rpquirorl to support tho 
bo ly on tbo piano, wliich will rost of ifcsolf (in noti limiting equilibrium 
in case a < X). Tho maximum value of a ff>r P not to be positive is X. 
Thus, the gtcaic.st intimation of the rough plant to the horizon so that 
the h uly irill re^t on irifhout support the angle of frirfion, and in 
Ibis oxrcenio case tho holy will bo in limiting equilibrium, jusi on tho 
point of slipping down. 

Cor. 2. If a > X, and 0 = 0, the oxtremo values of P applied parallel 
to tho piano wh'‘i’ tho body is on tbu point of slipping down, and when 
it on the point of slipping up, are respeetivcly ]V sin (a~X) sec X and 
W bin (a f X) soo X. If P has any valuo between those, tho body will 
rest on tho phiiic in non-limiting equilibrium. 

Cor. :i. In general, when a > X, the least force that will just 
support the liody on tho piano is IK siu (a-X), whm applied in 
a direct^ m given b\ 0~ —X, and the least force necessary to drag tho 
body up tho pliuo is P=“TFsin (a J X) applied in a direction given by 
0*X. 

The la4 ft suit een he pu*; in tho form, ‘tho least angle of traction 
up a rough i»iclinod plane is the angle of frir tion*. 


9*6, Illustrative Examples, 


Ex. 1. J uniform ladder 1 1 in equMmuni mith one end. resting on 
the ground and the other against a vertical irall ; if the ground and 
wall be loth lOugh, th^^ coeflcienf^ of friction being p and h ro’tpcrtii'ely, 
and if th>^ ladder he on the point of dipping at both endst fallow that the 
inclination of the ladder to the horizon is given bg 


tan 0 = 


l-PP' 

2/1 


[ C. U, 1036 ; B. If. U. 1942 ; U. P. 1947 J 
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Let tlic length AJ) of the ladder ho 2a. R and S donairg the 
normal re.icthm of tho ground and thw wall, the limiting friction at 
thcHe point fl are nR and fi'S in directions shown in the f.gure. 



Now' for cquilihriinn, ro'^olving boriz )ntall> and v.m tically, and 
taking m<'raent about A, we get 

S^rll ... . . (s) 

Rhfi'S-=\V ... ... (ii) 

and S.2a sin (?+/i'5.2a eoi- 0- Ib.u cos 0. • • (iii) 

From (i) and (li), S ^ ir 

anl then, from (lii), 

2S (tau + +u')- 




2/t 


Ex. 2. A f,i)aiqlit uniform beam of levgih re^ts ui limiting 
eqinlibriuvit in contact U'lth a rough reihcal nail of heignt h, vith 
one end on a rough horuontal plane and v'ith tin oilier end projicting 
leyond the ivall. If both the will anil the plane oc equally roughy 
prore that X, the angle of friction, is gv'cn by 
sin 2X = sin a sin 2a, 

V here a is the inclination of the beam to the horizon. 


[ C. U, 1944 ] 
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AB is the beam, O its midflip pom*, tluit AC ^GB—h, 
CO is the vsmU- 7i. licnco, AC-li poslc- a. 

Thus, OC = 7; (toatc c/ - 1). 



Now the eqiiihbnam being limiting, the total rpaction H at A is 
vloiig AT) maliug an angle X \\)th the vortical, and tho total reaction 
H at C is along C/>, making an angle X with the normal CE to tho rod 
at C. 4*1 tho three jorors ft, 1C and tho weigh c W of tho rod at G 
aie in equilibriuiii, they must topm^ at a common point D, so that DG 
is vortK al, interspoting CK at E sdy. 


(Jlenrly, /_ ADC - X « /_ EO P, L OEC = a, and so /i EDC = a - X. 

, GO ^aC GD^ s\n CPC 9’m DAG 
AG Gj/ AG^\m CCV/.nu AJM^' 


< e , 


or, 


Ji ^00* cc a -1) sin (a~X) sin (9^®— a — X) 
h 'i.111 (flO'-l X)‘ HJIX ’ 


(goscl a — 1) ~ 


sin (a— X) t Os (f + X) 
sin X cos X 


sin aa ~8in 2X^ 
sin 2X 


sin 2X ot'se* a = sin 2't, or, sin 2\~sln a sin 2a. 


Ex. 3. Two equal uniform laddero arejmnted at one end and stand 
with the other tnds on a ronph horizontal fdane. A iiian vhose weight 
is equal to that of one of the ladders ascends one of them, Brace that 
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the other vnll shp first. Supposing that it slips when he has ascended 
a distance x, prove that the coefficient of friction is 
(a+x) tan a/(2a+x), 

a being the length of each ladder^ and a the angle which each makes with 
the vertical. 


A 



Lot M ho tho position of the man on the ladder AB at any instant 
when BM^Xt i2, IV the normal reactions of the ground » and F, F' Iho 
frictions at the instant at and O respectively. 

Now, considering the two ladders AB and AC as fo’-ming one 
system, action and reaction at A on tho two neutralise each other. 
Hence, resolving horizontally and vertically and taking moment about 
B, for the equilibrium of tho combined system, wo get 

F^F' - ”• (i) 

Ji + R'^liW - — (ii) 

_ Q_ 

i2'.2a sin o = W • 2 sin a+ TT.x sin ft+ IV • sin a. ••• (iii) 

Again, considering the equilibrium of the ladder AC .-^parately, 
taking moment about A whereby tho unknown action at A of AB on 
AC will not enter tho equation, wo get 

F\a cos a -sis', a sin o- W* ^ **111 ••• Ov) 

2 n. 

Trom (Hi). B'- IT- and then from (li); B- • 



FRICTION 


167 


Hence, from (i) and (iv), 

tan « - W- tan 


Thus, 

Now, 

Honoo, 


F 


a+x 


n+o? . ^ A ^ a. . * . 

, ‘tana, and ,»/ = o-r tana. 

Ji ^a-x Ji 2a+x 

(4n-a;)-(‘2i + jr)“2(a-a:) is positive, for x •< a. 

F' F 

> 7 . all values of x. 

li It, 


F F' 

Ono of ibe ladders will slip whou cither - or is equel to the 
^ li ly 

F' 

coeiil'jiont of friction ai, an<l a^. is the greater, this will attain the 

‘ value ft first. Thus the^othor ladder AC will slip first, and tho co- 

cflioiont of friction is connect'*d to x by the relation 

V o + j; , 

/*“ tana. 

li 2a + X 

Note. Initially, when x=*0, a.e., tho man is on the lowest rung of 
F‘ F' 

tho first ladder, tan a, and tan a, and f* must be > J tan a 

in order that tho ladder.s ma^ not slip. Provided this is satisfied, 

F F' F F* 

,, and bjth increase with x, but being always > will attain 

I y li li li 

the value fi first. 


Ex. 4. A heavy solid right circular cone is placed with its base on 
a rough inclined plane, the inclination of which is gradually increased ; 
determine whether the initial motion of the cone will be one of sliding 
or tumbling over. 

[ The C.G. of a solid right circular cone is on the axis at a height 
one-fourth of the height of the vertex from the base. ] 

Tho total reaction of the plane (resultant of normal reaction and 
friction at all points of the base) must be a force, acting somewhere 
on tho base AB. Hence, if the external foroo, namely the weight of 
the cone, which acts vertically downwards through its centre of 
gravity Q, falls outside the base AB, the total reaction of the plane 
e will not be able to blance the weight, and the cone will topple. 
Thus, assuming $ to* be the inclination of the inclined plane in the 
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marginal case when the weight passes through the extremity A of 
the base, and the cone is on the point of tumbling over about At the 



base will not slip before this stage is 
reached provided the external force t e,, , 
the weight makes with normal to the* 
plane an angle, loss than the angle of 
friction X, i.e., provided /^AON^B < X. 
This requires 

AN 

lan 0 < tan X, or, < fi. 

Now, a being the semi > vortical angle ’ 


of f ho cone, 


tan o = 


AN AN 
ON^^WN 


= i tan e. 


Hence, the couo will tumble if 4 tan a < a* 

If 4 tan a > Ml then before the contemplated po«>ition for tumbling 
is reached, the base will slip. 

Hence, the Initial motion of the cone will be one of slipping or 
tumbling over according as 

M < or > 4 tan a. 

In case m < 4 tan a, the cone will slip when the inclination of the 
plane to the horizon, i.e., d®X»tan~*M. If /* > ^ tan a, the cono will 
tumble when 8«tan“^ (4 tan a). 

Ex. 5. Two weights P and Q {P>Q) are plaoed^on a rough inclined 
plane, being connected by a thin string passing over a small smooth 
pulley on the plane, the parts of the string being parallel to the line of 
greatest slope* The inclination of the plane to the horizon is gradually 
increased* Prove that the weights will begin to slip on the plane when ' 
its inclination B to the horison is given by 

tan tan X, 

where X is the angle of friction of the plane, assumed same with respect 
to either weight* 

B being the inclination of the plane when P is on the point of 
slipping down, and m denoting the coefiioient of friction, if 22 be the 
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normal reaction on P. the friction is /iR up the plane. If 8 be the 
normal reaction on g, ad Q is on the point of moving up, the friction 
txS will act down the plane. Let T be the tension of the string. 



Now, for equilibrium of P and g, resolving along and perpendicular 
to the plane in oacli ca«!e 


P sin ds* Pcosd=*P 


g sin das r— /45, gcosds^S. 


From these, 

P (sin 6 — ft cos d) * 2*= Q (sin d + ft cos d), 
sin d {P-Q)^ft COB d (P+g). 


tan da/i 


P+g P+g 


tan X. 


. Examples on Chapter IX 

1. A body of weight W rests on a rough horizontal 
plane, A being the corresponding angle of friction. It is 
desired to move the body on the plane by pulling it with 
the help of a string. End the least angle of friction, and 
the least force necessary. 

2. A body of weight 4 lbs. rests in limiting equilibrinin 
on an inclined plane whose slope is 30*. End the co- 
efficient of friction and the normal reaction. 

[ C. U. 1916 ; B. E. Allahabad, 1938 ] 
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8. How high can a particle rest inside a hollow sphere 
of radius a, if the coeflicient of friction be ? 

[ P. U. 1929, *31. *3P J 

4. Prove that the horizontal force which will just 

sustain a heavy particle on a rough inclined plane, will 
sustain the same particle on a smooth plane whose inclina- 
tion is less than that of the rough plane by the angle of 
friction. 


5. A weight 30 lbs. can just rest on a rough inclined 
plane when its inclination to the horizon is 30®. When the 
inclination is increased to GO*, find the least horizontal force 
which will support it. 

Pind also the least force along the plane that will drag 
it up, 

6. A body of mass 100 lbs. is placed on a rough inclined 
plane, and is just supported by a force 40 lbs. wt. applied 
along the plane. When this force is increased to 80 lbs. wt., 
the body is on the point of sliding up. Find the coefficient 
of friction. 

7. A body of weight W can just be sustained on 
a rough inclined plane by a force P, and just dragged up the 
plane by a force Q, P and Q both acting up the line of the 
greatest slope. Show that the coefficient of friction is 

V4jr*-(P+g)* 

8. The force P acting along a rough incline^ plane 
just supports a body on the plane, the angle of friction A being 
less than a, the inclination of the plane to the horizon. 
Show that the least force acting along the plane, which is 
sufficient to drag the body up the plane is 

p dn (a + A)^ 
sin (a - A) 

0. The least force which will move a weight up an 
inclined plane is P, Show that the least force, acting 
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parallel fco the plane which will move the weight upwards, 
is 

P 

(I being the coefificient of friction of the plane. 

10. A body is resting on a rough inclined plane of 
inclination a to the horizon, the angle of friction being A, 
(A > a). If P and Q be the least forces which will respec- 
tively drag the body up and down the plane, then 

P ^ sin fA + a)^ 

Q sin (A - a) 

11. If the force, which acting parallel to a rough plane 
of inclination a to, the horizon is ]ust sufficient to draw 
a weight up, be n times the force which will just let it be 
on the point of sliding down, show that 

, w+ 1 

tan a = 

W" X 

*12. Two rough particles connected by a light string rest 
on an inclined idane, the string passing round a smooth 
pulley on tlie plane, and the parts of the string being parallel 
to the lino of the greatest slope. Tf the weights and corres- 
ponding coeflicitnts of friction are W±, aud /Mj, 

respectively, show that the greatest inclination of the plane 
consistent with equilibrium is 

tan'^ [ Punjab, 1940 ] 

'*'13. A beam rests with one end on a horizontal ground 
and the other against a vertical wall. Provo that for equili- 
brium, there mmt be friction between the beam and the 
ground, and need not be friction between the beam and the 
wall. 

*14. A uniform ladder rests with one end on the rough 
horizontal ground and the other against a rough vertical 
wall. The coefficients of friction at the lower and upper 
ends are f and i respectively. Determine the angle which 
the ladder makes with the ground when it is about to slip. 

[ 0. U. 1943 ] 


11 
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15. A uniform ladder rests in limiting e<^uilibrium with 
its lower end on a rough horizontal plane and its upper end 
against a smooth vertical wall. If 6 be the inclination of the 
ladder to the vertical, prove that 

tan 

where fi is the coefficient of friction. 

What happens if the ladder be non-uniform ? 

16. A uniform ladder rests with its lower end on a rough 
horizontal ground and its upper end against a rough vertical 
wall, the gbound and the wall being equally rough, and the 
angle of friction 1. Show that the greatest inclination ot 
the ladder to the vertical is 2A. 

17. A ladder, 30 feet long, rests with one end against 

a smooth vertical wall and with the other on the ground, 
which is rough, the coefficient of friction being i ; find how 
high a man whose weight is 4 times that of the ladder can 
ascend before it begins to slip, the foot of the ladder being 
6 ft. from the wall. [ B. H, U. 1946 J 

18. A uniform ladder rests inclined at 45® to the vortical 
with one end on rough horizontal ground, the coefficient 
of friction being f , and the other end against a smooth verti- 
cal wall. Show that a man whose weight is equal to that 
of the ladder cannot ascend to the top. 

What weight must be placed on the bottom of the ladder 
to enable the man to ascend to the top ? 

19. A man weighing 140 lbs. climbs up a uniform 
ladder 20 ft. long and 70 lbs. in weight, which rests against 
a rough vertical wall at an angle of 45®. If the coefficient 
of friction at each end of the ladder is 0*5, how far will the 
man be able to climb up the ladder before it begins to 
slip ? 

Find also the greatest weight of a creature which can 
climb to the top. [ B. H, U. 1940 ] 

20 . A uniform ladder rests in limiting equilibrium with 
one end on a rough horizontal plane and the other against 
a smooth vertical wall. A man then ascends the ladder. 
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Show that, whatever his weight, he cannot go more than 
half-way up. What happens if the horizontal plane also be 
smooth ? Give reasons for your answer. [ C. C7 , 1942 ] 


21. A uniform ladder rests in limiting equilibrium with 
one end against a rough vertical wall and the other on 
a rough horizontal plane, the angles of friction being A and A' 
respectively. Show that the inclination 0 of the ladder to 
the horizon is given by 


tan 6 


cos (a + A^^ ^ 
2 siQ A' cos A 


[ a U. 1947 ] 


*22. A uniform ladder of weight W, inclined to the 
horizon at 46®. rests jvith its upper extremity against a rough 
vertical wall and its lower extremity on the ground. Prove 
that the least horizontal force which will move the lower 
end towards the wall is just greater than 



i-tH 

L + (t'l 


where and ju' are the coefficients of friction at the lower 
and upper end respectively. [ 0. U, 1939 ] 


23. A uniform ladder of weight to rests on a rough hori- 
zontal ground and against a smooth vertical wall, inclined 
at an angle a to the horizon. Prove that a man of weight 
W can climb to the top of the ladder without the ladder 
slipping if 

w ^ 2(1 - fi tan a)^ 

W 2fJi tan a - 1 

fi being the coefficient of the friction. [ C. U. 1933 ] 

24. Two equal uniform rods AG, CB are freely jointed 
at C and rest in a vertical plane with the ends A and B in 
contact with a rough horizontal plane. If the equilibrium 
is limiting, and the coefficient of friction is /i, show that 

sin ACB = [ C. U. 1936 ] 

25. Two equal ladders of weight W are placed so as 
to lean against .each other at an angle 26, with their ends 
resting on a rough horizontal floor, the coefficient of 
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friobion of which with respecb bo eibber being git where 
ban 0 > ^ > i tan 0. If TT' be the weight which placed on 
the top causes the ladders to slip, show that 

.Explain the case when gi tan 0 or > tan 0. 

26. A bar rests on two pegs and makes an angle a with 
the horizontal. The centre of gravity is between the pegs 
at distances a, h from them. Prove that for equilibrium 

a-T o 

where gi^ are the coefficients of friction at the pegs. 

[ Agra, 1940 ] 

27. A heavy uniform rod is placed over one and under 
the other of two horizontal pegs, so that the rod lies in 
a vertical plane ; shew that the length of the shortest rod 
which will rest in such a position is 

a (l + tan a cot A), 

where a is the distance between the pegs, o is the inclina- 
tion to the horizon of the line joining them, and A is the 
angle of friction. 

'*28. A straight uniform beam is placed upon two rough 
planes whose inclinations to the horizon are ai and 02 , and 
coefficients of friction tan Ai and A 2 . If 0 be the incli- 
nation of the beam to the horizon in limiting equili- 
brium, 

2 tan 0 *= cot (02 + A 2 ) cot {a± - Aj). 

"’^29. A heavy uniform rod rests in limiting equilibrium 
within a fixed rough hollow sphere. If A be the angle of 
friction, and 2a the angle subtended by the rod at the 
centre of the sphere, show that the inclination 0 of the rod 
to the horizon is given by 

2 tan 0 - tan (a + A) - tan (a - A). 

[ P. U. 1984, 1948 ] 
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*30. A thin uniform rod of length 21 rests in limiting equi- 
librium inside a rough vertical circular hoop of radius a. 
J^rove that the inclination of the rod to the horizontal is 




cot 


where fi is the coefficient of friction. 


'’'31. A glass rod is balanced partly in and partly out of 
a cylindrical tumbler with the lower end resting against the 
vertical side of the tumbler. If a and ^ are the greatest 
and least angles which the rod can make with the vertical, 
prove that the angle of friction is 


i tan 


‘L 


sin^a- sin^jg 


bin^a cos a-i sin®/3 cos 


** 32. Prove that the least force, which applied to a uniform 
heav> sphere of weight W will maintain it in equilibrium 
against a rough vertical wall, is W cos A, provided A, the 
angle of friction, is less than 


COB 




*33. A rectangular block of wood with a square base is 
placed on a rough inclined plane with two sides of the base 
horizontal, and the inclination of the plane to the horizon 
is giadnally increased. If be the coefficient of friction, 
and a side of the base, find the greatest height of the block 
so that it may slide down the plane before toppling. 

34. A uniform solid circular cylinder is placed with its 
plane base on a rough inclined plane and the inclnation of 
the plane to the horizon is gradually increased ; show that 
the cylinder will topple over before it slides, if the ratio 
of the diameter of the base of the cylinder to its height is 
less than the coefficient of friction. 


35. A solid right circular cone is placed with its base 
on a rough inclined plane, the inclination of which to the 
horizDU is gradually increased. If the angle of friction be 
30^, find the angle of the cone when it is on the point of 
both slipping and turning over simultaneously. 
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ANSWERS 

1. X, W Bin X. 2. 2 s/3 lbs. wt 

8. ia(2 - s/8) above the lowest point. 

5. 10 n/ 3 lbs. wt. ; 20 s/3 lbs. wt. 

6. i* 14. 45”. 15. If the o.g. divides the ladder 

in the fatio vi : n, tan (m+t»)//n. 

17. He oan rise to the top without the ladder slipping. 

18. { of the weight of the ladder. 19 13 ft. ; 17} lbs. 

25. If M > } tan 6, the ladders cannot rest without W' being nega- 
tive i.e., the top must be pulled upwards, in which ease the ladders will 
be in limiting equilibrium, the lower ends tending to slip outwards. 
If M > tan Of tho ladders will be in non-limiting equilibrium whatever 
positive value W* may have, and to put them in limiting equilibrium 
TT must be negative t.e., the top must be pulled upwards, when the 
lower ends will tend to approach each other. 

#8. -• 85. C08-‘JS. 

Examples on Chapter IX(a) 

*1. A hemispherical shell rests on a rough inclined 
plane whose angle of friction is A. If B be the inclination 
of the plane base to the horizon, show that B cannot be 
greater than sin~'(2 sin A). 

*2. A heavy particle rests on a rough parabola with its 
axis vertical and vertex downwards. If the latus rectum 
of the parabola is 4a and if the greatest height above the 
vertex at which the particle can remain at rest be b and 

if fi be the coeflSoient of friction, show that 

*8. (i) A rough ellipse a:*/a* + - 1 is placed with its 

flp-axis vertical. Find in which position a heavy particle 
can rest on it, if fi be the coefficient of friction. 

(ii) A particle rests on a rough wire in the shape of the 
ellipse “ 1 which is so placed that its ar-axis is verti- 

cal and t/-axis horizontal. If fjt be the coefficient of friction, 
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find the depth of the position of the limiting equilibrium 
of the particle below the tangent at the highest point of 
the ellipse. [ 0. H. 1964 ] 


*4. A heavy uniform wire in the shape of the ellipse 
ir®/a® + is hung over a small rough peg. If the 

wire can be in equilibrium with any point in contact with 
the peg and if /£ be the coefficient of friction, show that 

' 2ab' 


*5. A rough cycloid is placed with its axis vertical and 
vertex downwards. Show that a particle can rest on it at 
any height h above the lowest point where h ^ 2a sin^A, 
A being the angle of^ friction and a the generating circle of 
the cycloid. 

*6. A hemisphere rests in equilibrium with its curved 
surface in contact with a rough plane inclined at an angle B 
to the horizon. If 0 be le&s than 8in“^| and also lesH 
than the angle of friction, show that the plane base of 
the hemisphere is inclined at an angle Bin“^(| sin 0) to 
the horizon. 

*‘7. A uniform hemisphere of radius r, and weight w, 
rests with its spherical surface on a horizontal plane and 
a rough i article of weight w' rests on the plane surface at 
the point P. If C be the centre of the plane base of the 

hemisphere, show that CP g r, where is the co- 
efficient of friction. 

’*‘8. A rigid framework ABCD in the form of a rhombus, 
of side *a’ and acute angle 0, rests on rough peg whose 
coefficient of Iriction is ju. Show that the distance between 
the two extreme positions which the point of contact with 
the peg can have is afi sin 0. 

*9. The handles of a drawer ABCD whose length and 
depth AB^ EG are 2a and 2b respectively, are distant 2d 
from each other. If be the coefficient of friction at the 
sides of the drawer and its base be smooth, show that it 
is not possible to pull out the drawer by pulling one handle 
straight outwards if 6 < fid. 
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*10. A uniform cylinder of mass m is supported against 
a smooth vertical wall by a wedge of mass M and angle a, 
which can slide on a rough horizontal door. It slipping 
is about to take place, calculate the coefScient of friction 
between the wedge and the floor. 

*11* A particle of weight Wx lies on the rough plane 
face of a solid homogeneous hemisphere of radius a and 
weight W resting with its curved surface on a fixed hori- 
zontal plane. In the position of the equilibrium of the 
system, the particle is at a distance x from the centre. 
Prove that the friction exerted between the particle and 
the hemisphere is equal to 

8®Tri“(9o*TF® + 64®® TTi®)"^. [ C. H. 1969 ] 


^12. A solid homogeneous hemisphere rests on rough 
horizontal plane and against a smooth vertical wall. If the 
coefficient of friction ju be greater than the hemisphere 
can rest in any position and if it be less, the least angle 
that the base of the hemisphere can make with the hori- 
zontal is 8in*^(|//). 

If the wall be rough (coefficient of friction it/') show that 
the angle ie Bin'^ 


*18. A, B are the lowest points of the wheels of a bicycle. 
The length of AB is 21 and the centre of gravity is at 
a height h above AB and at a distance d in front of its 
middle point. Neglecting the axle friction, show that the 
greatest incline on which the bicycle can rest without 
slipping, is 

2l-fth '^ 2l + fth 

according as the front or back wheel is braked. (fi being 
the coefficient of friction). 


ANSWERS 


3. (i) Depth of the particle below the highest point of the ellipse is 


^ ^ 

(a* +/**&*)« 




10 . 


m tan a 
m+M 



CHAPTER X 
CENTRE OF GRAVITY 


10*1. Centre of like parallel forces. 

Let Pi. P2, Psf be a set of like parallel forces acting 

on a rigid body at At, As, As,...,., respectively. Join AiA^ 



and divide it internally at Ci, such that A^Ct : CtAs = 
Ps : Pf Then the resultant of Px and P2 is a parallel 
force Pi + Pa acting at Ox. Join CtAs, and divide it inter- 
nally at C2 such that CiOg : C^As^Ps • Pi + Pa* Then 
the parallel force Pi + Pg + Pa acting at Ps, is the resultant 
of Px'l'Pg at Cl and Ps ftt As, of Px at Pa at As 
and Ps at As* Next join O2A4,, and divide it at Os such 
that CsGs : 03^4 “Pa *• Pt + Pg + Pa* Proceeding in this 
manner till all the forces are exhausted, we finally arrive 
at a point C through which passes a force £P parallel to 
the syitern. which is the resultant of all the given parallel 
forces. 

Now, it is evident that the positions of Ci, Cg, Oa, etc., 

depend only on the maguitudes of Pi, Pg, Psi and on 

the positions of the points At, As, As, where they act, 

but have nothing to do with the common direction of the 
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parallel forces. Hence, the point C arrived at, through 
which the final resultant of the parallel forces passes, is 
fiXOdf whatever be the common direction of the parallel 
forces, so long as their magnitudes and points of application 
remain unchanged. The fixed point C is defined as the 
•centre of the given system of like parallel forces. 

We may note that C being the point through which the 
resultant HP always passes, whatever he the common direc- 
tion of the given parallel forces Pi, Pa, Pat it is a unique 

point, and will come out to be the same in whatever order 
we proceed to combine the given forces in succession. 

Analytical determination. 

We shall confine ourselves to the case of a set of like 
parallel forces acting in one plane. 



■ 

Y" 


Let Pi, Pa, Ps be a set of like parallel forces aotiog 

at At., Aa, Aa on a plane, and let (sci, Pi), (oBa, Va), 

(aist Va), be tbo co-ordinates of Ai, Aa, A,, referred 

to a set of rectangular axes on the plane. 
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The resultanti of Pi at A± and at is P 1 +P 9 
acting at C± on AxA 2 such that iliCi : CtAs^'Ps • Pi- 
Let ii. v± he the co-ordinates of Ci. Then. AxL±, A 2 L 2 
and being perpendiculars upon OZ, since these are 

parallel lines, 

■ Li Ml _^ AxGi . g*i ^ P2 

C^Al Pi 


\7hence we gel; "" (0 

Exactly in a similar manner, the ar-co-ordinate ((2 say) of 
€ 2 , where the resultant Pi + P 9 + Pa of Pi + Pg at Cg and 
Pa at ilg acts, is giv;pn by 


A ^(Pt+Pg) Si_+Pn!r3 ^Piirx + PeT2 + Ps^s 
(Pi + Pa) + Ps Pi + Pa + Pa 


/rom (i). 


Proceeding in this manner, when all the forces are exhausted, 
the centre of the parallel forces through which the final 
resultant passes having co-ordinates f)t we get 

. PiflJi + PgiTg + P^arn + ••• _ l?Px 
"Pi + P2 + Pa + - £P 


and similarly 

PiVi + P 2 V 2 + Pm?/8 11*’* 

Pi+p,+p, + - 

10’2. Centre of mass. 

Let a system of particles of masses nii, m 2 % ^ai--- he 
placed at the points ili, i4g, .^a, 

Divide ilii^g at Gi in the inverse ratio of the masses 
at its extremities, i.s., -4jGi : Oi-4a*=ma : Wi. Assume 
the total mass Wi + ma collected at Gi. Divide QxA^ at Gg 
in the inverse ratio of the masses at the extremities, such 
that GiGg : Ggi^s^Wa ; (mi+Wg), and assume the total 
mass at the extremities, i.s., mi + mg + ma collected at Gg. 
Proceeding in this manner, when all the particles have been 
exhausted, we arrive at a final point G which is defined as 
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(ihe centre of mass, or centre of inertia of the given system 
of particles. 



(rWft) 
A 5 


It is evident from the mode of construction, that the 
point O is identical with the centre of a set of parallel forces 
proportional to mi, m2, etc. acting at Ax, Ag, As, etc., 
and hence, as proved in the previous article, the point 
is unique. 

Again, if the particles mi, m2, ms, etc. be in one plane, 
and their co-ordinates referred to a set of rectangular axes 
be (xx, Vx), {xs, Ve), {xs, 1/3) etc., the co-ordinates y say) 
of the centre of mass G, exactly as in the previous article, 
will be given by 

^_ mxXx -^msXs + msX s + “j ^ JSmx 
mi+ma + m8 + *- Hm 

» « +msVs + ••• 

mi+ma + m8 + **- 21m 

The symmetry of the forms of the co-ordinates also 
shows that the point O is unique, and will be arrived at 
finally, in whatever order the masses may be combined 
in succession. 

If instead of discreet particles, we have a finite body 
of any shape, we may consider it as an agglomeration of 
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an infinifie number of infinitiely small parfiicles, and define 
its centre of mass as above. It will be a definite point in 
the body. 


Centre of Mean Position. 


More generally, let there be a set of points Ait A2t 
A3,... and let Wi, m2t Wg,... by any feet of numbers which 
are associated with these points respectively. Now join 
any two points A^Ag and divide it at Gi in the inverse 

ratio of the number associated at the ends, such that 
AtGj : Gi4a“=W2 : mi. Assume the number wi+ma to 
be associated to Oi. Join OiAa and divide it at Og such 
that G1O2 : GgAg^ma : mi + mg, and suppose Og to be 
associated with mi -i^mg+7/ia. Proceeding in this manner, 
we finally arrive at a unique point O which is called the 
centre of mean position of the given points for the system of 
given multipliers. 

If the points Ait Agt... etc. are coplanar, with co-ordi- 
nates (xit yi)t {xgt 1/2)1 etc. we get exactly as in the previous 
article, the co-ordinates of O given by 


X 


Smr^ 

2:m' 


^^Smv 


Note. The centre of mean position is a more general 
term which includes as special cases such things as the 
centre of a set of parallel forces, and the centre of mass of 
a system of particles. 

When the given multipliers are all unity (or equal), the 
centre of mean position is referred to as the centroid of 
the given points. This also means that the centre of mass 
of a body of uniform density is the same as the centroid 
of the body. 


10*8. Centre of gravity. 

We know from the law of gravitation that every material 
particle is attracted towards the centre of the earth with 
a force which is proportional to the mass of the particle, and 
this force, we call its weight. 
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Now, given any material body, we can consider it to be 
an assemblage of parbioles each of which is acted on by 
earth's attraction, and all these forces passing through the 
centre of the earth, they have got a single resultant which 
we call the weight of the body. If the body be held in 
different positions, the positions of the line of action of this 
weight relative to the body will be different. Now, in some 
cases, the line of action of the weight passes always through 
a fixed point in the body, however the body may be placed ; 
for instance, in case of a spherical body, by symmetry, 
the line of action of the resultant weight always passes 
through the centre of the sphere. In case such a fixed point 
is available in the body, it is called the centre of gravity of 
the body. 

Del. The centre of gravity of a body (or a system of 
particles rigidly connected to one another) is that point fixed 
in the body (or with respect to the system of particles)^ when 
one such exists, through which the resultant weight of the 
body or tlio syttem always passes^ m whatever manner the 
body may be placed. 

It may be mentioned however, that strictly speaking, 
in most cases such a point does not exist ; in other words, 
in a strict sense, the centre of gravity of a body does not 
exist in all oases. 

Now, for bodies of ordinary size which we have to deal 
with in general, the radius of the earth is so large in com- 
parison, that lines drawn from different points of the body 
to the centre of the earth may be taken to be practically 
parallel. Thus, the weights of different elements of which 
the body is composed of can be taken as like parallel forces, 
the common direction being the vertical at that point on 
the earth’s surface, and the magnitudes of the forces are 
proportional to the masses of the elements. If the body be 
held in a different manner, the magnitudes as well as 
the points of application of these parallel forces remain 
unchanged in the body, only the common direction, which is 
still vertical {i,e„ the same in space) changes relative to the 
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body. Hence, there is a fised point in the body through 
which the resultant weight always passes, and this we call 
the centre of gravity of the body. Strictly speaking, as 
dehoed in the previous article, this point is the centre of 
mass of the body. But on the above assumption, when the 
body is of ordinary finite size, and therefore small compared 
to the earth, the centre of gravity and the centre of mass 
coincide. 

It is clear from what has already been said that if we 
proceed to find out the centre of gravity of a big body, 
a mountain for instance, lines from different points of which 
to the centre of the earth cannot be treated as parallel, the 
^ body may not have a centre of gravity at all, and even if it 
has, the centre of gravity will not in general be the same 
as the centre of mass« which latter point will always exist. 

In what follows, we shall always assume weights of 
different elements of a body or a material system to be 
parallel, and proceed to determine the centre of gravity,, 
f which Id identical with the centre of mass, and is always 
available. 

10*4. The centre of gravity of a body is unique. 



For, if possible, let a body have two centres of gravity, 
O and 0\ The weight of the body passes through both G 
and 0\ by definition, in whatever manner the body may be 
held. Now, hold the body such that GO' is horizontal. 
^The weight, which is a vertical force, cannot now pass 
' through both G and G* unless they coincide. Hence there 
cannot be two distinct centres of gravity of the body. 

I 
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10*5. Determination of centre of gravity in special 
cases. 

I. A thin nnitorm rod. 


A Q'Q G P P 0 

Let AB be a thin uniform rod of any material, G the 
middle point of AB. 

Consider two equal infinitesimal lengths PP' and QQ' of 
the rod, equidistant from 3, so that OP^OQ. Since the 
rod is uniform, the weights of these two elements (which 
can ultimately) be ||reated as two particles equidistant from 
O) are equal, both vertically downwards, and the resultant 
of these two equal and like parallel forces, act at the middle 
point O, 

Since AO’^GB, the whole rod can be divided into pairs 
of such equal infinitesimal elements equidistant from (?, 
and for each pair the resultant of the weights acts at G. 
Hence the weight of the whole rod acts at G, and so G is 
the centre of gravity. 

Thus the C.G, of a thin uniform rod is at its middle 
point. 

II. Four rods forming a parallelogram. 



Let four thin uniform rods AB, BO, CD, DA of the same 
material and thickness form a parallelogram ABOD, Let 



CENTRE OF GRAVITY 


177 


P and Q be the middle points of AB and GD, and B and 
S those of AD and BC. PQ and BS intersecting at 0, we 
easily see from Geometry that PQ and BS bisect each other 
at Q, and this is also the point of intersection of the dia- 
gonals AG and BD of the parallelogram. 

The G.G. of the rods AB and GD are at their middle 
points P and Q, and at these points the weights of the 
rods, which are equal, act. The resultant of these two equal 
weights at P and Q, (which are like parallel forces, both 
being vertical) passes through the mid-point of PQ, i.e,, 
through (7. Similarly, the resultant of the weights of the 
two equal rods AD and BG also acts through O, the mid- 
point of BS, Thus the resultant weight of the whole system 
acts at G. v 

Thus, the G,Q, of the system of four uniform rods forming 
a parallelogram is at O, the point of intersection of the lines 
joining the middle points of the opposite pair of sides. This 
point is also the point of intersection of the diagonals, 

HI. Three rods forming a triangle. 


A 



Let AB, BG, GA be three thin uniform rods of the same 
material and thickness (or parts of a thin uniform wire) 
forming a triangle ABG, Let D, E, F be the middle points 
of BG, GA, AB respectively- 

The weights of the uniform rods AB, AG act vertically 
downwards at their middle points F and E respectively, 
their magnitudes being proportional to their lengths. The 


12 
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resultant of these two weights which are like parallel forces, 
acts at a point X on FE, where 

FX^ wt. at ^ ^ length A C ^ 

XE wt. at F length AB 2DE DE 

Thus DX bisects the angle EDF. 

Npw, the resultant of the weight of the rod BC acting 
at its middle point D, and the joint weight of AB and AG 
acting at X, will act at some point on DX. Hence, the 
combined C.G. of the three rods is situated on the 
line DX. 

Similarly, combining the weights of AB, BG first and 
then considering the weight of AC, the combined C.G. of 
the three rods is shown to be some point on EY which 
bisects the angle DEF. 

Thus, the combined C.G. of the system of three rods 
being a common point situated on both DX and EY, is 
their point of intersection, e.6,, the required C*0. is the 
in-centre of the triangle DEF formed by joining the middle 
points of the rods. 

IV. A uniform parallelogram lamina. . 



Let ABOD be a uniform thin plate or lamina in the 
form of a parallelogram. 

Imagine the lamina to be divided into an infinite number 
of thin strips by lines parallel to AB ot OD, and let 
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XY represent one such strip. This can be treated as 
a thin uniform rod whose G.6. is at its middle point 0, 
where its weight acts. Now, if P and Q be the mid-points 
of AB and CP, from Geometry, PQ bisects every line like 
XY parallel to AB or CP, and so the middle point of 
XY is situated on PQ. Similarly, the C.G. of every other 
strip lies on PQ. Hence, the combined C.G. of the whole 
lamina lies on PQ. 

Again, dividing the lamina into an infinite number of 
thin strips parallel to AD or PC, we can show exactly in 
a similar way that the C.G. of the whole lamina also lies on 
liS joining the mid -points of AD and PC. 

Hence, the required^ C,0. of the lamina is the common 
point of intersection O of PQ and BS joining the mid-points 
of the opposite pair of sides, and from Geometry, this is 
aUo the point of intersection of the diagonals of the parallelo- 
gram* 

Y. A uniform elliptic lamina. 



Let ACA* and PCP' be the major and minor axes of 
a thin uniform elliptic plate. 

> Divide the lam jna into an infinite number of thin strips 
by lines parallel to the major axis, and let PQ be any 
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such strip. This can be treated as a thin rod whose G.G. 
is at its middle point, which, since the ellipse is symme- 
trical about its minor axis, lies on the minor axis. Simi- 
larly, the G.G. of every strip parallel to AA' lies on the 
minor axis. Hence, the G.G. of the whole lamina lies on the 
minor axis. 

Again, by dividing the lamina into strips parallel to the 
minor axis, the G.G. of the whole lamina can be shown 
to lie on the major axis as well. 

ThuSt tlie required C.G. of the elliptic lamina, is the 
common point of both the major and minor axes, ^.s., tJie 
centre of the ellipse. 

Cor. By making the two axes equal, the ellipse 
1 educes to a circular plate, and we see exactly as before, 

that the O.Q. of a thin uniform circular plate is at its 
centre, 

VI. Bodies having an avis of symmetry. 



If a material system be symmetrical about an axis OX, 
as in Eig. (i), then corresponding to any element P on one 
side of OX, there is an equal and similar element Q situated 
symmetrically on the other side of OX, so that PQ is 
Useoted at right angles by OX. Now the. G.G. of these two 
equal elements P and Q is at the middle point of PQ 
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i.e.t lies on OX. As the whole body in this case can bo 
divided into pairs of suoh equal elements symmetrically 
situated with respect to OX, and for each pair the O.G. is 
on OX, the combined C.G. of the whole body lies on OX. 

If a body in the form of a lamina, or a material system 
in one plane, be symmetrical about two perpendicular axes, 
say XOX' and YOY* as in Eig. (ii), the O.G. of the system, 
as shown above, will lie on each of these axes, and so 
miist be the common point 0, which is also the centro 
of symmetry of the system. Similarly lor a solid body, 
if it be symmetrical about throe mutually intersecting per- 
pendicular axes, and accordingly has a centre of symmetry, 
this point is the C.G. of the body. 

TJtus generally t if a uniform body or a material system 
has a geometrical centre of symmetry^ the C.G. of the body 
or the system loill be at this centre. 

Examples of this we get in unifom circular or elliptic 
lamina given above. Among other examples we may cito 
the cases of (i) uniform square or rectangular plate, (ii) uni- 
fo)m circular or elliptic ring, (iii) uniform sphere, solid or 
hollov\ (iv) rectangular parallelepiped, (v) uniform right 
circular cylinder solid or hollotu, etc. 

In all these cases the centre of gravity is at the geo- 
metrical centre of the body, which in case (v) is the middle 
point of its axis. 

7 

VII. Unftorm triangular lamina. > ^ 

Let ABC be a uniform triangular lamina, D and E the 
middle points of the sides BO and AC respectively, and let 
AD and BE intersect at O. 

Divide the triangle into an infinite number of thin strips 
by lines parallel to BO, and let PQ be any such strip. This 
can be treated as a thin uniform rod whose O.G. is at its 
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middle point. Now if 0 be the point of intersection of PQ 
with the median AD, since POQ is parallel to BDC, 

PO AO 0Q_ 

Bb'^AD^DC 

But BD “* DC. Hence PO = OQ. Thus the mid-point of 
the strip PQ, which is its C.G., lies on AD. Similarly the 


A 



C.G. of every strip parallel to BC will lie on AD, and so 

the O.G. of the entire lamina lies on the median AD. 

Exactly in the same way, by dividing the lamina into 
thin strips parallel to CA, we can show that the C.G. of the 
entire lamina also lies on the median BE. 

Thus, the required C.O. of the triangular lamina is the 
common point of intersection of the medians, i.e„ the centroid 
of the triangle. 

From Geometry we easily see that 0 divides each of 
the medians in the ratio 2:1, i.e., it is the point of trisec- 
tion of the medians. 

Cop. The centre of gravity of a uniform trianQular 
lamina is identical with that of a7iy three equal particles 
placed at its vertices. 

For, let w, w, w be the weights of any three equal 
particles placed at the vertices A, B, C of the triangular 
lamina. Now the resultant of the equal V^eights u; at B 
and u; at C is 2w at D, the middle point of BG. Again, the 
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resulfcanfc of 2iv at D and w A acts at a point O on ADt 
where 


AG: OD^2w:w2: 1. 

Thus, the O.G. of the three particles is at G which is the 
point of trisection of a median, aiid is thus exactly the 
same as that of the uniform triangular lamina ABC, 

Note. If TT be tbe weight of the uniform triangular lamina, we 
may replace it by equal weights ITT, iW, iTT at the vertices instead of 
placing any three equal weights there, in which case not only the O.G. 
would be unaltered, but also the magnitude of the resultant weight. 

The weight of a unciform triangular lamina is therefore statically 
equivalent to that of three equal particles, each of one-third the total 
weight, placed at the vertices, 

10*6. Illustrative Examples. 

Ex. 1. A13CD is a quadrilateral whose diagonals AG, BD intersect 
at 0 . If a point be taken in BT>, such tJiat BE’^OD, show tJiat the 
C.O. of the triangle AEG is the same as that of the quadrilateral ABCD, 

C C, U, 1936 ] 



Let F be the middle point of BD, Then since BE » OD, we have 
BO^^ED, and accordingly F is the mid-point of OE as well. Let Gi 
bel the point of AF saoh that AGx " GiF^‘2 : 1. Then Gi la the O.G. 
of the triangle ABD, as well ae that of the triangle AOE, Similarly, 
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Ga being tbc point on CF such that CO^ : Q^F*^^ : 1, is the 
O.G. of the triangle CBD as well aa that of COE, Let pi and be 
the porpendionlar distances from A and C on BD, Then the weights 
of the triangles ABD and CBD, being in the ratio of their areas, are 
as ip^,BD : ipa.BL-Pi : p^. Similarly, the ratio of the weights of 
the triangles AOE ahd COE is also jh • 

Now, the whole quadrilateral ABCD is composed of the triangles 
^B£> and CBD whose weights act at and O^ and are In the ratio 
ol Pi : Pa. llencc, dividing OiOi at O suoh that OiO * OOj^p^ : p,, 
0 is the O.G. of the quadrilateral ABCD, 

Again, the triangle AEG is compose 1 of the triangles AOE and 
COB whoso weights also act at Oi and Gj and are in the ratio pi : p^. 
Hence, the O.Q. of the whole triangle AEG is exactly the same point 
Gon OiGi whore GiG : QOa^Ps 'Pit 
Henoe the result. 

Ex. 2. A triangular lamina ABC]hangs at rest, one of the angles A 
being supported at a fixed point. Find the angle which tlte hirer side 
makes with the horuon. 



D being the mid-point of the lower side BC, the O.G. of the triangle 
lies on AD, Now as the lamina hangs in equilibrium under the weight 
acting yertically downwards through G, and the reaction at the point 
of support A, these two forces must be equal and opposite, acting in 
the same straight line. Thus AQD must bo vertical. 

If d be the required inclination of BC to* the horizon, the 

LADC^^(^^-e), 
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Now BD-^DC, 


BJy^DC sin OAD ^ 

AD^AD* sin 4BD** sin ilCD* 


sin ( 00 ^ - g - B) ^ sin ( 90 °+ ^ - C)^ 
Bin B ** sin C 


ros (B-i-B) ^ooB (B — C)^ 
sin B am C 


COB d cot B-sin d=«cos d ooij C f sin 


tan ^ = i (cot B-cot C), d = tan** i (cot B — cot 0). 


Examples on Chapter X(a) 

1. Show that the G.G. of a nniform triangular lamina 
is situated at the sarnie point as that of three equal particles 
placed at the mid-points of its sides. 

2. The sides of a uniform triangular lamina are 5, 6 
and 7 inches respectively. Find the distances of its C.G. 
from the shortest and longest sides. 

3. The distances of the vertices of a uniform triangular 

lamina from a straight line in its plane are ^st ^s- Find 
the distance of its C.G. from the line. L C. U. 1947 ] 

4. Tf a particle is placed at each vertex of a triangle, 
the mass of each particle being proportional to the length 
of the opposite side, prove that the centre of mass will be 
the in-centre of the triangle. 

5. D, E, F are the mid -points of the sides BO, CA, AB 
of the triangle ABC. Masses ?ni, ms are placed at 
A, B, 0 and masses /iu fi 2 $ are placed at D, E, F. If 
the two systems have the same C.G., prove that 

6. If three men support a heavy triangular board of 
weight W at its three corners, compare the weight supported 
by each man. 

7. A given weight is placed anywhere on a heavy 
uniform triangular lamina ; show that the centre of gravity 
of the system lies within a certain triangle. [ C. U, 1927 J 
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8. Find the loous of the G.G. of a triangle whose base 
is fixed and (i) whose vertical angle is given, (ii) whose 

vertex moves on a given straight line, 

9* A uniform wire is bent into the form of a triangle. 
Show that if its G.G. coincides with that of the area of the 
triangle, the triangle is equilateral. 

10. If the G.G. of a quadrilateral lamina coincides with 

(i) that of four equal particles placed at its angular points, 

(ii) the point of intersection of the diagonals, show that 
the quadrilateral must be a parallelogram. 

It. A triangle of uniform rods of different densities has 
its G.G. at 

(i) the oircum-centre ; 

(ii) the in-centre ; 

show that in the first case, the densities are proportional to 
sec A, sec J3, sec 0, and in the second case, they are propor- 
tional to coseo®iil, cosec^iB, cosec'iO. 

12. Three rods of unequal lengths are joined together 
to form a triangle ABC, If the masses are equal, prove 
that the G.G. coincides with that of the area. If the masses 
of the sides a, b, o are proportional to 6 + c - a, c + a - h, 
a + 6 - c, prove that the G.G, is the in-centre. 

IS. A uniform wire 24 inches long is bent into the shape 
of a triangle ABO, the sides BC, CA, AB being as 3:4:5. 
Particles of weights p, q, r are placed at A, B, 0 and it is 
found that the G.G. is unchanged. Prove that 

p : q : r — 9 : 8 ; 7. 

14. A thin uniform wire is bent into the form of 
a triangle ABO and heavy particles of weights P, Q, B are 
placed at the angular points. Prove that if the centre of 
mass of the particles coincides with that of the wire, then 

6+c c+a a+6 
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15. A thin uniform wire is bent into a triangle ABC. 
Prove that its G.G. is the same as that of three weights 

placed at A, B, G reapectively, where a, b, 

c are the lengths of the sides BC, GA, AB. [ 0, U. 1946 ] 


16. A uniform wire is bent into the form of a triangle 
of sides of lengths a, b, c. Prove that the distances of the 
G.G. of the whole triangle from the sides are as 


6 + c c + a ^ CL + 
a ' b ' c 


r P. U. 1940 ] 


17. AB and AO are two uniform rods of lengths 2a and 
2b respectively. If Z,BAC = d, prove that the distance from 
A of the G.G. of the two rods is 


2a^i* cos B + b^)^ ^ 
a-^b 


[ 0. U. 1939 ] 


18. ABC is a triangular lamina ; points D, F are taken 
in PC, CA, ABt such that 

BD^GE AF 
DC EA’^FB 

Prove that the G.G. of the triangle DEF is the same as 
that of the triangle ABC. 

19. Masses proportional to 6 + c, c a, a + 6 are placed 
at the points At P, C of a triangular lamina, where a, 6, c 
are the sides of the triangle. Show that their G.G. is at 
the in-centre of the triangle joining the mid-points of the 
sides of the triangle ABC. 

20. Three heavy particles are placed at the angles At P, 
<7 of a triangle, their weights being as a : & : c. Show that 
the distance of the G.O. of the particles from A is 

2bc cos 
a + 6 + c 
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21. The in-circle of a triangle ABO touohes the sides 
BOt OA, AB in D, JEJ, F respectively. Prove that the C.G. 
of weights proportional to BC, CA, AB placed at A, B, C 
respectively coincides with the O.G, of the same weights 
placed 2 i,t Dt F respectively. 

22., 0 is any point within the triangle ABC ; another 
triangle is formed by joining the centres of gravity Gu Gai 
©3 ,of the A* JBOC. COA, AOB. Show that AG^OiOs i& 
similar to AABOt and is one-ninth of it. 

28 . Prove that the C.G. of four equal particles in any 
position is the same as that of four other equal particles, 
each of which is placed at the O.G. of the three of the 
former. 


24. A uniform triangular plate hangs from one angle 
with the base horizontal ; show that the plate is isosceles. 

25. The aides of a heavy triangle are 3, 4, 5 res- 
pectively ; if it be suspended from the in-centre, show that 
it will rest with the shortest side horizontal. 

28. Two uniform heavy rods AB, BO rigidly united at 
jB, are hung up by the end A ; show that BO will be 
horizontal if 


sin C«* V2 sin \B, 

27. A triangle ABO of uniform wire has the side OA 
removed and is hung up by the point A, Show that for 
BO to horizontal 

&*(c + 2a)-c(c + a)", 

where BO^a, 0^4 «&, AB-c. [ C. U. 1941 1 

28. A uniform wire is bent in the form of a triangle 
ABO and is suspended from A, Prove that a plumb-line 
hung from A will cut BO in the point D, such that 

BD : DO — a + 6 : a + c. 
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29. A uniform triangular lamina in the form of a right- 
angled triangle is suspended by means of a string attached 
to the right angle. Show that the inclinations of the sides, 
other than the hypotenuse, to the vertical, are equal to their 
inclinations to the hypotenuse. 

30. A triangular lamina is suspended successively from 
the angles A and B and the two positions of any side are 
found to be at right angles to each other. Prove that 

31. A triangular lamina having a right angle at C is 
suspended from the angle A, and the aide AG makes an angle 
<i with the vertical. It is then suspended from B, and the 
side BO makes an an^le /3 with the vertical. 


Show that cot a cot jS = 4. 


32. A triangular lamina ABG of weight W, obtuse-angled 
at Ci stands in a vertical plane with its side BO on a 
hori^sontal table. Show that the least weight suspended 
from A, which will overturn the triangle, is 




W 




Interpret the case when c® > 3a® +h". 


33. If O be the centre of gravity of two particles of 
masses mi and at Pi and P 2 , and 0 be any given point, 
prove that 

mi . OPi® + m2 . »mi . GPi® +m 9 . GP9® 

+ (7?ii +m2) . OG®. 

Generalise this result for n particles. [ C. U. J96G, *67 ] 


*34. A particle P is acted upon by forces towards the 
points Ai, A 2 ,... An, which are represented by AiPAi, 
X 2 PA 2 , KPAn* Show that their resultant is repre- 

sented by 

(Ai + A2 + ••• + ^n) PG, 

where G is the C.O. of the weights placed at A^, A 2 ,.*.An 
proportional to Ai, Ag,... An respectively. 
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ANSWERS 


2. I s/6 and n/6 inches. 3 . 6. Each supports 

iW. 8. (i) A circle. (ii) A straight line parallel to the given straight 
line. 


107 . Determiaatioii of centro of gravity in special 
eases (continued), 

VIll. A iinllorm trapezium lamina. 



Lei; ABGD be a uniform lamina in the form of a trape- 
zium, whose parallel sides AB and CD are of lengths 2a and 
26 respectively. 

Let h be the height of the trapezium, tv the weight per 
unit area of its surface, and let P and Q be the mid-points 
of AB and GD respectively. 

The trapezium is oomdosed of three triangles, DAPt 
OPB and PCD whose weights are clearly iahw, iahw and 
i.2bbhw respectively. 

So far as the weight of ADAP is concerned, we can 
replace it by three weights iahw each at D, P. Similarly, 
the other two triangles can be replaced by iahtv at each of 
0, P, B and ibhw at P, 0, D. 

We thus get iahw + ibhw at each of D and and 0, iahw 
at each of A and B, and {iahw + iahw + ibhw) at P. 
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The bwo equal weights at D and C give rise to a result- 
ant i!iw{a’^2b) at Q, the mid-point oi GD, Similarly, the 
two equal weights at A and B give a resultant iahw at P. 
We thus finally get a weight ihw {a + 2b) at Q and a weight 
ihw {2a + &) at P as equivalent to the weight of the given 
lamina. 

The required C.O, therefore is at a point G on PQ such 
that PG : GQ^ia+2b ) : {2a + b). 

IX. A uniform solid tetrahedron. 



Let ABOD he a uniform solid tetrahedron. Let E be 
the middle point of the edge CD, and Gi and O 2 , points 
on BE and AE, such that BO^ : : l^AO^ : O 2 E. 

Then Oi and O 2 are the centroids of the triangular faces 
BCD and AOD respectively. 

Divide the tetrahedron into infinitely thin triangular 
slices by planes parallel to the face PCD, and let PQB be 
one such slice which can be treated as a uniform triangular 
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lamina. Now, AE intersecting QB at £, since QLB is 
parallel to 02>, 

QL^AL^LB^ 

CE AE ED 


and as E is the mid-point of CD, L must bo the mid-point 
of OB. 

Again in the plane AEB, which evidently contains PL 
and AQxt 0 be the point of intersection of PL and AO^t 
since PL is parallel to BE (as planes PQB and BCD are 
parallel), 

PO AO OL . 


so that 


PL^BGx^ 2 
OL GxE 1 ‘ 


Thus, 0 is the centroid of the triangle PQB» 

Hence, the O.G. of the triangular slice PQB lies on AOx* 
Similarly, the O.G. of every slice parallel to BCD will lie on 
AOx^ Thus, the O.G. of the whole tetrahedron lies on AGi. 

Exactly in a similar way, by dividing the tetrahedron 
into thin triangular slices by planes parallel to the face 
AOD, it can be shown that the O.G. of the whole tetra- 
hedron also lies on the line BO^, 

Let AOx and BO^, which both lie in the plane AEB, 
intersect at O. Then 0 is the required O.G. of the tetra- 
hedron. 

Now, AG 2 : :1-=BGx : GxE, 

GiGa is parallel to AB, 

Thus. AG : GGx = BG : GGg « AB : GiGa 

Tlmefore the C.G, of the tetrahedron lies on the line 
joining any angular point to the centroid of the opposite 
triangular facet dividing it in the ratio 3 :‘l. 
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We may nofce ia this case that GOl = iAOf Therefore 
the distance of Q from any lace is } of the distance of the 
opposite vertex from the face. 

Cor. The C,0. of a tetrahedron is identical with that of four equal 
Tartides placed at vertices. 

The proof is Icf i. as an exorcise to the student. 

X. A uniform solid pyramid on any base. 


O 



Let 0 be the vertex, and ABODE the polygonal base 
of a uniform solid pyramid, and let Gx be the centroid of 
the base. 

By dividing the pyramid into thin similar and similarly 
situated polygonal slices by planes parAliel to the base, as 
in the previous article, it can be shown that the G.G. of the 
whole pyramid lies on OGi. 

Again, joining Gx to each of the angular points of the 
base, the whole pyramid is divided into a number of tetra- 
hedrons, for each of which the distance of O.G. from the 
base is i of the distance of the vertex 0 from the base. 
Hence, the combined G G. of the pyramid is also at the 
same distance from the base. 

Tfctts, the G.G. of the pyramid is the point Q on 00 xt 
the line joining' the vertex to the centroid of the base, at 


18 
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a distance from the base equal to i of the distance of the 
vertex from the base. 

It follows that or, OQ : : 1. 

Xf. A unitorm solid cone of any base, and a uniform solid right 
circular cone. 



The above result for the G.6. of a pyramid is true, what- 
ever be the number of sides of its polygonal base. 

By making the number of sides infinitely largo, the base 
can ultimately be made to coincide with any closed curve, 
and the pyramid reduces to a cone with any base. 

A particular and important case is that of a right circular 
cone. Thus we may state the results : 

(i) The C.O, of a uniform solid right circular cone ts 
on the axis at a height i of the height of the vertex from the 
circular base, 

(ii) The C.G. of a uniform solid cone with any closed 
base is on the line joining the vertex to the centroid of the 
base, at a height } of the height of the vertex from the base. 

Thus, OG : : 1 in either case. 

XII. A hollow right circular cone without base (formed of a thin 
uniform sheet). 

By dividing the conical surface into an infinite number 
of circular rings by planes parallel to the circular base, 
since the C.G. of each such ring is at its centre which lies 
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on the axis of the cone, the O.G. of the whole hollow cone 
lies on the axis 00\ 

Again, dividing the conical surface into an infinite 
number of triangular elements like OAB, OBO etc. with 

common vertex at 0, and infini- 
tesimal arcs of the circular 
base (which may be treated as 
practically straight) as bases, 
we note that for each such 
triangle, the C.G., being at the 
point of trisection of the median, 
is at a height i of the height of 
0 above the circular base of the 
cone, and this is the same for 
every such triangle. Hence, for 
the whole hollow cone, the height 
of the C.G. is -Jr of the height of 
0 above the base. 

TliuSf the C.O, of the hollow right circular cone without 
hase^ formed of a thin uniform sheets is on the avis 00' at 
a height i of the height of the vertex above the circular base. 

Thus, 00 : G0'-2 : 1. 

Xlll. Some other special eases.* 

We give below, without proof, the positions of the O.G. 
in some other special cases for ready reference. 




(i)^ A thin uniform circular arc. 

If a be the radius of the arc, 2a the 
angle subtended by it at the centre, 
the G.O. is on the radius bisecting the 

arCt at a distance ti^^from the centre. 


For a semi-circular arc this becomes 
^Proofs of these special cases \^’ill be given in the subsequent chapter. 
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(it) A uniform lamina in the form of a sector oi 
a circle. 



If a be the radius and 2a be the 
angle at the centre of the sector, 
the O.G. is on the radius bisecting 

the sector, at a distance §a 
from the centre. 

For a semi*circular lamina this 


becomes 


(ill) A uniform solid hemisphere. 

If a be the radius of hemisphere, 
the C.O. is on the axis of the 
hemispJiAre {i.e,, radius perpendicular 
to the plane base) at a distance 
|a from the centre, 

(Iv) A hemispherical surface 

(formed of a thin uniform sheet). 

The C.G, is on the axis at 
a distance la from the centre, 
where a is the radius. 




10*8. Analytical determination of C.G. for a system 
of material particles. 

Case I. When the particles are situated on a straight line. 

tvi W2 ys 

O G ^ 


Let fVt, W 2 , tos be the weights of a system of parti- 

cles situated on a straight line, and let their distances (with 

proper sign) be Xi, Xg, Xg, measured from any fixed 

point on the line chosen as origin. 
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Let a be the distance of their O.G., namely 0, from 0. 
Now* since the position of the G.G. is the same, however 
the straight line containing the particles be held, let us 
assume the line to be held in a horizontal position. The 
resultant of the weights of the particles which are all verti- 
cally downwards is + *"• and this acts at O. 

Hence, equating the moment of the resultant about 0 to the 
algebraic sum of the moments of the components, 

+ + + •••) X^Wj^Xx +W2X2 + + 

^1 + 14^2 +IC 9 + ••• JEW 

If mi, m 2 , ma,..* be the masses of the particles, as the 
weights are proportional to the masses, we may also write 

- Smx 
Em' 

Case IL When the particles are situated, on a plane. 



Let Wxi ^ 9 , be the weights of a system of 

particles on a plane, whose co-ordinates referred to a set of 
fixed rectangular axes on the plane are {xx% V±)% (^ 9 , 2 ^ 9)1 
ijXst l/a),*** 

Let (5, y) be the co-ordinates of their O.G., namely G. 
As the position of the G.G. on the plane is definite, how- 
ever the plane mjiy be held, let us assume the plane to be 
placed horizontally. The resultant of the weights of the 



198 


8TATI03 


parfcicles, whioh are like parallel forces, beiog all vertically 

downwards, is Ws + , and this acts at O. 

Now, equating the moment of the resultant about the 
V-axis to the algebraic sum of the moments of the 
components, 

(wi + tt;2 + Wa + •••)«” + +^3^3 + ••• 

or + ^ 2?wx 

Wl + 1(72 + *•* Sw 

Similarly, considering moments about a;-axi8, 

y^WxVx + w^V2 + WiVs + ^ l?wy 
t(7i + W7a +?r«j H JSw 


If mi, 7712,^3.... be the masses of the particles, the 
weights being proportional to the masses, we may also 
write 


X 


^mx - 


2Smy 

Sm* 


10*9. Given the weights and C.O* of two parts of 
a body, to find the C.Q. of the whole body. 



Let TTi and TTa be the weights, and Oi and O 2 the 
corresponding centres of gravity of the two parts consti- 
tuting a body. 

Join GiGa, and divide it internally at O in the inverse 
ratio of the weights acting at its extremities, so that 
G.O: Ga.-TTa : TFi. 

The resultant of the weights TTi and TFg, which are 
both vertically downwards, and are therefore like parallel 
forces, is TTi + Wa acting at O. 
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Thus, O is the point where the resultant weight of the 
whole body acts, however the body, and aooordingly the 
line Qx02 is placed. 

Thus, O is the required O.G. 

It may be mentioned that if the distances of Oi and O2 
from some chosen^ point 0 on the line (xiGe be Xi and tTg* 
then the distance xot O from 0 is given by 

*“'Tri+Tra 

Note. Whon the two parts are portions of a thin uniform sheet, 
the weights may be taken proportional to their surface areas. If they 
are parts of a uniiorm solid, the weights may be taken proportional to 
their volumes. If they are parts of a uniform thin wire, ^e weights 
may be taken proportionalio the lengths. 

10*10. Given the weight and C.G. of a whole body, 
and also those of a part of it, to find the C.G. of the 
remaining part. 



Let W be the whole weight and O the centre of gravity 
of a body, and TTi the weight and Gt the C.G. of a part 
of it. Then the weight of the remaining partis TF-TTi. 
Let its C.G. be at Gg. 

Then W acting at G being the resultant of TTi acting 
at Gi and TF-TFi acting at Gsi which are like parallel 
forces, Gi, G, Gg must be on the same straight line, O2 
being on the opposite side of G, with respect to Gi, and 

GiG: GGa*(Tr-T^J: Wi, 
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This gives the position of 0^$ the required C.G. of the 
remaining part. 


Analytically, if and x bo the distances of Oi and^G 
measured from any suitably chosen point 0 on the line 
joining them, the required distance x^ of Q 2 from 0 is 
obtained as 

t 


X 

whence, x% 


T^a!j^+ {W^W 1)^ 

Wx- TTi^i 
TT-TTi 


W^Xx + {W-W^)x^ 
W 


This result for determining x^^ giving the position of (? 2 , 
may be interpreted as follows : 


Assume W acting at G and a negative weight TTi acting 
at Gi, and use the analytical formula to find out the 

resultant C.G. 

Note. The note given below the previous artiole applies here also. 


10*11. Illustrative Examples. 

Ex, 1. The distances of the angular povnts and the point of 
intersection of the diagonals of a plane uniform quadrilateral lamina 
from any line in plane are a, (, c, d and e ; show that the distance 
of its C,G. from the same line ia 

i (a+6+c+d-f). 



The quadrilateral is made up of the two triangles ABD and CBD 
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whose weights Wi and ate proportional to their areas, and thus 
if AM and CN be perpendiculars from A and 0 on BD, 


^jAM , BD ^AM_AE ooseo 0 o— e 

iCN , BD CN^ JbsO (e— c) coseo 


[ Q being the angle made by AEG with the given line XY ] 
a— e e — c 


(i) 


Now, the weight of the triangle ABD can bo replaced by weights 
iW^i, iWi at A, B and i>, and similarly that of the triangle 
CBD by weights JIF^. iW^ at 0. B, D. 

Thus, the weight of the quadrilateral is equivalent to those of 
the particles of weights iWi, JlTT, + TT,) at 4, B, 0 

and D respectively. Thus, g the distance of the required O.Q. from the 
given lino XY is 

+(j+i).i(17, + ir,)+c.JF, 

_ 1 <j{a-a)+(6+(J)((»— «+«— c)+c(«— f) f. .v, 

~9‘ ' (a-e) + {e-c) l/rom^x)] 

^ 1 (^“c)4'(6+ji)(o“c) 

y a-c 

= 4 (o+c — e+6+d)* J (a+5+c+d— o). 


Ex. 2. A BCD is a uniform rectangular lamina in which 4B«a, 
BC = 6, ajid a > b, A triangular portion QBE is removed, where E is 
a point in AB such that BE^b. 

Show that the distance of the O.G. 
of the remainder fiom AB is 
6 (3/1-6) 

3 (2a-6) 

and find also its distance from AD, 

The whole weight W of the 
rectangle is aber, where <r is the 
surface density of the lamina, and the O.G. is at 0 whose distances 
from AB and AD are ib and ia respectively. 

Again, the weight Wx of the removed portion CBE is ib'e-, and its 
O.G. is at Gi whose distances from AB and AD are easily seen to be 
ib and (a-i&) respectively. 
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Now, aBBuming a whole weight W at 0, and a negative weight Wx 
at (?x, the distance of the required 0.0*., namely Gg, from AB is 
given by 

a}Hr ih-W<r,lhJ) (ia- hh)^h 

a6<r-i6V (a-i6) “3(aa-6) 

Also the distance of G, from AD is given by 

3a*-3o6H- b*^ 

a6<r-JbV (a-Jb) “ 8 (2a -6) 

Ex. 8. A square hole is punched out of a circular lamina^ the dia* 
gonal of the square being a radius of the circle. Show that the centre 
of gravity of the remainder is at a distance 

a _ 

8v-4 

from the ceyUre of the circle » where a is i^s diameter* 

[ Allahabad, 1945 ] 



v being the surface density of the lamina, the weight ‘of the 
whole circle is {a being its diameter), and the C.G. is at the 

centre G. 


The square portion punched out having a diagonal ^ * its side is 
and its weight is therefore aV, the O.G. being at Gi where 

0S.-5I-I*. 
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The weight of the remainder is therefore Jira’cr-iaV, and if its 
O.G. be at (?a, we get, sinoe the resultant O.G. of the two weights at 
and Gs is at G, 


la V (2t- 1).GG, « iaV.GG . 



Ex. 4. Weights e/1, 2, 3, 4, 5 and G lbs, are placed at the angular 
points of a regular hexagon of side 12 inches^ taken in order. Find the 
distance of thiir 0,0. from the centre of the hexagon. 



At B, 0, jD, Et F being the angular points of a regular hexagon 
where the weights 1, 2, 3, 4, 5, 6 lbs. are placed renpeotively ; we know 
from Geometry that the diagonals AD, BE, OF bisect each other at O, 
the centre of the hexagon, and that 0^4, OB, 00 etc., are all equal, 
each equal to the side of the hexagon » 12 inches. 

Now, wts, 1 lb. at A and 1 lb. at D are equivalent to 2 lbs. wt. at 0. 
Similarly, 2 lbs. wt. at B and 2 lbs, wt. at B are equivalent of 4 lbs. wt. 
at 0, and so also 3 lbs. wt. at 0 and 3 lbs. wt. at F are equivalent to 
6 lbs. wt. at 0. 

• 

Thus, the given system is equivalent to 12 lbs. wt. at 0, and 3 lbs. 
wt. each at D, E and F. Again, ODEF is a rhombus, and so DF and 
OE bisect each o^er at JET, and £0 3 lbs. wt. at F and 3 lbs. wt. at D 
are equivalent to 6 lbs. wt. at H, 
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Thus, ultimately, tbe given system is equivalent to 12 lbs. ivt. at 0, 
6 lbs. wt. at n and 3 lbs. vrt. at E, and so the combined O.G. of the 
system is on the Hue OE at a distance S from 0, \vhero remembering 
that 0E^12 inches and OH- 6 inches, 


12x0+6x6+3x12 72 

12+6+8 "21“ 


3 

7 


inches. 


Ez. 5. A yxle of $iz rupees rests on a horisontal table and each 
rupee projects the same d%$tance beyond one below %L Findt he greatest 
possible horisontal distance between the centres of highest and lowest 
rupees, [ P. u. 1937 ] 


c 





r 




Let r be the radius of a rupee, W its weight, and let x be the 
distance which each rupee projects beyond the one below it. Then 
referred to the centre of the lowest rupee as origin, the horizontal 
distances of the centres of the successive rupees above it are respectively 
X, 2xt 3x, 4x and 6x, Thus, the horizontal distance from 0 of the 
combined O.G. of the five rupees above the lowest is 

- Wx’hW,2T+W,3x-hW,4x+W‘,5x q 
- 3 * 

and in order that this system may be balanced by the reaction of the 
lowest rupee, the combined C.G. of the upper five rupees must be 
vertically above the surface of the lowest, not going beyond it. For 
this, the conditiom is 

Sx>r, or, ®>Jr. 

Hence, the greatest possible horizontal distance between the centres 
of the highest and, lowest rupees ib the greatest value of 5x namely fr. 

It may be noted that this condition also ensures that the combined 
O.G. of any lesser number of rupees from the top will remain verti- 
cally over the surface of the next lower rupee, and there is no chance 
of overturning at any place. 
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Examples on Chapter X(b) 

1. Particles whose masses are 1 lb., 2 lbs., 3 Ibs.i 4 lbs., 
and 5 lbs. are placed at the points (4, 0), (3, 4), (*5, 4), 
(0, - 5) and ( - 6, 0) respectively. Find the co-ordinates of 
their C.G. 


2. Find the C.G. of a uniform square plate ABCD of 
weight 10 lbs. together with weights of 20, 30, 40, 50 lbs. 
placed at itj four corners -4, B, C, D respectively. 

[ C. U. 1946 ] 


3. If masses proportional to 1, 5, 3, 4, 2 and 6 are 
placed at the vertices of a regular hexagon, taken in order, 
show that the centre of mass is at the centre of the hexagon. 

4. Find the 0.6. of particles of weights 2, 5, 7, 1, 6 and 
11 lbs. placed successively at the angular points A, B, Ct I), 
B, F of a regular hexagon. 

5. Find the G.M. of seven equal particles placed at the 
angular points of a regular octagon. 


6. At each of »-l of the angular points of a regular 
polygon of n sides, equal particles are placed. Show that 
the distance of the C.G. from the circum- centre of the 

polygon is — - * where r is the ciroum-radius. 
w — 1 


7. Find the G.M. of three equal rods each of length 2a 
forming the consecutive sides of a square. 

8. Find the C.M. of the perimeter of a quadrilateral 
two of whose sides of lengths 6 inches and 14 inches are 
parallel to one another, while the other sides are each 
8 inches long. 

9. Having given the positions of the particles A^ B, C 
and the positions of the C.G.’s of B, 0 and C, Ay find the 
C.G. of A, B. 

10. Show that the C.G. of a quadrilateral is the same 
as that of four particles of equal weights placed at the four 
corners, together with a fifth particle of equal but negative 
weight placed at the intersection of the diagonals. 



206 


STATICS 


[Ex.X(b) 


11. ABOD is a quadrilateral lamina ^bose diagonals 
intersect B,\i L[ M and N are points on the diagonals AC 
and BD respectively such that AM^OL and BN^DL, 
Show that the C.GL of the quadrilateral ABGD coincides 
with that of the triangle LMN. 

12. . Prove that the G.G. of a uniform triangular lamina 
of mass M, bordered with a thin uniform rim of mass m, 
and loaded with a particle of mass im at the in-centre, is at 
the centroid of the triangle. 

13. A uniform rod, 18 inches long, is bent so that the 
two parts 8 and 10 inches long respectively are at right 
angles to one another. Find the distance between the O.M. 
of the new shape and the original. 

> 

14. A square ABCD is divided into four equal triangles 
by its diagonals which intersect at 0 ; if the triangle OAB 
be removed I find Oi the centroid of the romaining portion 
on the square. 

15. The sides of a parallelogram ABCD are bisected at 
D, Er, H and the points of bisection of the opposite sides 
are joined. If these linos meet at 0, and if the small 
parallelogram ADOH be removed, find the O.G. of the 
remainder. 


16. Dt Er, F are the mid-points of the sides BC, CA, 
AB of a triangle ABC. If the triangle DBF is removed, 
show that the G.G. of the remainder will coincide with that 
of the whole triangle. 

17. O is the G.G. of the triangle ABO. If the triangle 
OBC be removed, find the distance of the G.G. of the 
remainder from A. 

18. From a uniform triangular lamina ABO, a portion 
PBC is removed. Find the position of P so that it may be 
the centre of gravity of the remainder. 

19. In the triangle ABC, O is the point of intersection 
of the medians AD, BE, CF. If the portion AFOE is 
removed, show that the G.G. of the remainder is on DO at 
a distance ^^DO from D. 
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20. The middle points of two adjacent sides of a uniform 
triangular lamina are joined and the lamina is cut in two 
along the joining line. Find the O.G. of the larger portion. 

[ 0. U. 1942 ] 


21. ABCD is a trapezium in which AB and CD are 
parallel and of lengths a and b respectively. Prove that 
the distance of the O.G. of ABCD from the side AB is 


/a a + 

3 a + b 

h being the height of the trapezium. [ 6\ U, 1944 ] 


22. From a triangle ABC, a portion ADE, where DE is 
parallel to BC, is removed. If a and b be the distances of A 
from BG and DE respectively, show that the distance of 
the O.G. of the remainder from BG is 


23. If equal triangles bo cut from the corners of a given 
triangle by lines drawn parallel to the corresponding opposite 
sides, the C.G. of the remainder will coincide with that of 
the triangle. 


24. If from a triangle ABC, three equal triangles ABQ, 
BPB, CQP be cut off, the G.G.’s of the triangles ABC and 
PQB will be coincident. 

25. 0 is the C.G. of a uniform quadrilateral plate, is 
the O.G. of four equal particles placed at its corners, and 0 
is the intersection of its diagonals. Prove that 0, O, O' are 
oollinear, and OG'-SGG'. 


26. A lamina in the form of a regular hexagon ABODEF 
has its centre at 0. If the triangular portion CAB be removed, 
find the C.M. of the remainder. 


27. A square ABCD is divided into two parts by joining 
A to E, the mid-point of BC, Prove that the line joining 
the O.G. of the .triangle ABE to that of the quadrilateral 
A DOE is perpendicular to AE, 
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28. From a thin uniform triangular board ABC, the 
portion constituting the inscribed circle is removed. Prove 
that the distance of the G.6. of the remainder from the 
side a is 

Sas 

A being the area, and s the semi- perimeter of the board. 

29. From a uniform circular disc of radius r, is cut 
out a circle which passes through the centre and whose 
diameter is Jr. Find the C.G. of the remainder. 

[ C. U. 1940 ] 

80. (i) In a uniform circular disc of radius B, a circular 
hole of radius r is punched out, the distance between the 
two centres being c, where r + c < i?. Show that the O.G. 
of the remainder is at a distance 



from the centre of the disc. 

*(ii) If any portion of volume (v) of a body or a system 
of bodies (of total valume V) be displaced to another posi- 
tion, prove that the displacement GG' of the centre of 
gravity of the whole is parallel to the displacement of 
the centre of gravity of the portion and its amount is 
given by 


aa'-^gg'. [o.H.mo] 

81. A square is described externally on a side of an equi- 
lateral triangle. Find the G.G. of the area of the combined 
figure. 

32. A thin uniform wire is bent into two coplanar 
circular rings of radii r, r^ touching each other externally. 
Find the distance of its centre of gravity from the point of 
contact. [ G. U, 1946 ] 
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33. A piece of uniform wire is bent into three sides of 
a square ABGD of which the side AD is wanting. Show 
that if it be hung up by the two points A and B success- 
ively, the angle between the two positions of BC is tan^'^lS. 

34. AB, BO, CD are three equal thin uniform rods firmly 
jointed at B and C, the angles ABC and BCD being each 
120^. The system is suspended from the point A, Show 
that CD is horizontal. 

35. The centre of gravity of a hollow right circular 
cone closed by a base, made of a thin uniform sheet, is the 
same as if the cone was solid. Prove that its vertical angle 
is 2 sin'^ i. 

36. A uniform solid right circular cone whose height 
is double of the diameter of the base, is hung up from a 
point on the rim of the base. Show that its axis makes an 
angle of 45** with the vertical. 

37. A buoy is formed of a uniform thin sheet of metal 
in the form of a hollow cone stonding on a hollow hemi- 
sphere with a common base. Find the vertical angle of the 
cone, so that the combined G.G. may be at the centre of 
the hemisphere. 

What would be the corresponding result if the cone and 
the hemisphere were both solid ? 

38. A solid right circular cylinder is attached to a solid 
hemisphere of equal base. Find the ratio of the height of 
the cylinder to the radius of the base so that the combined 
C.G. may be at the centre of the base. 

39. From a solid right circular' cylinder, a solid right 
circular cone on the same base is scooped out. Find the 
ratio of the height of the cone to that of the cylinder if the 
C.G. of the remainder is at*the vertex of the cone. 

40. From a uniform right circular cone whose vertical 
angle is 60'’, the greatest possible sphere is scooped out. 
Find the ratio in which the C.G. of the remainder divides 
the axis of the cbne. 


14 
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[ Ex. X(b) 


*41. A frustum of a coue is formed by cutting off the 
upper portion of a solid right circular cone by plane parallel 
to the base. The radii of the parallel circular sections being 
B and r, and h the height of the frustum, show that the 
height of the 0.6. of the frustum from the base is 

h B® + 2J?r + 3r® 

*42, A pack of cards is laid on a table, and each card 
projects in the direction of the length of the pack beyond 
the one below it ; if each projects as far as possible, show 
that the distances between the extremities of successive 
cards from the top will form a harmonical progression. 

*43. A thin hemispherical bowl of weight W contains 
a weight W* of water and rests on a rough inclined plane 
of inclination a to the horizon. Show that the plane of the 
top of the bowl makes an angle </» with the horizontal 
given by 

W sin <l> **= 2{W + TFO sin a. [ 0. H, 1955 } 
ANSWERS 


1 . - 2 , 0 . 

2. The O.G. divides the line joining the middle points of AB and 
CD in the ratio 19 : 11. 

4. On OF, dividing it in the ratio 5 : 27, where 0 is the centre of 
the hexagon. 

5. If ^ be the unoocupied angular point, and 0 the centre, the 
required C G. is in ilO produced at a distance ^AO from 0. 

7. At a distance ia from the centre of the square, on the line from 
the centre perpendicular to the middle rod. 

8. In the lino joining the middle points of the parallel sides, 
dividing it in the ratio 11 . 7. 

9. Gi and 0^ being the G.G.’s of B, C and C, A, if AOi and BO^ 
intersect at O, the required O.G, of B is at the point of Intersection 
of AB and CC. 
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13. -V* n/ 2 inches. 

14. OO^^iOEt whore OOE is perpendicular to CD. 

15. On OC at a distance iOC from 0. 17. lAO. 

18. P is tbo middle point of the median AD. 

20. The C 0-. divides the line joining the middle points of the parallel 
sides in tho ratio 4 : 5, being nearer the bate. 

26. On tho poipondicnUr ON from 0 on DEt at a distance 02^ 
from 0. 

29. At a (liotanco frm the centre of the disc on the line joining 
tho centre of the disc to that of tho hole, produced backwards. 

6+ 6\y3 

81. At a distance a from the vortex of the trianglei on the 

lino from the vertex to the centre of the square, where a is the side of 
the triangle. 

32. r-r'. 37. 2 coa*' ( I 60*. 

38. 1 . ^/2. 39. (2- »/2) : 1. 


40. 49 : 11. 
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10*12. Introdaction. 


(i) We have seen in Arfc. 10*8 [Case (I)] that if there be 

a system of particles of masses mi, mai mn lying on 

a straight line at points whose distances from a fixed point 

on the straight line are ari, iCn, then ar, the distance 

of their centre of gravity (C.G.) or centre of mass (O.M.) 
is given by 


- ymx 


••• ( 1 ) 


(ii) We have further seen in Art. 10*8 [Case (II)] that if 
the system of particles, lying in a plane, be situated at the 
points whose co-ordinates referred to fixed rectangular jaxes 

on the plane are (aii, ?/j), (ora, ya)i («Pn, Vn\ then (», y), 

the co-ordinates of their C.G. are given by 


- ^Jm® 

Jp as I 


- X my 


... ( 2 ) 


where ^mx stands for mxXx + ma ®2 + " ’ ’ + mnXn- 


If, instead of the masses being situated at isolated points 
as above, there is a continuous distribution of mass in 
a rigid body, then we can find the pasitions of C.G. for 
different entities \viz, rod, arc of a curve, plane area, volume 
and surface area of a solid etc.] by the above principle with 
the help of integration as illustrated in the following articles. 


Now, relations (1) and (2) can be written as 


~ ]SX(hn 
Sdm 


•• (10 


- Scrdm - 2y3m 

2dm ^ 2am 


and 


... ( 2 ') 
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where d7n is the element of mass at any point P, and these 
can be written in the notation of Integral Calculus as 


and 


- fx dm 
^ fdm 

- Jx dm 
* Jdm 


dm 
^ idm 



where integrations extend throughout the whole of the mass 
of the required portion of the body. 


10*13. Important Definite Integrals. 

The following results of definite integrals will he const- 
antly required in the evalution of integrals obtained in 
connection with the determination of C.G. of the different 
kinds of entities. 



sin V dx 



cos^a* dx {n being a positive integer) 


l H-3n — 6 3^ l ;i 

11 4 22 

^ n - In - 3 n — 5 ^ — .1 

n n~2 7i-4 63 * 


according as 7i is eve7i or odd. 



sin^^j: cos^’a; dx (m and n bemg positive integers). 


If one of the indices be odd, say ?n is odd, then put 
z « cos X and then express powers of sin x in terms of cos x 
i,e,t z. It would then be expressed as the algebraic sum of 
several integrals each easily integrable. If n be odd, then 
put z - sin cr. 

If both m an^ n he even integers, first express either cos x 
in terms of sin x or vice versa and then it would reduce to 
several different integrals of the type (A). 
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(0) Those who are familiar witih *Beta and Gamma 
funotioDS may use the following formula : 




. I mT(5) 

. ' T/iVai ' 


mi 


where r(i)“ Jn, and r(w + l)==nr(n), whether n is integer 
or fraction. Here m and 9i are positive. 


10-14. C.O. of a thin rod. 

(i) When the rod is imtform. 


Let OA be a rod of 
length a and let us take 
OAX as the fit-axis. 


Let P, Q be two neighbouring points on the rod at 
distances fit and sc + 5® from 0, so that PQ-=dx. Let p be 
the density and a be the uniform cross-section of the rod. 
Then the element of mass dm at P“*a.(5®p, where o and p 
are constants. 


Let X be the distance of its G.G. from 0. Then taking 
moment about 0, we have 

XnSadx p-^a dX p.®, 

f.e., x:Sdx-Sx dx (on dividing both sides by the cons- 
tants a, p ). 



The limits of integration are taken as such, since for the 
whole rod x varies from 0 to a. i 

Thust the O.G. of a uniform thin rod is at its mid-poinU 



CENTRE OF OBAVITF 


216 


(ii) When the rod is of variable density. 

Suppose the density p at the point P be a known func- 
tion of its distance from one end, say 0. Then p 

Here proceeding as above, the element of mass d^n at 
P = a Sx.p * a 


i.e., 


xEadxfix) Sa3xf{x).x, 

xEf{x) dx = 22xf{x) 6Xt dividing by the constant o. 


xjisc) dx 



/W 
0 ^ 


dx 


(2) 


Substituting the known ^lue of f{x) in any case, and 
integrating, the final value of x is obtained. 


For example, if the density at any point of the rod varies 
as the distance from the extremity 0, then j{x) = ko?, where 
K is & constant, and therefore 



Note. If a be tbe cross section of a rod at a point P on it and 
f bo the density there, then ap (t.e., mass per unit length) is called the 
Itne-denstty of tho rod at P. By the slnglo word ^density’ is usually 
meant volume-density i.s., mass per unit volume. 

If in the case (ii) it is given that the line-density \ at any point P 
vanes at its distance from 0, then dm (the element of mass)* at P 
would be X dx. Now we can proceed as in (3). 


*Strict1y speaking, dm («= element of mass in length PQ) lies 
between \idx and X,da; when X^ and X, are the greatest and least 
values of X in PQ. Since we assume X is continuous and since dx^O, 
dtn -^\dx; thus with sudiciont accuracy tot out purpose, we can write 
5m =X dx. 

Similarly, strictly speaking, the distance of G M. of FQ from O 
lies between x and x-^dx and henoo is equal to x-hO.dxt where 0 < d < 1 
which however tends to x as dx-^0. Hence, with sufficient accuracy 
for our purpose we take the distance of the O.M. of mass dm from 0 
as X, 

In the following articles, the above principle would be followed 
in considering the element of mass and the distance of its O.XI, from 
a point or a straight line. 
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10*15. C.G. of an arc. 

Let {x, y) be the co-ordinates of any point P on the arc 
ABt and p be the density at P. Let a be the length of the 



arc CP measured from a fixed point C on the arc. Then 
ds « elementary arc PQ at P. and hence 

p.ds « element of mass at P ( ■= dm). 

Let ( 5 , y) be the co-ordinates of the C.G. of the arc AB, 


Tfien, as in (4) of Art. 10*12, we have 
%m ip ds 

the limits of integration extending from A to B, 
When p is constant, the formula (1) becomes 


- fa? dm 
® Jdn 


dm^ipy ds^ 
^ Jdm jpds 




JdT 


( 1 ) 


( 2 ) 


The formulflo (l) and (2) are fundamental formulso for 
the determination of the C.G. of an arc and this can be 
easily transformed when the equation of the curve is given 
in Cartesian co-ordinates (general or parametric), or in 
polar co-ordinates. 
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Note 1. In the application of the above integrals the following 
resulta should be noted. When the equation of the curve is 

(i) »=/W. + 

(ii) *-/(»), + 

(ia) ^ = = 

(iv) /(r, ») = 0. 

and x-r cos j/Vf= r sin B, 

Note 2. The G.O. in such cases is generally noi on tho arc AB. 
10*16. Illustrative Examples. 

Ex. 1. F%nd the C.G. of an arc of a quadrant of the circle 
x^-^y^ — a* %n the positive quadrant^ p being constant* 



Let (s, y) be the co-ordinates of tho O.G. of the arc AB* 
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To evaluate the indefinite integral in the numerator put 
( we oan also put x* or x=n sin B ). a dz^ -x dx. 



Ex. 2. Find the centre of uia^s Ot of a circular ai c of radius a, 
subtending an angle 2a radians at the centre. 



Let 0 be the centre of the circular 
arc AB and let /^AOB^Za, Let 
JIf bo the mid'point of the are AB. 
Join Oil/, and produce it to Xand 
take 0 as origin and OX as x-axis. 
Now. LAOM=^/^BOM--a. Thus, 
from symmetry 0 is on OMX. 
Let OA^^OB^a and 00 «i. Lot 
Z.XOP=a. 


For a circle we know r = a, s^aB. .*• ^s—abO, For A and B, 
^ - a and a. 


_\»ds \ aoose^de [Bine] 

Cor. 1, For semi^circvlar aic 



Cor, 2. For an arc of a quadrant 
of circle, a=iir. 

If the two bounding diameters 
Oi, OB of the quadrant be taken as 



x-axis and ^-axia respectively, then 
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y)t oo-ordlnatds of the O.G. with reference to these two as axes 
are OQ oos iir, and 00 sin Jir, 

i.0n [ See Ex. 1 above ] 

IT 

Ex. 3. F%nd the C.Q. of an aic of a uoadrani of the astroid 
x = a cos®0, y^a sin*0 in the first quadrant. 

For the point jy*0, /. 0*0. 

For the point !/= a, 0«iir. 



cos^0 sin 0 J0 


(2) 


Hero, ^ cob ^ d4>. 

IjGt (5, y) bo the co-ordinates of tho O.G. of the arc AB 

. - S X J 1/ d9 /^v 

!d.' /ds- 

^ rt cos’03a &in 0 cos 0d0*3a 

S i 3 

ds { putting s = cos 0 ) * ^ 

. r i»r r ?^7r 

JJ{j«\o 3a sin 0 cos 0f70*3a 1 ^ sin 0 cos 0 a0 

(putting s«8in0)=*^^- ••• (3) 

S ^JT 

* a Bin*0 3a sin 0 cos 0 d0 

S 3^ir 

^ ^ 8in'^0 coa 0 d0 
■>3fl* J J 8* de ( putting s«sin 0 } 


3a* 
“ 6 


W 
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V«m (1). (2). (3), (4). 


- 8a*/5 2a 

*^"Sa/2 s' 


Ex. 4. Find the position of the C»0» of the arc of a semi-cardioide^ 
Let the equatioa of tbo oardioide be r«a (1 + coa 0), 


Henoc, 



Now, + 

~ (1 + 003 fl)^+a‘'* d$^2a cos 

and r •= a(l + oos 0) * 9a cos® i0. 

Let (5, y) ho the co-ordinates of the O.G. of the arc APBO, Then 


- fxd^ - fp ds 

fir 

r»r 


r cos d . 2a cos d8 
* J ^ a(l+cos 0) cos 0 . 2a cos d0 
« 2a* ^ Q 2 cos* i0 (2 cos* - 1) d0 



= 4a® . 2 J ^ cofl*0 (2 cos*0 - 1) d4» (on putting 0 * 2tp} 

■=8a**^2 cO3®^d0 — 

•«8a* .[2.J.5-i] [ See § 10' 13 above ] 

*-Va*. 


^ ds«> 2a ^ ^COB iO d0 » 4a. 


... ( 2 ) 
... (3) 
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Again, J ?y ^ ^ r sin 0 . 2n cos id dO 

a Jq fl(l +COS 0) . 2 sin id oos id , 2tt oos id d9 
-8a* cos* id sin id dB. 

Patting 2 = cos Jd, — h sin Jd Jd, aiiJ 'vlu'n d-O ami ir, ar«l 
anJ 0. 


j „ds-lGa-^ \l dz^lCa^ aV 


(t) 


From (i), (a), (J), W), H- 


La 




10*17, C.Q. of a piano area. 

Case L Cartesian, 

Suppose the area is bounded by the curve y’^fix), the 
axis of X and the ordinates x-x±t x^Xq, 

Let (x, v\ {x -^6x, j/ + dy) 
be the co-ordinates of P and 
a neighbouring point Q on 
the curve. Divide the whole 
area into elementary strips 
like PMNQ, by drawing lines 
parallel to the i/-axis. The 
area of the strip ulti- 

mately. since dx is very small. 

Let the area be homogeneous 
and let p be the surface density of the strip PMNQ. 
Then dm, the element of mass of the strip PMNQ^ydx.p 
and the G.6. of the strip PMNQ is ultimately at the point 
{x, iy) (with sufficient accuracy for our purpose). Let (i. y) 




AF 


0 kmOi S 
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be the C.G. of the area AKLB. Then taking momenta 
about OY and OX respectively we have. 

6x,(r, y^^PV Sx^^Spy dx.iy. 

Cancelling out the constant p from both sides we get in 
the limit 




( Xu fxa ^ 

xy dx \ y® dx 

«1 « = 1 -s' . 


( “y dx 
Jxi 


t 


y dx 


where y has to he expressed in terms of £ from the eQU&tion 
of the curve. 


Note. Tho surface-denHfy p at any point of an arca=(rX whcro 
ffs*the volumfl-density and X*=tb6 thickness at the point. 


Case IT, Polar, 


Let the area AOB be bounded by the curve r-*/(6) and 

the radii vectors OAt OB (d^a 
and 0“/3) so that dLXOA-a^ 
^XOB^p. 

Let 0 be the origin, OX, 
the initial line and OY tho 
y-axis. 



Let the whole area divi- 
ded into elementary triangular 
strips like OPQ by radii vectors drawn from 0. Let the 
CO' ordinates of P, Q be (r, 0), (r + dr, 6 + d0). Then Z.POQ 
*d0. 


Now. area of the strip OPQ-ir“dO ultimately, since dB is 
very small. Then the C.G. of the strip OPQ is a point 0± 
in OPQ, whose co-ordinates are ultimately {ir cos 0, ir sin 0) 
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(with sufficient degree of accuracy for our purpose). Let p be 
the surface-density of the strip. Then elementary mass 
of the strip OPQ is 66. p, situated at Gi. Let (5, y) be 

the co-ordinates of the C.G. of the area AOB. 


Therefore, taking moments about t/-axis and ir-axis 
respectively, we have 

Jr** ir® p h' cos 6.66, 

p 66 = ^ir^p.^r sin 6.66. 


Cancelling out frdm both ^ides ^p, since p is constant, 
we have finally in the limit 





cos 6 d6 

1 

r® de 



r® sin 6 d6 
r*d© 


where r ""/(s) from the equation to the bounding curve. 


10*18. Illustrative Examples. 

Ex. 1. Find the C.Q. of the homogeneous area hounded by the 
parabola = the x-axis and the ordinate x^^h. 

Heie, y^^Jaxt and p is constant. 
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bo the O.G. of the area AKN", bounded by the ordinate 
KN, where AN^h» , 

xp dx ac.2 tJaxdx ^ dx g/*’ g 

^ ^ydx 2 s/oir dx dx ® 1^ ^ 

\q ^ jo 3 

y “» J •Th i n. d integration ) 

IJo JO 

Ex. 2. Find the C.O. of the homogeneous area bounded by the 
^yarabola y*"^iax and the double ordinate x^h, 

Lot (si y) ^ the co ordinatoa of a point P on the parabola. Dividin|; 
the whole area into oloraentary strips by drawing lines parallel to the 



doable ordinate KM, area of the elementary strip PP'Q'<3“2p 5x, 
and the co-ordinates of its O.G. are (x, 0), since from symmetry the 
O.G. lies on the s-axis. The elementary mass of the strip— 2pAx.p» 
p being the surface-density of the strip. 


Let (xi 5 ) be the co-ordinates of the C.G, Then taking nfoment 
about AYf we have 

\^2ydx,p.x \^xydx g 
5_10. _ _ .. „;o » u a. in Ex. 1. 


i 


2ydx,p \q ^ 

^■eO ( from symmetry ), 

•*. the G.G. of the area lies on the stasis at a distance |h from 
the vertex. 
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Ex, 8. Find the C*0, of a uniform rectangular lamina (area)t [By 
bhe mebliod of Oalculus ]. 

Let ABCD be a rectaugular lamina of which the sides AB, AD are 
b and a respectively. 



Ldt us take AD aiyd AB as axes of x and 9/. 

Lot the area be divided into elementary strips by lines drawn 
parallel to AB and lot P bo (a;, y) and PQH8 be an elementary 
strip whoso area is b.Sx and if p bo the surface-density, the elementary 
mass-& 9jr.p. Co-ordinates of the G.G. of the area PQRS are (a;, ib) 
ultimately. 

Let ( 0 , Jf) be the co-ordinates of the 0. G. of the given area. Then 
taking moment about y-nxlaf 


0 . 26 dx p»26 Sor.p.a;. 



Similarly, taking moment about ar-axis, 
y.Sb dx.p^^Zb Sx.p.ib, 



the O.G, of 'the rectangle is (ia, ib), i,e., at the middle point 
of the Une joining the mid-points of AB, CD. 


16 
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Ex, 4 . Find the C,Q, of the part of the four^cusped hypocycloid 



1 lying in the positive guadrant. 



The part of tho hypocyoloid lying in the positive quadrant is BOAB, 
where OA^ai OB«6. 

The parametrio representation of the curve is x«a cos'9» ?/»& sin'^. 
I^et (S, he the co-ordinates of the G.G*. of area BOAS, 


xydx 


s;» 


• dx 

— • 

dx 


( 1 ) 


Patting x^a cos’9, pa 6 sin*6, dz^ -3a cos*9 sin $ d$ 
when **0, 6“ Jit and when a^a, 0aO, 


I.-j“at»«?»-3a’6j*''8in*« cos‘9i« 


fiTT 

a 3a*6 \ ^ 8in^6 cos^ 0, cos $ dO. 

Put easing, 

dsacoa 0 d0 ; 

when ^aO, 

1 aaO, 1. 

l-i = 3a’6^ 

-*•)•<** 

-8a*5| 



-8a'6 (i-»+*)-T8,a*i.. 


( 2 ) 
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m 


f§*r 

Jo ^ 


noos'd sin^e d9 


*»3a6 


-Sail 

-3ab 


j (l-8in®d) flin^^ dO 

^ silled 8in®d dd'j 

rS 1 T _ 5 8 1 vl Birah 
L4*2'2 6‘4‘2‘2j“a2’ 


J, « J * T/* da; “ Bah* J cos’ B. sin'^^ dS 
-3a6’ JJ"" (l-'fiin’^) sin’d d0 
= Bab* [ sin’^ dd"^ 


--Bah* r?.J.3-S4.f5]“=TVsfl6®. 



106 


a’6x 


32 

Birah 


256 

815ir** 


1 

2 I, 


1 16 
2 'l05 


a6*x 




256 

315jr 


, ® aa ^ ^ 256 ^ 
A b 315ir 


( 3 ) 


Ex. 5. Find the C.G, of the uniform area in the form of the loop 
of the curve x*+xy* - 2®’ + By* = 0. 


The curve can be written as y* (2+®)=»»* (2-®), 

. 2-® . . /^®. 

2+» 




U) 


Thus, the curve is symmetrical with resprct to the ®*axis, there 
is an asymptote ®+2«0 and there is a loop OPACO in 0 ^ ® ^ 2. 

Divide the loop into elementary strips by lines parallel to the 
p-axis. The area V)f an elementary strip at P»2y dx and if p be the 
surface-density of the area (supposed homogeneous), the elementary 
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mass ■■ 2y ^ 0 ? . p and the co-ordinates of the O.G. of the area are {Xt 0) 
Binoe from symmetry, O.Q. lies on the (c-axls. Let (5, y) be the 



co-ordinates of the 0.0. of the loop. Then taking moment about 
{/-axis, we have 

0.22t/ 50peS2p dx p.s. 


Oancelling out the constant common factor 2p from both sides 
and noting that x varies from 0 to 2, to include the entire loop, wo 
have 




( 2 ) 


Writing 


from the equation of the curve (1), 

▼ 2 +* 


Nmnetator- j J J ^rr*.*^* 

f 2 0* ^ 

“jO ^/2•-®*'’3o ^/2»-«•’ 


Pat a 9»2 sin $. dx">2 oos 9 d9 ; when 0 »O, d«>0, and when 

*- 2 , 
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NumeratiOc>2* sin*® (Jtf-2* j gin*9 d$ 

=2*.|-2M-2ir-i*4=3(3»-8) (8) 

C2 dx _f2 X* 

“Jo Jo 

“8’ sin 9 d9-V sin'ff d9, 

( patting a; » 2 sin 0 as above ) 

\ 

-2M-2>'=1-t. . (4) 

.', from (2), (3) and (4), 

- 2 Sr-fl 

®” 3‘ 4-ir' 

From symmetry, tho O.G. lies oa the a;-axis OAX. 35*»0. 


Ex. 0. Find tlie 0 Q. of a nntfonn sector of a citcle. 


Let 0AM B bo a sector of a (ircle 
^ith 0 as centro and let A.AOB=^2a 
and 0-4 = OJ5 = radius of the tirclc«o. 
Let OAT bisect fLAOB, 


Taking OAf as x axis, lot (s, y) 
be tho CO ordinates of the C.G. of 
the sector. From symmetry, O lies 
on OX and hence 


a 

3 


S!; 

r:: 


r* cos e d$ 
7^de 


2 

3 




a* cos 
de 




2 sin a 

b^-T* 


[ *.* here t^a ] 
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2 sin a 

Hence G, tho 0 G. is situated on OAf, where 00 " 3 ” o’ * 

Cor. 1. For a uniform aemi-dreular lamina, a« Jir. /. 00 “St 

Cor/ 2. For a complete wiiform circular lamina, aeir. OG«0, 
Hence, tho G.G. of a circular lamina is at the centre of the circle. 

Ex. 7. Find (he C.O, of the area hownded by two semi^circles of 
radii a and h and their common diameter. 

Let U3 divide the area into elementary strips by drawing radii 
vectors like OPiQi and 0P^Q% from 0 to tho two semi circles, 0 being 



their common centre, and A.PxOX^A.QiOX’^B, fLP^OPx^ A.Q^0(ix 
*=53. Lot a > h. Let the line through O perpendicular to the bound- 
ing diameter be taken as the s-axis and the bounding diameter as 
the jy-axis. 

Then, the Momentary area 

PiQiQ^Pi^aroB, 00,0, -area OPiP, 

■* Ja* 53-46* 53-4(0* -ft*) ««• 

i 

Let p be the surface-density of the elementary area ; then mass of 
the elementary area - p.4(o* -6*) d3. 
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Let (i, y) be the co-ordinates of the C.Q. of the \ 7 h 0 le area. Then 
taking moment about the ^aosis, 


i^PiQiQ^F^ i.e.. S2i(a"-6*)«^«2Ja*5a.a;i-Si6*ad.aea, 
where Xit are the distances of the O.G.’s of the ultimate triangular 
areas OQiQ^ and OPiP^ from the y-azis, is., 


Xi*^ia cos d, X3»3& cob d. 


X 


cos cos $ 


• or, ultimately 


- 3 **** 2 (tt^- 6 *).a i a^+ab+b* 

*’ ® (a\-b^)de “ ^ ”8’^' ■ a+6 ' 

3 "iff 


( For the points Ai, A^, d* - Jr and for the points Bi, B^* d* Jir. ) 

From symmetry, C.G. would lie on OX, 5=0. 

Note. Putting 5*»0 in the above result we can easily verify 
that if G be the O.G. of a aemi-circular lamina of radius a, then 

S-OG=^. 


Ez. 8. Find (he C.O» of a uniform segment of a circle 

Let AOB bo a sector of a circle of 
radius a bounded by the radii vectors 
OA, OB, where Z_-dOi3*2a. Ijet OC be 
the bisector of the angle AOB, We take 
OC as the azis of x. 

From symmetry, the O.G. of the 
segment ACBMA lies on OX, If GiS 
(Xxt Pi) sector, then 

we have 

* 1 « Pi-0. ( See JBfS. 6 above ) 

Also if Pfl) he the O.G. of the triangle AOBt then 

• S6a=|a cosa, 
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(«( id be the O.G. of the segment ACBMJ, Then by Art. 10*10 
of the book. 


9 2 Bin a .2 

fl «• Q a a cos a. a sin a- ^ a cos a 

o a o 

a'a— sin a COS a 

2 sin a~Mn o cos*o^ 2 Bin*a 

8 ^ a —sin a cos a * 8 ®a— sin a cos a 


Ex. 0. Find the 0.0» of the area of the cardioide rBa(l+oos 8). 

_ Let (5, y) be the co-ordinates of 

^ the O.G. of the oardioide. 

e The centroid evidently lies on 

the axis of symmetry vis,, the x-axis. 

••• 5“0. 

A X Since the two halves of the 

cardioide are equal and symmetrical, 
the abscissa of the O.G. of the whole 
is the same as that of the upper 
half. 


_ a So 

“ ** So’’*®® 

2 a*(l+ooa 0)* cos $ d0 

® a®(i+cos ey do 

2a So a*°”*a(^ cOB«|-l)dfl 


( p being const. ) 


lo 


S ir/2 

^ (2 CO8®^-OOB*0) d4> 

f flr/2 7 
\ C0S*ft>d4» 


9 (putting 8 » 20) 


7681t 631t 

^*8*6*4'2*2’"6'4*2'2 6a 
"8* 3 1*: *6’ 

4’2"2 
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10*19. C.G. of the volume and surface of revolution 
of a uniform solid. 


Suppose a solid is formed by the revolution of the curve 
y^A^) about the a;-axis OX and suppose it is bounded 
by two ordinates AL, BM corresponding to aj-ari and 
aj*a;2. 



(i) The volume generated by the element of area PNN^P\ 
where {x, y) are the co-ordinates of P is (the area of the 
circle described by PN) x (the thickness between the 
two circles described by PN and 6®, ultimately 

[ since PN^v and dx is very small ]. If p be the density 
of the slice bounded by the two circles, then, dmt the element 
of mass of the strip ^p.np^ ^o;. The G.G. of the element 
from symmetry lies on OXy and is ultimately at a distance 
X from 0. Hence, if (5, y) be the co-ordinates of the O.G. 
of the volume generated by the area ALMB, then taking 
moment about jz-axis, we have 

x.Spny^ daj-Upny* dx.x. 
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As the solid is of uniform density, cancelling out pn 
from both sides, we get 

■ 

[;y«dx 

and from symmetry, y =* 0. 

(ii) The area of the surface generated by the revolution 
of the arc PP'(«^s) about OX is (the circumference of 
the circle described by PN) x (length of the arcPPO 
t.a., 2nyM ultimately, since PN^y and 6$ is small. If p be 
the surface-density then, 6m, the element of mass of the 
belt * p»2ny,6s* 

The G.G. of the belt from symmetry lies on OX and is 
ultimately at a distance x from 0. Hence, if (^, y) be the 
co-ordinates of the C,G. of the surface generated by LM, 
then taking moment about iraxis, we have 

X .Sp, 2ny 6s=Sp . 2nv Ss . x. 

As the surface is of uniform density, cancelling out 27 tp from 
both sides, we get 

3s.a?_ fyx ds 
* Sy 6s * J y ds * 

In the integration, the limits for s correspond to x=^Xi 
and x^’Xa. 

Cor. When the equation of the curve ia given in polar 
co-ordinates, say r==/(d), the above formulas can easily be 
transformed into the following forms by the relation 
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between Cartesian and polar oo-ordinates vis^ a; "r cos 5, 
sin 5, 


Solid : J 


Surface 

I 

taken between proper limits. 


r® Bin*d cos (r cos B),dO 

— ^ tip 

j r® Bin*0 (r cos 5) Jd 
y — 0. 


r® sin B cos 


• d'i 
» Bin B j* dB 
aO 


10'20. Illustrative Examples. 

Ex. 1. Find the CO of a homogeneous solid cone. 



Let //) be the co-oEdm%tc<? of O, the G G. of the hoxnc^oncous 
solid cooe AOB, 

^y*xdx ^ ^ tan*a).i; dx 3 

J !/*<2x I (x* tan*tt)dflD ^ 

From symmetry, 0 G. lies on the x-axis, the axis of rotation. y^^O. 

»*. G lies on 00, such that 00»|OC, i e,, 00 : 0C">3 : 1. 



8TATI08 


Ex. 2. F%nd the C,Q. of a homogeneeus solid hemisjphere. 



Let (S, 5?) be the co-ordinates of G, the 0 G. of the homogeneous 
solid homisphoro AMB. 


{a, 

yxdg 

' y‘dx “j"; (»«-«>) a* ■ "8 


From symmetry, 0.0. lies on the (c-axis, the axis of rotation. il«0. 
G is situated on OM such that OG * : 5. 


Ex. 8. Find the C»Q, of a homogeneous conical sufface. 

Let OAB be a right circular cone, forra^'d by the complete revolution 
of tihe line OA lound the fixed line OG [ Seo Fuj, of Ex. 1 above ] and 
letZ.iiOO«a, and 00 Suppose it is of uniform density. Lotus 
take the veitex 0 of the cone as origin and its axis OX as x-axis and 
or, perpendicular to OX as p-axis. 


The equation of the line OAley^x tan a. 

ds-yy/ 1 + N/l+tau^a dx«( 8 C 0 a) dx. 

Let X, y ba the co-ordinatos of the O.G. of the conical surface. 

^ ^ tan o)r.(8Po a) d* ^O****® [l*’. 0 2 
^ « d* j * (a tan o) (geo o) dx J q * <*» [ 2 ** , o ^ 
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From spmmetry, O.G. lies on s-azis, the axis of rotation, and 
hence 


O, the OG. of the conical surface is situated on the azis of 
the cone such that OG^^OO ie.t OG : GC»«2 : 1. 

Note. Hero the generating curve is the sUaight line y^x tan a. 

Ez. 4. Find the C.G. of a uniform hemisplieiical mrface» 

Suppose AMB be a hemispho'^c of radius a, with its piano base 
ABCA^ and Jot O bo the centre of the base and lot OM bo the lino 
perpendicular to the base and suppose it is formed by the complete 
revolution (i.c , the revolution through 2ir radians) of Iho quadrant of 
the circle MB round the azis OM [ See Fig* Ex* St above ]. Lot us 
take O as origin and OMX as s-azis and OBY as y axis ; then the 
equation of tho circle MB la x*’i 


yda^^adx. 

Let (i, 53 bo tho co-ordinates of tho 0 G. of the homogonrous 
hemispherical surface. 

^ ^ t/s: ds axdx p 

I since lor B and Af, iceOandasBa 1 

\ y ds \ n da? J 


r»;-r . 


a 2 
0 


a* 


From 8ymm6try,\}.G. lies on the x-azls of rotation and hence y»0. 


Thus, the O.G. la at the mld-polnt of OM, 
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Ex. 5. Find the O.Q. of the iolid formed hy revolution about 
the x-axi8 of the ‘parabola y ‘ « iax, bounded hy the ordinate x-h. 



From sjmmetry, y = 0. 

Ex. 0* Fmd the C.O* of the surface generated hy the revolution of 
a loop of the lemniscate cos 20, about the initial hue. 



Let S. Tf) denote the O.G. of the surface of revolution of the loop 
OQAP. Then from symmetry, y-0. 

Herei r* -a'' cos 20, sin 2^/. 


d^ 

d9 




20 “ jcos 20 
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_\xyds 

••• Tf? — i 

^-'‘‘•■Veosae' 

( flin 9 cos 9, sIcoq 

= a I. I I ■^— . 

\ Bin d d9 

( sin 2d <s/Jos 2d d9 
a 3 0 




2 i.Jv 

^/2 

a n/ 2 a(2+ J2) 

6‘is/2-l“ 6 


[ putting cos 2da=j* ] 


Ex. 7. Find live centre of 
gravity of the sitrface and volume 
of the pai t of a sphere^ of radius a, 
included betiveen two parallel 
planes which are at distances 
and aJa from its centre, ( a:* > x, ) 
Let the sphere be generated hy 
the revolution of the circle x'^ + f/^ 
about the a;-azi8. Let us con- 
sider the portion of the sphere 
bounded by the parallel planes A Tj^ 
BM, whore OL = Xi, and 
Then, for the surface 



- fxvds •** \ 

ix! 


1'.: 

ax dx . ^ ^ , 

l+®9 

i *’«<?» 2 

J rt 

2 

and from symmetry, y^O, 
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For the volume, 


®“ *» (a*-®*)** (»9 -*i)-4 (*«*-*»’) 

J XI 

a, - . //r 4-jr 1 2a®— aCi*— ^ 


Prom symmetry, 5*0* 


Note. If V7e put a^id 26 , «0, we got the rase of a hemis- 

phere, and for tlie surface S“ Ja, 5**0f ®“ S«i 5 = 0* 

Ex, 8. Find tlie C. O. of the volume generated by the revolution 
about the x-axis of the area bounded by the parabolas j/* »ac, a:* =i/. 

Clearly, the points of intersection are given by 



y^^ax^MMy, |/s=0, 1 

and BO x-*0, 1. 

/. tlie points of intersection are (0, 0) and (1, 1). 

The volume of the strip generated by the revolution of PxQiQ^P^ 
about iD-axis is x(pa*— pi*) 32 b, where yi^PxM and y^^P and 
being very small. Then (x, y) being the 0. G. of the volume generated, 
we h^ve 

Abo (lom 87mmete7, ii-O. 
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10*21. Theorems of Pappus or Guldin. 

If a plane area bounded by a closed curve revolves 
through any angle about a straight line in its own planet 
which does not intersect the curve, then 

(I) the volume of the solid generated is equal to the 
product of the revolving area and the length of the arc 
described by the centroid of the area ; 

(II) the surface-area of the solid generated is equal to 

the product of the perimeter of the revolving area and 
tho length of the arc described by the centroid of that 
perimeter. ^ 




(I) Let dA be any element of the area whose distance 
from the axis of rotation is z. Then 6 being the angle 
through which the area is rotated, the length of the arc 
described by dA is zO, and hence the elementary volume 
described by the element SA is zOAA, 

The whole volume described by the given area therefore 
•^Sze.dA«^e,SzM^-ezA [ From Art. 10' 8 ] 

(where A is the total area of the curve and z is the distance 
of its centroid from the axis of revolution) 

- AzB = area of the closed curve x length of the arc 

described by its centroid. 


16 
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(IT) Let ds be the length of any element PP' of the 
perimeter of the given curve, and z' its diptance from the 
axis of revolution. The elementary surface traced out by 
the element ds is ultimately zO 6s. 

The total surface-area of the solid generated is therefore 
^Sz'e,8s-=^B:i:z,ds--o7s [ From Art. 10' 8 ] 

(where s is the whole perimeter of the curve, and z\ the 
distance of the centroid of this perimeter from the axis) 

- 8. i'fl - perimeter x length of the arc described by 

its centroid. 

Note. The above resnlts hold even if the axis of rotation touch 
the closed curve. 

Ex. 1. Find the volume and ^rface-area of a solid tyre, a being 
the raditis of its section, and h tiiat of the core. 

The tyre is clearly generated by revolving a circle of radius a about 
an axis 'whose distance from the circle is b. 

The centre of the circle is the centroid of both the area of the circle 
as also of the porimoter of the circle, and the length of the path 
described by it is evidently 2ir6. 

Hence, the required volume—xn® x2?r6=2]r’a*6, and the surface- 
area required « 2ira x 2rb « 4ir*ab. 

Ex, 2. 7780 the theorems of Pappus to find the centre of gravity of 

(a) a semi-circular arc. (b) a semi-circular area. 

Let the semi-circle be of radius a and let it revolve about the 
bounding diameter so that the surface generated is a sphere of radius a. 

Let X denote the distance of the O.G. from the centime. 

(a) For the semi-oiroular arc, 

2 r 0 .ra« surface-area of the sphere «4ira*. 
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{b) For the semi-circular area, 

2ir®Jira* = volume of the sphere* Jn-a" 



E'tamples on Chapter X(c) 

1. Find fcLo C.G. of a rod IB of length a, the density 
at any point of which varies as the ?^th power of the distance 
from the end A, 

V. 

2. G is the centre of mass of the red AB of length L 
The lino-density at any point of AB varies as the distance 
from the point 0 on B t produced, where OA=^a, Find 
AG : GB. 

3. Find the C.G. of the arc which is in the first quad- 
rant of the cycloid x - a(d + sin O), y * - cos O), 

4. (0 Find the C.G. of the arc of the parabola y*=4aa? 
from the vertex to an end of the latus rectum. 

(ii) Find the C.G. of a uniform wire bent into the 
form of the cardioide r -=■ a(l + cos 0). 

5. Find the centroid of the arc of the catenary 

y ■* ccosh ^ > from the vertex V to any point P(a5, y) on the 
c 

arc. 

6. Find the centroid of the area of the circle 05® +y® 
-a® lying in the first quadrant. 

7. Find the centroid of the area of the astroid 

^ -H lying in the first quadrant. 
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8. Find the centroid of the . area between the sine 
curve 1 / “ sin flj and y *» 0 where 0 < a; < ti. 

9. Find the centroid of the area between the cosine 
curve y ** cos x and y = 0 where - iw < a; < iw. 


10. Find the centroid of the area between the semi- 
cubical parabola ay^ •* a;® and x = h. 

11. Find the centroid of the area bounded by 

«■*!, a;*2. 

12. Find the centroid of the area bounded by a* * 0, y = 0, 
y = 3 + 2a:-aj® and lying in the positive quadrant. 

13. Find the centroid of the area of the loop of the curve 

l/•(a + a!)=a:®(a-^E). 

14. Find the centroid of the area of the loop of the 
curve flj® + xy^ - a?® + y® « 0. 

15. Find the centroid of the area between the Cissoid 
y*(2a - £e) = 0 !® and its asymptote. 


16. Find the C.G. of the area of the parabola 

( a ) ^ ( 6 ) ^ between the curve and the axes. 

17. (i) Find the centroid of the area between and 


(ii) Find the centroid of the area bounded by y^ 
and y * mx, 

18. (i) Find the centroid of the area bounded byy-a?*, 
j/« -aj® and a? = 3. 

(ii) Find the centroid of the area bounded by y^ « ax 
and *= by (a, 6 > 0). 



Ex. X(c) ] 


CENTRE OF GRAVITY 


245 


19. Find the O.G. of the area enclosed by the curves 

+7/^ and a?* +y^ -4sr«0. 

20. Find the centroid of the area of half the cardioide 
r "“aCl + cos 0) bounded by 0 *=0. 

21. Find the centroid of the area of the right loop of 
the Lenmiscate r® cos 20. 

22. Find the locus of the centroid of the area of the 

parabola cut off by a variable straight lino passing 

through the vertex. ^ 

23. Find the O.G. of the segment of a sphere of radius a, 
cut off a plane at a distance b from the centre. 

24. Find the C.G. of the solid formed by the resolution 

of the quadrant of the ellipse a + Va *= 1 about its (i) major 

a 0 

axis, (ii) minor axis. 

25. Find the C.G. of the solids formed by revolving ; 

(i) ay® about the sr-axis between OJ^O and X'^c \ 

(ii) 0 ? = a(0 + sin O), y-a{l- cos 0), about the axis of y ; 

(iii) r “ a(l + cos 0) about the ff-axis. 

26. Find the centroid of the (i) surface and (ii) solid 
generated by revolving half of the cardioide r“a(l + cos 0) 
bounded by 0 “ 0 about the initial line, 

27. Find the C.G. of the surface formed by the revolu- 
tion of the parabola y® ■* 2x cut off by the line a; * 4, about 
the axis of the parabola. 

^ 28. Find the centroids of the surfaces formed by the 

revplution of the following carves : 
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(i) Cycloid x^a{0 + sin 6), y - a(l - cos O) about the 
axis o{ y ; 

(ii) Cardioide r*»a(l + cos d) about its axis. 

29. r If the distances of the vertices of a triangle from 
a fixed line on its plane (not intersecting the triangle) are 

X 2 t Xzt and if S be the area of the triangle, show that 
the volume generated by the revolution of the triangle about 

the fixed line is (x± + oja + x^), 

30. An equilateral triangle of side a revolves round 
base which is fixed. Find the volume of the solid generated. 

81. Show that the volume of the solid formed by revolv- 
ing the ellipse x^a cos d, sin 6 about the line fic«2a 
is An^a^b. 

32« Find the volume of the solid formed by the revolu- 
tion of y^^iax about the latus rectum. 


ANSWERS 

71 -H 


' 71 -H 

1, On the rod at a distance a from A, 

2. (3a+21)/(3a+Z). 8. i-(jr-J)a, 

1 3N/2-log(N/2-f1) 2^3-1 

*•'1' *■ 4*’./2+log(N/2+l) ’ ^ 3* ./2+log(s/2+l)' 

(ii) j?=0. 6. i“X-c{j/-c)/5, //«ii/+car/2i, wiera 

8. 5«iir. 


^ - 4<» 

6. 


_ - - 256a 
»“»“315/ 


9. a*»0, 5*»iT. 10. 5®»0. 11. 

18. a-t.y-U' 1®- 5- f **• «“ 8 
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15. S-Sa,5 = 0. 16. = 17.(1) 

(ii) 5 = 8a/5w’, y™2alm. tS, (i) x — itV^O* 

(ii) 5 = !?= *= 3 ' 1 ?“^’ 

20. 21. £=-'*^M=0. 22. 2y**-6flX. 

23. ^ »“3ai i/ = 0. (>i) » = 0, }i = ih, 

25. (i) ®= Jf, 5 = 0. (“) 5 = 0, v= (iii) 5-=^^»5“0. 

26. (1) Foi surface » = S°a, }/ = 0. (ii) For volume Jai 5 = 0. 

27. i - W-, 5=0. 28. (i) 5 = 0. 5 = 5 ®- 

(ii) 5 = 4Sa,5=0. 30.™’. 82. IIW. 



CHAPTER X(A) 

CONSTRAINED BODY AND STABILITY 

10(A)'l. Equilibriom of a heavy body supported at a 
fixed point. 

If a body supported at a point be at rest under the 
action of gravity only (and no other external forces), the 
O.G. of the body and the point of support must bo in the 
same vertical line. 

This is obvious ; for the only forces acting upon the 
body are (1) its weight acting vertically downwards through 
its C.G. and (2) the reaction at the point of support. For 
equilibrium these two forces must be equal and opposite 
and also must have the same line of action. Hence, the 
fixed point and centre of gravity must be in the same 
vertical line. 

Note. Tho above principle can be used in deferntining graphically 
the C,Q, of a plane lamina* Thus, first suspend the body by a string 
attached to any point A on its boundary and draw the vertical line 
^£> on the lamina through A* We know that the O.G. lies on AD* 
Again, suspend the body from any other point B on the boundary and 
draw tho vertical line BE, through B, on tho lamina. Then tho O.G. 
also lies on BE, 

Hence, the reqd. O.G. is the point of interseotion of AD, BE, 

10(A)’2. Equilibrium of a heavy body with an area in 
contact with a plane. 

Theorem : A body placed in contact with a horizontal 
plane will or will not rest in equilibrium, according as the 
vertical line through its centre of gravity meets the plane 
inside or outside the base on which it stands. 
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The only forces acting upon the body are (1) the weight 
of the body acting vertically downwards through its C.G. 
and (2) the reaction of the plane, which is nothing but 
the resultant of the total reactions of the several points of 
contact of the body with the plane, and hence acts through 
a point inside the base. 

For equilibrium, the weight of the body and the reaction 
of the plane must be equal, opposite and also must have 
the same line of action. Hence when there is equilibrium, 
the vertical line through the centre of gravity of the body 
meets the plane inside the base. If the vertical line meets 
the plane outside the base, obviously there cannot be equili- 
brium and the body 'v^ill topple over. 

Note 1. By tho base is meant the polygon without re-entrant 
angles, (or more generally the closed curve having no convexity In- 
wards) formed by joining the extreme points of the body in contact with 
the plane. [ See Fig. (Hi) ] 

Note 2. A bus for example will overturn if the vertical through its 
0.0. falls outside the wheel base. 

Noto 3. Exactly as above it can be shown that a body placed on 
an inclined plane, sufHciently rough to prevent eliding^ will be in equi- 
librium or topple over, according as the vertical through the centre of 
gravity of tho body does or does not pass through the base of the body. 

10(A)‘3. Illustrative Examples. 

Ex. A solid right circular cone whose Juight is h and radius of 
whose base is r, is placed on an inclined plane and prevented from 
sliding. If the inclination of the plane he gradually increased^ find 
when the cone will topple over. 


A 
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la the extreme position, i.e., when the cone is on the point of 
toppling over, the vertical through the C.G. of the cone must pass 
through the extreme point of the base, i.e , would pass through the 
end S of the base. Let 0 be the inclination of the plane at that time. 
Then obviously jLBQO»$. 

Now, from the right-angled triangle BGO, tan 

.*. tan 0«4r//i, giving the required inclination. 

Note. If a be the semi-vortical angle of the cone, then r//^«tan a. 

Hence, the cone will topple if tan 0 > 4 tan a. 

10(A)*4« Stable, Unstable, and Neutral Equilibrium. 

Let a body be in equilibrium under a eystem of external 
forces and reactions, being supported in any manner. If 
the body be slightly displaced from its equilibrium position, 
the external forces and the reactions in the new position of 
the body will not in general be in equilibrium, so that the 
body, when left to itself, will begin to move. 

Now, according to the way in which the body moves, 
the original equilibrium position is defined to be stable, 
unstable, or neutral under different circumstances. 

(I) Stable Equilibrlnm. 

A body is said to be in stable equilibrium if, after it is 
slightly displaced from its position of equilibrium, it has 
a tendency to return to its original position. 

(II) Unstable Equilibrium. 

A body is said to be in unstable equilibrium, provided 
when slightly displaced from its position of equilibrium, 
it tends to recede further away from its original position. 

(Ifl) Neutral EqulUbrlnm. 

A body is said to be in neutral equilibrium, provided, 
when slightly displaced from its position bf equilibrium, 
it remains in equilibrium in this new position and tends 
neither to come back to, nor to go further away from its 
original position. 
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10(A)*5. Stability of a body under gravity with one 
point fixed. 

In this case we know that the point of support must be 
in the same vertical line with the C.G. 

If a body suspended from any point 
O and having its C.G. at O vertically 
below 0, be slightly displaced by being 
turned through a small angle ^bout O, 
as in Fjg. (i) then the weight of the 
body W, acting at (?, will have a 
moment about 0, which will tend to 
cause the body to revolve back to its 
original position. In this case, the 
equilibrium is stable* If, however, G, 
the C G. of the body, be vertically 
above 0, the point of suspension, and 
the body be slightly displaced through any angle, then the 
moment of the weight about 0 will have a tendency to 
revolve it further away from its original position as in 
Fig. (ii). In this case, the equilibrium is unstable. When 
the body is suspended from its C.G. it will remain at rest 





Fig. (ii) 


Fig. (iii) 


in any position, for the weight of the body and the equal 
and opposite reaction of the support always act at the same 
point and heno& they balance one another. Hence in this 
case, if the body be displaced, it will not tend either to 
return to, or to recede farther away from its original position 
of equilibrium. 
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In such a case, the equilibrium is neutral* 

10(A)‘6. Stability ot a body with a portion of it in the form of a 
sphere restiof; with spherical portion in contact with a horizontal 
table. 



Fig. 0) Fig. (ii) Fig. (ill) 

In the position of equilibrium the weight of the body 
acting vertically downwards through its centre of gravity 
Q is balanced by the reaction of the table at the point of 
contact A, which must accordingly be perpendicular to the 
plane of the table and will therelore pass through the centre 
0 of the sphere. Thus OG must be vertical [ Fig. {i) ]. 

Now, let the body be slightly displaced so that B is the 
new point of contact. The vertical through B being normal 
at B to the sphere will pass through the centre 0. Now if 
Q be below 0, the weight of the body acting vertically 
downwards through O will tend to rotate the body about 
B back to its equilibrium position as in Fig. (ii) and the 
equilibrium position is accordingly stable. 

If on the other hand G be above 0, the weight in the dis- 
placed position, as in Fig. (iii), will tend to rotate the body 
further away from its equilibrium position. The original 
equilibrium position is accordingly unstable. 

If, however, O coincides with 0, the weight in the dis- 
placed position acting vertically downwards in the line OB 
will be balanced by the reaction at B, and the body there- 
fore will remain in equilibrium in this displaced position. 
The equilibrium in this case is neutral. , 
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Thus in this case the equilibrium of the body is stable, 
unstable or neutral, according as the C.G. of the body 
in the equilibrium position is vertically below, above, or 
coincident with the centre of the spherical portion in contact 
with the table. 

Note. In the hrsl illustration [§ 10(Ay5]t the equilibrium is stable 
or unstable according as O falls below or above the point of suspension. 
In the second illustration the equilibrium is stable or 

unstable according as O is below or above the point O through which 
the reaction passes in all positions of the body. In both the cases, a 
lower position of G ensures stability. 

In general, top heavy bodies are unstable and bottom heavy bodies 
are stable in their equilibrium positions. 

Examples on Chapter X(A) 

1* A solid right circular cylinder, of height h and radius 
of cross-section r, is placed on an inclined plane of inclination 
a and prevented from sliding. Show that the cylinder will 
topple when 

tan a > 2rfh. 

2. A leaning tower of n equal circular coins, each of 
radius a and thickness 26, is piled over on a horizontal table, 
so that the centres of gravity of all the coins lie in one 
straight line. Show that the greatest inclination of the line 
to the vertical is tan"^(a/n6). 

3. How many equal circular coins, having the thickness 
of each equal to -gV^h of its diameter, can stand in a cylin- 
drical pile on an inclined plane, whose height is one-fourth 
of the base, assuming that there is no slipping ? 

4. A frustum of a solid right cone is placed with its 

base on a rough inclined plane whose inclination is gradually 
increased ; ii B, r be the radii of the larger and smaller 
sections, and h the height of the frustum, show that the 
frustum will ultimately either tumble or slide according 
as the coefficient of friction is greater or less than 
4B(B* + Br + r*)//i(B* + 2Br + 3r*). [ 0. H. 1960, old ] 
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5. A solid homogenous body» consisting of right circular 
cylinder of height h and a hemisphere of radius r, on the 
same base, rests with its spherical portion in contact with a 
horizontal table ; show that it will be in stable, unstable or 
neutral equilibrium according as 

r is > or < or ■* 

*6. A cone rests on a rough table and a cord fastened 
to the vertex of the cone pa<?ses over a smooth pulley at 
the same height as the top of the cone and supports a 
weight. Show that if the weight be continually increased, 
the cone will topple or slide according as the coefficient of 
friction is > or < tan a, where a is the semi-vertical angle 
of the cone. 

*7. A heavy rod of length 21 lies over a rough peg with 
one extremity leaning against a rough vertical wall. The 
inclination of the rod to the wall is a and P is the point of 
contact of the rod with the wall, d is the distance of the 
peg from the wall and A the angle of friction both at the 
peg and the wall. 

(i) If P is above the peg, show that the rod is on the 
point of sliding down when I sin^a"*^ cos^A. 

(ii) If P is below the peg, show that the rod is on 
the point of slipping downwards when I sin^a sin (a + 2A) 
= d COB® A and on the point of slipping upwards when { sin®a 
sin (a - 2A) d cos® A. 

"^8. A frustum of a uniform right circular cone whose 

semi-vertical angle is a, is made by cutting ^ th of the axis. 

n 

Prove that the {rustum will rest with a slant side on a 
horizontal plane if 

tan*a < i [ 0. E. 1964 ] 


s. loa 


ANaWEBS 



CHAPTER XI 


WORK AND POWER 


ll-l. Work. 

A force 2 ? said to do work when its point of application 
moves in the direction of the acting force, and the work done 
by afoce, acting at a point of a body for any time, is measur- 
ed by the product of the foice and the displacement of the 
point of application of the force in its own direction. 



Vig. (i) Fig. (ii) 


Let a force P be acting on a body at A in the direction 
AX for any time, and let A mo%"e to B during the interval. 
If AB be m the direction AX, as in fig. (i), the work done 
= r,AB, and is positive. If the displacement AB of A is in 
a direction opposite to that of B as in fig. (ii), the displace- 
ment measured in the direction of P is - AB, and the work 
done by the force here — P*AB, which is negative. 



If the displacement AB be in a 
direction different from the direction 
of the force* say making an angle d 
with AX as in fig. (iii), the displace- 
ment measured in the direction of 
P is AN^AB cos d, and in this case 
we get more generally 


Work done by P.AB cob 6 ■» AB.P cos 6 

= Force y- component of displacement of its point of 
application along the line of action of the force, 

or, Displacement x component of the force along the 
direction of displacement. 
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Evidently, the work done is positive or negative accord- 
ing as B is acute or obtuse. 

Cor. In partioular if 0**9O**, the work done is zero, «.s., no work is 
done bj a foroe if the displaoemont of its point of application is per- 
pendicular to the line of action of the force. 

If the displaoemont or its component is in a direction opposite to 
that of the acting force, work is said to be done against the force. 

11*2. Units for measurement of work. 

When a force equal to the weight of one pound displaces 
its point of application through one foot in its own direction, 
the amount of work done is defined to be one Foot-pound. 

This is usually the unit of work used in Statics in the 
English system. 

When a force equal to the weight of one gramme dis- 
places its point of application through one centimetre in its 
own direction, the amount of work done is defined as one 

Gramme-centimetre. 

This is the unit of woik in Statics is the French 
system. 

tl*3. Theorem I. The algebraic sum of the v orks done 
by a number of coplanar forces acting on a particle, for any 
displacement of the particle^ is equal to the work done by 
their resultant. 



Let the particle be displaced from 0 to A, and let the 
forces Px, Pfl,... inclined at angles Oi, dg.... with OA act 
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on i(i. Let B be the resultant of the forces inclined at B 
with OA, 

The algebraic sum of the works done by the forces 
“ Pi cos 6i . OA + Pg cos . OA + ••• 

=• Oil (Pi cos dt + Pg cos B 2 + •••) 

^OA^ algebraic sum of the resolved parts of the 
forces along Oil 

» Oil X the resolved parts of the resultant along Oil 
- Oil X B cos 0 

^ work done by the resultant. 


Theorem II. The \Dork done tn raising a number of 
particles from one position to another is Wh, where W is the 
total weight of the particles, and h is the distance through 
which the centre of gravity of the particles has been raised. 

Let w^, be the weights of the particles so that 

TF*" Wi + tt>9 + • + Wn. 

In initial position, let Xi, Xg, Xn be the distances of 

the particles and x that of their G.G. from a fixed hori- 

zontal plane (measured positive upwards), so that 


- ^WiXt +W2X2 + ^^* +W„Xn 
Wi+Wg+ +Wn 


[ Art. lO'S ] 


or, Wia5i + w»aa?3+ TT.a?. •• (1) 

In the displaced position J[et x\, Xg, x'n be the 

distances of the particles and x* that of their G.G. from the 
same fixed plane, so that 


-/ ^ Wxx\ + Wgx'g + — + 

Wx + Wg + ••• + tl?n 

or, Wxx'i + Wgx'g + ••• + “ Tr.i'. • • • (2) 


Subtracting (l) from (2), 

tt^i(®'i - + U)g{x\ - »*)+ ••• + Wn{xn * a?n) 

-Tre'-a-TTh. 


17 
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Since x\-xt, are the heights through which 

the particles have been raised, left side represents the total 
work done in raising the particles. 

Hence the result. 

Note. It shoald be noted that in tbe above result tbe work done 
Is quite independent of the path by which the particles are displaced 
from one position to another. 

If the O.G. of the system is lowered, instead of being raised, h is 
negative, and so the work done against the weight is negative, in other 
words, positive work is done by the weight. 

ir4. Power. 

When an agent (say, a naan or a machine or an engine) 
is doing work continuously ^ the rate at which it does work 
per unit of time is defined to he its power. 

The unit of power in Statics is a Foot-pound per second 
in the F.P.S. system, and a Gramme-centimetre per second 
in the O.O.S. system. 

The above unit, being very small, is not suitable for 
practical purposes ; so engineers use a higher unit called 
a Horse-power. 

When an agent is doing work at the rate of 5h0 foot- 
pounds per second, it is said to have one Horse-power. 

The word Horse-power is usually abbreviated into H.P. 

Note. This estimate of the average power of a horse was arrived 
at by J. Watt by experiment* 

11*6. Illustrative Examples. 

Ex. Find the Horse-power of an engine that would empty in 
48 minutes a cylindrical well full of water, if the diameter of the well 
is lift,, its depth iOft,, and if water is raised by pumping to a level 
ground 70 /f. above the surface of the well, [ C. U, 1946 ] 

Volameof water* volume of tbe cylinder 

airx7*x40*^x49x40cu. ft. 
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Since one cubic foot of water weighs pounds, 

. • . its weight = V- x 49 x 40 x 62 J lbs wt. 

» 385600 lbs. wt. 

The O.G. of a solid cylinder is at half its height. 

Hence, initially the height of the G.G. of the water above the 
bottom of the well = 20 ft., and finally it is 70+40, i e., 110 ft. 

.'. the litight through which the O.G, of the water has been 
raised = 110 — 20, t.e.. 90 ft. 

Hence, the work done = 385000 x 00 ft. lbs. 

Let X bo the reqd. H.P. ; then the work done by the engine in 
48 minutes = ar x 48 x 60 x 550 ft.-lbs. 

jc X 48 X 60 X 5^» 385000 x 90. 

385000 X 90 ^175 7 

‘ ‘ ®*48xC0 x 360“^ 6 “^^8* 

Examples on Chapter XI 

!• Find how many foofc-poumls of work is done in 
pushing a mass of 10 lbs. through 5 feet up a smooth incline 
of J in 10. 

2. Show that the work done in drawing a body up 
a smooth inclined plane is equal to the work done in lifting 
the body through the height of the plane. 

3. Find the work done in piling over one another five 
bricks, originally lying flat on the ground, having given 
that tho thikness of a brick is 3 inches and its weight 
10 lbs. 


4. A load of one ton is suspended by a vertical chain 
100 ft. long, the chain itself weighing 6 lbs. per foot. How 
many foot-pounds of work is done in winding up the load 
to the top ? 

6. A shaft, the horizontal section of which is a rectangle 
10 ft. by 8 ft. is to be sunk 100 ft. into the earth. If the 
average weight of the soil is 150 lbs. per cubic foot, find the 
work done in bringing the soil to the surface. 

[ p. u. ms ] 
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'''G. In digging a circular well of radius 3 ft. and of depth 
20 ft., 12 ft. of clay and later 8 ft. of sand were taken out. 
Find the work done in raising the materials to the surface, 
assuming that one cubic foot of clay and one cubic foot of 
sand weigh a lbs. and b lbs. respectively. [ P. U. 2938 ] 

7. 'A tower is to be built of brick- work, the base being, 
a rectangle whose external measurements are 20 feet by 
]0 ft., the height of the tower 132 ft., and the walls 2^ ft. 
thick. Find the number of hours in which an engine of 
3 H.r. would raise the bricks from the ground, the weight 
of a cubic foot of brick- work being 12 lbs, 

[ C. U. 1942 ] 

8. There are 37 steps in a staircase, and on every step 
except the highest is placed a marble ball weighing 4 ounces. 
Tf each step be 8 inches high, find the work done in carrying 
all the balls to the top of the staircase. 

9. A horse draws a carriage 11 miles along a road 
with a constant force of 42 lbs. wt. and takes 70 minutes 
to perform the journey. Compare his power with a horse- 
power. 

10. The Darjeeling Mail has a maximum speed of 
60 miles per hour. If the total resistance then be the 
weight of 1 ton, find the Horse-power of the engine. 

[ 0. U. 1982 } 

11. What is the H.P. required for a motor-car which 
weighs 3000 lbs. and can run at 30 miles an hour against 
an air resistance equal to -snth of its own weight ? 

[ 0. U. W43 I 

12. Calculate the H.P. of an engine which takes 

90 minutes to pump out water from a rectangular well of 
length 20 ft., breadth 15 ft. and depth 100 ft. to the level 
of the top of the well. [ One cubic foot of water weighs 
62’6 1b8.J . [C.V.193S} 

18. A well of which the section is a circle of diameter 
14 ft. and depth 206 ft. is half full of water. Find the work 
done in foot-pounds in pumping out the water to a level 4 ft. 
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•above the top of the well in 10 minutes, and oaloulate the 
average horse-power of the pumping machine. [ U, 1936 ] 

14. An engine of 12 H.P. working 8 hours a day supplies 
2000 houses with water which it raises to an average height 
of 40 ft. Find the supply of water to each house. 

15. A man whose weight is 11 stones climbs a pole at 
the rate of 15 inches per second. Show that he is working 
at just over i H.P. 

'^16. A cage containing coal of total weight W cwt. is 
being raised from the bottom of a coal-mine whose depth is 
d feet, with the help of a wire-rope weighing tv lbs. per foot. 
If the work is done in t minutes, find the H.P. of the engine 
•employed. 

*17. A solid homogeneous right circular cone whose 
height is /i, radius r, specific gravity s{ > l) and weight TT, 
is placed inside a vertical right circular cylinder of radius r. 
their bases being in contact. Water is poured into the 

cylinder up to the height so that the cone is just immersed. 

If P be the work done to raise the cone vertically so as 
to be just clear of the water, then 


ANSWERS 


1. 5It.-lba. 3. 2S{t.-lbg. 4. 234000 ft.-lfas. 

S. 6x 10'* ft.-Itn. 6. 72ir(9a-l-10^i) it.-lbs. 

7. 22 hours. 8. Ill ft-lbs. 9. 182 ; 126. 


10. 3581 H.P. 11. 8H.P. 

18. 1571329371 ft.-lbs. ; 47C<Vo H.P. 



18. 142^H.P. 

14. 2876 lbs. daily. 
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MACHINES 

12^1. Machine and its use. 

Any contrivance, or arrangement of bodies fitted 
together, so as to be in a convenient form to apply force at 
one point in order to overcome a resisting force acting at 
another point, is called a Machine. 

The former force is called the Effort (or Poicer), usually 
denoted by P, and the latter, Besistance (or Weight), usually 
denoted by W, In Statics we are chiefly concerned with 
finding the relation between the effort and the resistance 
when there is equilibrium. 

That by using a machiue we can counteract one force 
by another, differing from it in magnitude, point of applica- 
tion, or direction, or in all three, is evident from the follow- 
ing Wiliar cases. 

For example, by using a single pulley, a bucket of water 
can be raised to a great height by a person standing on the 
ground. Here the effort, though equal to the weight to be 
raised, is applied more conveniently as a downward force. 
Again, by means of an Inclined Plane, a heavy body can 
easily be raised through a great distance, the effort required 
being less than the weight raised. A pair of Tongues enables 
us to apply a force in a more convenient form, though the 
effort is greater than the resistance in this case. 

In the present chapter we shall discuss the working and 
properties of some simple types of useful machines : 

(i) the System of Pulle^^s, 

(ii) the Lever, 

(iii) the Common Balance, 

(iv) the Steelyards (Boman and Danish), 

(y) the Wheel and Axle. 
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The principle and use of an inclined plane has already 
been illustrated in many examples in the previous chapters, 
and accordingly we need not deal with it here separately. 

In the following discussions, for the sake of simplicity, 
we shall suppose that the machines are perfectly smooth 
and rigid, and all ropes and strings used in their working 
are light, inextonsible and flexible. 

12'2. Principle of Work. 

In the working of a machine two kinds of resistances are 
overcome vt 2 „ (1) those which the machine is specially 
designed to overcome and (2) those which are due to the 
internal adjustment of the different parts of the machine 
e g,, friction and weights of the different parts of the machine. 
The former are cc^lled useful^ and the latter wasteful resist- 
ances. It should be noted however that wasteful resist- 
ances can never be wholly eliminated even in the case of 
most delicate and highly finished machines. In elementary 
investigation of simple machines, the wasteful resistances 
are usually ignored, and it is the effort which balances the 
weight in such a machine Hence, the general principle of 
work in Statics, in this particular case for a machine, can be 
stated as follows : 

If in a machine, friction and weights of component parts 
are neglected, the work done by the effort for any assumed 
displacement of the system, is always equivalent to tne tvork 
done against the resistance. 

This principle may sometimes be used to work out the 
relation between the effort and the resistance in a machine, 
as will be illustrated later. 

12*3. Mechanical Advantage, Velocity-ratio, and 
Efficiency. 

(i) The ratio of the two forces, Kesiatanoe and Effort 
exerted on a machine to balance one another, is called the 
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Mechanical Advantage (or Force-ratio) of the machine. 
Thus, 


Mechanical Advantage 


Registance W 
Effort " P 


and Resistance Effort mechanical advantage. 

Almost all machines are so constructed that the effort 
exerted is les3 than the resistance overcome. Hence, mecha- 
nical advantage is usually greater than unity. But there 
are machines, as already mentioned, for which the effort is 
equal to (as in case of a single pulley) or sometimes greater 
than (as in case of a pair of tongues) the resistance, and 
this really amounts to a case of mechanical disadvantage. 
Mechanical advantage is often abbreviated as M.A. 

(ii) When a machine is worked, if u and v are the 
velocities, and x and y are the displacements of the points 
of application of the effort and resistance during a given 
time, then u:v is defined as the velocity-ratio of the 
machine. 


Obviously, u : v—x : y. 

, . . Distance ihrmnih which P moves 

. . veiocity-ratio - ^ thrmgh which W moves 

From the Principle of work, we have 
P ^ distance through which P moves 

— TT X distance through which W moves. 

. Distance through which P moves 

P Distance through which W moves 

Thus, in. an ideal machine whose parts are weightless 
and in which there is no friction, 

Mechanical Advantage *= Velocity -Ratio. 

(iii) In practical machines, where there is friction, or 
other wasteful resistances, the effort will have to do some 
work in overcoming these, t.e., the work done by P ,will 
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exceed that done against W, The work done by the moving 
forces in overcoming useful resistance is called useful u'ork, 
and the work done in overcoming wasteful resistance is 
termed lost work. 


The Efficiency of a machine is measured by the ratio 

useful work done hy the machine 
work supplied to the machine 


Efficiency is usually less than one» and is often expressed 
as a percentage, but, in an ideal machine where there is no 
friction etc., efficiency is unity. 

\. 

If r and y are the distances moved through by the points 
of application of P and W respectively, 


Efficiency “ 


W j T ^Mechanical Advantage^ 
P I V Velocity -ratio 


i.e., in general, 

Mechanical Advantage = Velocity -ratio x Efficiency. 


I. PULLEYS 

12'4. A Pulley consists of a circular plate with 
a groove cut along its circumference so as to receive a 
string and to prevent it from slipping off. It can turn 
round freely about an axle passing through its centre and 
perpendicular to its plane, the ends of this axle being held 
by a frame called the block. A pulley is said to he fixed 
or movable according as the supporting block is iBxed 
or movable. When the weight of a pulley is found very 
small in comparison with the weight it supports, it is 
neglected, and in such a case the pulley is often called 
a weightless pullev. The weight of the string that passes 
round the pulley, being very small, will always be neglected 
and the pulley will be considered to be peWectly smooth, 
^ so that the tension of the string passing round it is constant 
throughout its length. 
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12*5. Single fixed pulley. 



In this case the weight is fastened to one end of tbe 
string while the effort P is applied at the other end. The 
portions of the string on the two sides may be parallel as 
in fig. (i), or inclined to each other as in fig. (ii). 

In both the cases, for equilibrium position, Tf^P, since 
each is equal to the tension of the string. 

W 

Mechanical advantage - p - 1. 

Thus, in this case, the effort exerted is equal to the 
weight overcome ; hence there is no mechanical advantage. 
The only advantage is that it enables us to apply the force 
in a convenient direction. 

If the pulley be weightless, 

in fig. (i), pressure on the fixed support 
«P+T7* W+Tr-2TF; 
in fig. (ii), pressure on the fixed support 
•*» P cos 6 + TF cos e “ 2TF cos 
where 2d is angle between the direction of P and W. 

Note. That can also be shown by taking moment about the 
centre of the pulley, • 
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12*6. First System of Pulleys. ( Separate-string system). 

' fin this system, there is 
a number of movable puHeys 
each of which is supported by 
a separate string passing below 
it, one end of which is attached 
to a fixed support, and the 
other end, except for the string 
round the highesi pulley, is 
attached to the block of the 
next higher pulley. Effort is 
applied to the free end of the 
last string passing ro^ind the 
highest pulley. The weight is 
suspended from the })lc:ck of 
the lowest pulley. 

In order to apply the 
effort as a downward force, 
an additional pulley is very 
often kept fixed in the sup- 
porting beam over which the 
free end of the string passes. It should be noted that 
this pulley does not form an essential part of the main 
system in the sense that it does not contribute anything 
to the mechanical advantage. 

Relation between the Effort (or Power) and the Weight. 

Let Alt he the pulleys beginning from the lowest, 

Tit Tsi he the tensions of the strings passing 

round them and let W 1)6 the weight and P the power, 
us suppose the portions of strings not in contact with 
the pulleys to be vertical. The string passing round any 
pulley pulls it vertically upwards on either side, and the 
next higher, vertically downwards. 

Case I. Let the weights of the pulleys be neglected. 

Consider the equilibrium of the pulley Ai ; the forces 
acting on it are the two upward tensions each equal to Ti 
on either side of it, and the weight TT acting downwards. 

* 2Ti^W. /. Ti-iW. 




26^ 


STATICS 


Since the forces acting on the pulley A 2 are the two 
upward tensions, each equal to 7*3, and a downward tension 
equal to 7*i, 

hence as before, 


, 22*3 

7’*-47’i = 2\tF. 

Similarly, 


01 

11 


27*4*7*3. 



If wo Itave 4 movable pulleya, as in the figure, 

7\ = P. P-inTF. 

A 


Similarly, if there be n movable pulleys, ^^e shall liave 



mechanical advantage « — 2" 

which obviously increases the number of pulleys. 

Case II. Weights of the pulleys consu/ered. 

Let Wtf Wfi,... be the weights of the pulleys ^21 — 

Considering the equilibrium of the pulleys A 2 , 

if we have n pulleys, then, 

27*3 * ^9 “l*U^3. 

2Tn=^Tn-x-^Wn 

and lastly, for the free end of the highest string 

P^Tn. 
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Mulbiplying the equations successively by 1, 2, 2‘, 2^,... 
2*^ and adding, we have ultimately 

2“P « Tr+ (wi + 2 w 2 + + • • • + 2”“‘^tt?n) 

which gives the relation between P and W. 

If the pulleys be all equal, each of weight u\ 

+ 1 - 2 + 2 ® + *- + 2 ’‘~^)«/; 

-Ty+(2”-l) u \ 

Hence it follows that the mechanical advantage W/P 
depends upon the weights of the pulleys.) A 

Note 1. From the above equation, it is clear that the greater the 
weights of the pulleys, the greater must be P to raise a given weight W, 
and BO the mechanical adv^tage would be diminished. Hence pulleys 
should be made as light as possible. 

Note 2. This system is called separate-string system because each 
pulley in this case has got a separate string passing round it. 

Application of the Principle of Work. 

The above relation between P and W can also be deduced 
from the principle of work. 

Suppose the end of the string to which P is applied 
moves through a distance x in the direction of P. By 
this, it is easily seen that the uppermost movable pulley 
would be raised through a height ix, the next lower pulley 

through a heiglit and on, the lowest pulley and 

weight being raised through a height ^nX, in case of 

n movable pulleys. Hence, from the principle of work (when 
weights of the pulleys are neglected) 

t.e.. P-|;-W. 

If the weights of the pulleys are taken into consi- 
deration, 

P.W = Wfn + Wi- + + . I • 

2"P “ TT + (wi + 2ws + 2*w, + + 2"-‘ii>«). 
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12'7. Second System of Pulleys. (Single-string 
system) 





Pi«. (i) Pig. (li) 

Iq this system there are two blocks* each coutainiDg 
pulleys, the upper block being fixed to a support and the 
lower block, which has the weight to be raised attached to 
it, being movable. The same string passes round all the 
pulleys. If the total number of pulleys be even, divided 
into equal numbers in each block [as in Pig. (i)], the string 
must be fastened to the upper blook ; but if the total 
number of pulleys be odd, the number in the upper block 
will be one greater than the number in the lower block [as 
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in Fig. (ii)], and the string must be attached to the lower 
block. In both the cases, the string passes alternatively ovef* 
a fixed pulley in the upper block and under a movable pulley 
in the lower block, the radii of different pulleys being such 
that the portions of the string not in contact with a pulley 
are vertical. The effort is applied as a downward force at 
the free end of the string after it passes over the topmost 
pulley, 

Relation between Effort and Weight. 

Let W be the weight supported and w the weight of the 
lower block with its pulleys. 

It is easily seen tha^ if n be the total number of pulleys 
used in the system, whether n be odd or even, there will bo 
n portions of string supporting the lower block. Since tlio 
same string passes round all the pulleys which are smooth, 
the tension in each portion of the string is the same, being 
equal to the effort P applied at the free end. Since the 
lower block is supported by n parallel forces each equal to P, 
we have 

I r f w nP, 

When the weight.’, of the pulleys are neglected, 
nP. 

Hence, in this case, the mecJianiral advantage 

Application of the Principle of Work. 

Suppose the weight W (and consequently tlie whole of 
the lower block) is raised through a distance x. Then each 
of the n portions of the string supporting the lower block 
will be Blackened by the length a;, and the total length of 
the string slackened being nx, P must descend through a 
distance nx to keep the string taut. 

/. jr- by the principle of work, 

{W + u^x^P.nr, i.e,, W+io^nP. 

n Note. This svatein is called single^string system because a single 
string passes round all the pulleys. 
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Third System of Pulleys. ^ Inverted separate-stnng 



This system consists of 
several pulleys of which the 
uppermost is fixed to a beam, 
and all the others are movable. 
The string passing over any 
pulley has one end attached to 
a bar from which the weight is 
suspended, and the other end 
attached to the next lower 
pulley. The effort is applied at 
the free end of the string pass- 
ing over the lowest pulley. 

Relation between Effort and 
Weight. 

XiCt ^ 1 , ^s* ^8 the 
movable pulleys beginning from 
the lowest, and B the fixed 
pulley, and let Ti, T 2 , T* 
be the tensions of the strings 
passing round them. Also let 


W be the weight, and P the effort. We shall suppose all 


portions of the strings not in contact with the pulleys to be 


vertical, and that there is no friction. 


Case L Weights of the pulleys neglected. 

From the equilibrium of the system, considering the free 
end, and also the pulleys Ax, Aa,..., we have 

Tx^-P 

and ra“2ri«2P 

!r8-2r*-2*P 

Again, from the equilibrium of the bar from which the 
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weight is suspended, (the bar being supposed of negligible 
weight), 

T7*Ti+Ta+Ta + T4 

-P + 2P + 2*P + 2®P 

«(l + 2 + 2'“ + 2*)P«(2*-l) P. 

If there are n pulleys, of which the upper one is fixed, 
and (n - 1) movable, we have similarly, 

TF- Ti + Ta + Pa + — + P„ 

-P + 2P + 2**P+ — +2’*""P 
*=(l + St+2® + — + 2^"^)P 
-(2^-1) P, 

by summing the series which is a G.R 

W 

. mechanical advantage * p - 2 " - 1 

^ioh obviously increases with the number of pulleys. 

Case IL Weights of the pulleys considered. 

Let the weights of the movable pulleys be 

respectively. 

Considering the effort at the free end, and also the 
equilibrium of the pulleys in succession, we have 

Ti-P 

Ta-SPi ♦-t«i==2P + «;i 

Ps - 2Pa + Wa " + 22 £>i + Wa 

Pa ■“ 2Pa + «;s = 2®P + + 2wa + Wg. 

From the equilibrium of the bar, 

TF-Pi + Pa + ^Ts + Pi 

■“(l + 2 + 2* + 2*)P + (l + 2 + 2*)«?i + (l + 2)«;a + tt?8 
* (2* - 1)P + (2® - 1) + (2® - 1) u?a + u^8. 


18 
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If there are n pulleys of which. the upper one is fixed, 
and the rest movable, we have similarly, 

W-Ti + Tt + ‘"Tn 

-(l + 2 + 2* + — + 2’*-0P + (l + 2 + 2* + — +2’‘-*)«;i 
.+ (1 + 2 + 2* + ••• + 2”~®) Wa + ••• + (l + 2) tOn-9 + It’ll- 1 

- (2“ - DP + (2’‘~^ - 1) «,>! + (2“-* -D»<’a + - 

+ (2* -D «’„-* + (2 -Dtfn-i. 

If the pulleys be all equal, each being of weight 
so that “ *•' *= ton^x'^w, 

TT- (2~ - 1)P + j2 + 2® + ••• + 2^-' - (« - 1)} w 

by summing the series in G.P. . 

Note 1. From the above equation it ie clear that the greater tho 
weights of pulleys, tho smaller is the effort P required for a givou 
weight TT. 

Note 2. In this system, unless the point in tho bar from which 
the weight is suspended is properly chosen, the bar will not remain 
horizontal^ In any particular case, the point can bo easily deter< 
mined. 

Note 8. As in the case of the first and second system of pulleys, 
in this case also the relation between effort and weight can be obtained 
by the principle of work. 

12‘9. Illustrative Examples. 

Ex. 1. A “fir at ayatem" of pulUya conaiata of 1 pulleys, each of 
weight 8 Zbs., and the string passing round the top-most pulUy passes 
over a fixed pulley. With what force must a man of weight 220 lbs, pull 
at the free end of the string in order to balance himself, suspended from 
the lowest pulley ^ 10,11. 194o } 

The man being suspended from the lowest pulley, and himself 
pulling at the free end of the string, let P lbs. wt. be the pull exerted 
at the free end, and W lbs. wt. the downward force exerted by him at 
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the lowest pulley. The reactions at these two ends balance his total 
^Yoight, so that 

P+ 17=220. ... (i) 

Again, P and W clearly servo as the effort and the weight balanced 
by the system of pulleys in this case, and as the pulleys ha\e equal 
weights, wc got as in Art. 12’6, Case II, 

2‘.P=-17+(2‘-l).8, 

t.e.. 1CP=1V'+120. .. (il) 

From (i) and (ii), wo got 

l7P = 3t(\ or. P«201bs. wt., 
giving the required pull at the free end. 

Ex. 2. J oian uho^e Heiqlit is 154 lbs» taises a body o/3 cirt. by 
incam of a system of pulleys in which the ^me 'lope passes round all the 
pulleySf there h'inq four in each bloc /19 and the rope beinq attached to 
the upper block* Neqlecling the u eights of the puUeySf find what will he 
Ins thrust on the qround if he pulU vertically downwards f C. U» 10 ii ] 

Here we have the “second system” of pulleys. 

The numboi of strings at the lower block® 2 x 4- 8. 

Since the weights of the pulleys are neglected, if P be the effort, 
8P=3 ewt. = 3x 112 lbs. wt. 

P®121bs, wt. 

The thrust of the mitn ou the ground is dearly the difference 
Ixitwcon his weight and the pull he exerts. 

the reqd. thrust* 164 lbs. wt. — 42 lbs. wt.® 112 lbs. wt. 

Ex. 3. In the '"third system” of pulleySf if the loeight supported be 
56 lbs .9 each movable pulley 9 of tuhich there are 3, weighs 1 lb,, and the 
radios of each pulley including the fijned one be a, find the point in 
the bar from which the ireight must be aus})ended in order that the bar 
^ may remain horieontal. 

Taking the figure of Art. 12*8, let iC, JD, Af, JV bo the points 
of attachment of the strings in the bar beginning with the longest 
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(extreme loft), and X the point from which the weight is suspended. 
Obviously, KL = 7>Af * UN * a. Now, as in Art. 12*8, Case II, 

66 lbs, wt.«Tr**ri+Tfl+!rj+r+ 

-(2*-l)P+(2*-l)2i;, + (2*-l) 

> =15P+(7+3+l) lbs. wt., since lb. wt. 

16P-451b8. wt. P«31b9. wt. — (1) 

Thus, r, « P «* 3 lbs. wt., Ta « 22*^ + 2 r ^ = 7 lbs. wt. , 
rj,«2ra + «',«16 1b8. wt. 

Now, for the equilibrium of the rod, taking moment about X, 

37jin+ ra.2fl+ Tj.Srt, 
or, 66.XX- (15 + 14 + 9).fl 38a. 

XX=4|a«4Sa. 

HcncOt the weight must be attached to a point in the bar at a distance 
i|a from the point of attachment of the longest string. 


Examples on Chapter Xll(a) 

1. If in the first system of pulleys, the number of 

weightless pulleys be seven, find the weight which can be 
raised by an effort 16 lbs. weight. [ C. (7. 1936 ] 

2. The number of movable pulleys in a first system is 
three and the snm of the power and weight is 90 lbs. If the 
pulleys are weightless, calculate the power. [ 0. 17. 1947 ] 

8. If in the first system of pulleys, the power -30 lbs., 
the weight “ ICifti cwt., and the weight of each pulley * 2 lbs., 
find the number of movable pulleys in the system. 

4. In the system of pulleys in which each pulley hangs 
from a fixed support by a separate string, the weights of the 
three movable pulleys are 5, 3 and 1 lbs. respectively begin- 
ning from the lowest. What weight will a power of 5 lbs. 
weight support ? 
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5. In a system of pulleys in which each pulley hangs 
by a separate string, there are three pulleys of equal weight ; 
the weight attached to the lowest is 32 lbs., and the power 
is 11 lbs. Find the weight of each pulley. 

6. In raising the weight two inches by the first system 
of pulleys, five feet four inches of string passes through the 
hand. Find the number of the pulleys, assuming their 
weights to be negligible. 

7. Tn the first system of pulleys, show that, whatever 
be the weights of pulleys, the equilibrium will not be affected 
by increasing the effort, load, and the weight of each pulley 
by the same amount. 

\ 

8. In the first system of pulleys, if the weights of^the 
n pulleys, reckoning from the one nearest to W, increase 
in a geometric progression, the common ratio of wliich is 2, 
prove that 

where to is the weight of the lowest pulley. 

9. In the first system of pulleys, in which there are 
three movable pulleys, the weights of the pulleys beginning 
from the highest increase in arithmetical progression down- 
wards, and a power P supports a weight W, The pulleys 
are then arranged in the reverse order, the highest being 
placed lowest, and it is found that the interchange of P and 
W maintains equilibrium. Prove that 

3{W+P)-=2Wi, 

where TTj. « total weight of the three pulleys. [ 0, U. 1941 ] 

10. In the first system of pulleys, the weights of the 
n pulleys beginning with the highest are in A.P., and a power 
P supports a weight W\ the pulleys are then reversed, the 
highest being placed lowest and so on, and now W and P 
when interchanged are in equilibrium. Show that 

2Tri«n(Tr+ P), 

where Wx is the total weight of all the pulleys. 
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11. In the first system in which there are four movable 
pulleys, each of weight w, if P be the effort (supposed to act 
upwards) and B the stress on the beam, then 

12. If in the first system of pulleys, P is the power 
(acting upwards). W the weight, and 11 the stress on the 
beam from which the pulleys hang, show that 

(l-2-^‘)TF<P<(2"-l) P, 
n being the number of pulleys in the system. 

13. In the first system in which there are 4 weightless 
movable pulleys, a man of weight 10 stones hangs from the 
lowest pulley and supports himself by pulling at the end of 
the string which passes over a fixed pulley. With 
force does he pull the string ? 

If in the above case, the pulleys instead of being weight- 
less, be all of the same weight B lbs., what would be the puli 
on the string ? 

14. A man of weight 136 lbs. standing on the floor palls 
at the lower end of the first system of 4 weightless pulleys. 
If the weight suspended be eight times the weight of the 
man, what is the pressure of his feet on the floor ? 

15. If there be twelve pulleys divided equally between 
the two blocks in the second system of pulleys, find the 
weight which a power of 10 lbs. wt. will support, the weights 
of the pulleys being neglected. 

16. A second system of pulleys has 6 pulleys in the 
upper block and 4 in the lower. How many times his own 
weight can a man raise by this machine, if each block 
weighs i\sth of his own weight ? 

17. The cable by which Great Paul, the bell weighing 
IB tons, was lifbed to its place in the cathedral tower, 
pabsed four times through each of two blocks of pulleys of 
negligible weight. Find the strength of the cable. 
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18. Id the second system of pulleys, a weight of 7 lbs. 
^^uxJport8 a weight of 30 lbs. and a weight of 9 lbs. just 
supports a weight of 44 lbs. Find the total number of 
pulleys in the system, and the weight of the lower block. 

19. In the second system of pulleys, unless the ratio of 
the weight of the lower block to the suspended weight 
be less than the number of strings in the lower block 
diminished by unity, show that there is no mechanical 
advantage. 

20. It is required to lift a weight of 10 cwt. with four 
pulleys each weighing 8 lbs. Would you prefer the first 
or the second system as being more advantageous ? 

[ C. U. 1933 ] 

21. A man weighing 10 stones raises a load of 0 cwt. by 
means of a single string system of light pulleys, there being 
6 pulleys in each block. Find the thrust of the man on 
tlie ground, and the stress on the supporting beam. 

I B, E. 1936, *40 ] 

22. By the second system of pulleys having three 
pulleys in the lower block and the string attached to that 
block a man standing on the ground supports a weight of 

0 stones (including that of the lower block and the pulleys), 
and the pressure on the ground exerted by his feet is 
128 lbs. wt. Find the maximum additional weight he can 
support. 

23. A man standing on the ground raises a weight of 

1 ton by means of two blocks, each containing three pulleys, 
and each block, with the pulleys on it, weighs 10 lbs. Find 
the thrust on the beam from which the upper block is sus- 
pended, and the least weight of the man. 

24. In the 'second system of pulleys, a platform is 
suspended from the lower block. A man of weight TT, 
standing on the platform, supports himself by exerting on 
the.string a force equal to P. If n be the total number of 
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pulleys in the system, and mW the weight of the platform 
and the lower block together, show that 

n + 

P " ‘w+'l’ 

25. , Draw a system of pulleys with parallel strings by 

means of which a force may balance a weight seven times 
as great. [ 0. U. 1923 ] 

26. In raising a weight by (i) the first system, (ii) the 
third system of pulleys, which is the more advantageous, 
to have the pulleys heavy or light ? 

27. There is one system of pulleys in which as the 
weights of the pulleys increase, the mechanical advantage 
increases. What is that system ? 

28. If in the third system there are three movable 
pulleys such that the weight of each is equal to the power, 
show that the power will support a weight 26 times as great 
as itself. 

29. In the third system in which there are three 
movable pulleys of weights 1 lb., 2 lbs., 3 lbs., respectively ; 
find the greatest and the least weight which can be kept in 
equilibrium by the power of 10 lbs. wt., the pulleys being 
arranged in order. 

30. In the third system in which there are four pulleys 
of equal size (of which one is fixed), each of weight 1 lb., find 
the effort required to support a weight of 161 lbs. Also 
find to what point of the bar the weight must be attached, 
so that the beam may remain horizontal. 

*81. In the third system there are n weightless pulleys 
each of radius a. Show that the distance of the point of 
application of the weight from the line of action of the 

2 ** 

effort is 

32. In the third system of weightless pulleys, if the free 
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end of the string round the lowest pulley be attached to 
the bar from which the weight is suspended, show that the 
tension of the string is diminished in the ratio 2^^ - 1 ; 2^. 

*33. If the weight of the lowest pulley, in that system 
of pulleys in which all the strings, n in number, are attached 
to the weight, be equal to the power P, of the next lowest, 
to 3P, and so on, that of the highest movable pulley being 
S’*-* P, prove that TT : P « 3“ - 1 : 2. 

*34. There are three movable pulleys of weights W 2 t 
Wz in the third system, and the force P then balances a load 
W \ when the first and second pulleys are interchanged, then 
a force P' balances thp same load. Show that 

p-p' ^ 4^ 

15 

*35. A man weighing 126 lbs. supports a weight of 
106 lbs. by means of four pulleys of which one is fixed, in 
the third system. Find his thurst on the ground if the 
masses of the movable pulleys beginning from the lowest 
are 1, 2 and 3 lbs. respectively. [ C. D*. 1940 ] 

ANSWERS 

1. 2048 lbs. wt. 2. 10 lbs. wt. 8. G. 4. 251bs. wt. 

5. 8 lbs. -wt. 6. 6. 18. Sfy lbs. wt. ; lbs. wt. 

14. eSlbs. wt. 15. 120 lbs. 16. 8 , *0 times his own weight. 

17. 2i tons wt. 18. 7 ; 19 lbs. wt. 20. First system. 

21. 84 lbs. wt. ; 728 lbs. wt. 22. 64 stones. 

23. 2635 lbs. wt. ; 376 lbs. wt. 25, Second system, with 7 pulleys, 
4 in the upper and 3 in the lower block, or third system with 8 pulleys. 

26. Light in the first system, and heavy in the third system. 

27. Third B>6j«pm. 29. 178 lbs., 166 lbs* 

30. 10 lbs. wt. ; the point required divides the distance between the 
first two strings (passing over the two topmost pulleys) in the ratio 5 : 3. 

• 35. 120 lbs. wt. 
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II. LEVERS 

12*10. A Lever is a rigid rod, straight or curved, 
movable in one plane about a fixed point in the rod. The 
fixed point is called the fulcntnit and the parts of the lever 
between the fulcrum and the points of application of the 
effort and' the weight are called the arms of the lever. 

When the arms are in the same straight line, the lever is 
called a straight lever ; in other cases, it is called a bent lever. 

Straight levers are usually divided into three classes 
according to the positions of the points of application of 
the effort and the weight with respect to the fulcrum. 

Class. 1. In levers of the first class the effort P and the 
weight W act on opposite sides of the fulcrum C, 



A oTOw-bar usod to raise a heavy weight, a poke used to raise coals 
in a grate, etc. are levers of the first class ; aud scissors, pincers etc. 
are double levers of the first class. 

Class IL In levers of the second class the effort P and 



the weight W act on the same side of fulcrum 0, the weight 
being nearer the fulcrum. 
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The oar of a boat is a lover of the second class and a pair of 
nut-craokers is a double lever of this class. 

Class III. In levora of the third class the effort P and 
the weight W act on the same side of the fulcrum C, the 
effort being nearer to the fulcrum. 



\n example of a third iliss lever is seen m tho human forearm 
raising an object placed on the plam of the hand, the effort being in 
this case the tenson in tho ligament noir tho joint ; a pair of tongues 
is a double lever of this typo. 

Equilibrium condition and mechanical advantage of a straight 
lever. 

If the weight of the lever is neglected, then in each of 
tho above three cak>€s, the lever is in equihhiium under 
the action of three forces, the effort P, the w^eight W and 
the reaction J? at the fulcrum. Hence B must be equal 
.ind opposite to the resultant of P and W, 

In Class I. 

InCla^^sII, R W-P. 

In Class III. B-^P-W. 

Again, a«- the resultant of the parallel forces P and W 
acts through C, 

P.AC-^WMG. 

.* . mechanical advantage “ ^ 

Thus, the levers of Class I generally and those of 
Cltiss II always have got mechanical advantage, whereas 
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the leTers of Class III have got mechanical disadvantage* 
The levers of third class are nsed to apply force at a point 
where the direct application of the force is not convenient. 

If the weight of the lever is taken into consideration, 
the equation for equilibrium may be written by taking 
moment about the fulcrum, the moment of the weight of 
the lever being also added. 

III. THE COMMON BALANCE 

12*11. The Common Balance. 

The common balance is an instrument for determining! 
the weights of bodies. It consists of a straight uniform 
beam AB, having two scale-pans of equal weight suspended 
'from the two ends, and turning freely about a fulcrum O 
outside the beam but rigidly connected to it. 



In a perfect balance the fulcrum and the centre of 
gravity Q of the beam (with its connected parts) both lie 
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on the lihe which bisects the beam perpendicularly, so that 
when the beam is horizontal. 0, O and the mid -point C of the 
beam are in the same vertical line. AC and BO are called 
the arms of the balance. 

The beam is horizontal when no weights or equal weights 
are placed on the scale-pans. The body to be weighed is 
placed in one of the scale-pans, and weights of known magni" 
tudes are placed in the other till the beam is horizontal. 
If the balance lie true {t 6., perfect), the sun of the known 
weights gives the weight of the body. 

Note. The common balance is a lover of the first class. 

\ 

12'12. Requisites of a good balance. 

The requisites of a good balance are : 

(i) it must be true, t.e,, the beam should remain hori- 
zontal when no weight, as well as equal weights are placed 
in the scale-pans. 

For this, it is necessary that 

(a) the arms of the balance must be exactly equal, 

(b) the weights of the scale-pans must be equal, 

(c) the G.G. of the beam including the rigid connections 
must be on the line through the fulcrum perpendicular to 
the beam. 

To test the truth ol a balance, we first see that the 
beam is horizontal when the pans are empty. Next, a body 
is placed in one scale-pan and such weights are placed in 
the other that the beam is horizontal ; now, if the contents 
of the pans being interchanged, the beam is still found to 
be horizontal, the balance must be true. If in the second 
case, the beam is not horizontal, the balance is said to be 
false. 

(ii) it must be sensitive, i,e., for a very small difference 
in the weights of the contents of the scale-pans, the beam 
should be inclined to the horizontal at a perceptible angle ; 
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(ii) it: must be stable, i.e,, the beam, with the pans 
empty, must quickly return to its horizontal position, when 
disturbed. 

Note 1. In a good balance a rol or a pointer called the tongue is 
attached perpendicular to the beam at its middle point, and as the beam 
oscillates, tho pointer moves against a graduated scale. Since it is 
vortical when the beam is horizontal, hy its help the determination of 
sensitiveness and stability of a balance becomes easier. 

Note 2. A balance is said to bo JauUy in every respect, if it is not 
true in every respect i.e., (i) if its arms are unequal in length, (ii) its 
scale-pans are unequal in weight, and (iii) the G.G. of the machine is 
not on the perpendicular from tho fulcrum on the beam. 

* 12*13. Position of equilibrium of a balance with 

unequal weights in the scale«pans. 



Let C be the middle-point of the beam AB, O, the C.G. 
of the beam with its rigid connections, and 0 the fulcrum. 
Let OC =^h, CG^k. 

Let S ^ weight of each soale-pan 

W « weight of the beam 

W2 - weights placed in the pans at A and B res- 
pectively, and let W± >1^2. 

a "“length of each arm, so that AC^OB-a, 

Let 0 be the inclination of the beam to the horizon in 
the position of equilibrium. 
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The horizontal distances oi A, B and O from 0 in this 
position are easily seen from figure to be a cos sin 8, 
a cos 0+ h sin 0 and [h+k) sin 0 respectively 

The beam is acted upon by the following forces : 

1^1+ S, TF 2 + S, vertically downwards at A and B, W 
vertically downwards at O, and the vertical upward reaction 
at 0, 

Hence, for equilibrium, taking moments about 0, we have 

( ITi + S){a cos Q-h sin 0) *- W{h + h) sin 0 

(TTs + S)(a cos 0 + h sin 0), 

. ( IF 1 - W 2 ) a cos 0 - sin 0 ! 1F(;/ + « + (TFi + W 2 + 2S);t ]. 

. {W^-W^)a 

. . tan 0 ^ ^ + 2,9);» 

Note 1. Tlio result shows that if Wi'^W^t ^-=*0, i.e., the beam 
cat! test only in a ho 11 ontal position. 

Note 2. It sh jiild bt' noted that if h and k wero both zero, if 
the G(r of the beam and the fulcrum coincided in the line AB, the 
beam could rest in any position when equal weights wero put in the 
pans, and could rest only in a vertical position if tho weights weio 
different. 

Note 3. For a given dilletonoe IVj - Wt of the weights on tho 
pans, the greater the value of $, tho more sensitive is the balance. 
Thus, for a balance to he sen^xiwe^ a must be Urge, and h and k both 
small, t c., the anti sihoiCd be long, and ihefulcmm and the C.G. of the 
beam as near the beam as posetble, but not exactly coincident with the 
centre of the beam (see Note 2 ahovi). 

Note 4. If IFi and bo removed, while the inclination of tho 
beam to tho horizon is 0, bhe moment about 0 of the acting forces, 
^nding to restore the beam to its horizontal position is, from tho 
figure, 

S (a cos 0+ /i sin 0) + W(h+ k) sin 0 - S (a cos 0 -It sin 0) 
»sin0f2;ifl + (h+&) W) 

and .for this to be large, h and k should be large ; in other words, 
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a balance is stable for which h and k are large. Thus, if a balance is 
more stable, it will be less sensitive, and vice versa. 


12*14. Double weighing. 

Method L Eirst place the body to be weighed in one 
scale-pan and in the other put suitable material (such as 
sand, brick-chips, etc.) sufficient to balance the body. Next 
remove the body, and in its place put weights of known 
magnitudes sufficient to balance the brick-chips. The weight 
of the body is obviously the sum of the weights. 

This is known as Borda's 7nethod of double weighing. 

Method II. The weight of a body is observed by placing 
it successively in the two scale-pans. If the weights are 
-found to be exactly the same in both cases, the observed 
weight is the true weight of the body and the balance is true. 
This method enables us to test the truth of a balance. 


IV. STEELYARDS 

12*16. The Steelyards are also levers of the first kind 
with graduation marks on them, used for weighing goods, 
in which the necessity of keeping a number of weights is 
obviated. There are two kinds in common use : 

(i) the Common (or Boman) Steelyards, having a fixed 

fulcrum, 

(ii) the Danish Steelyards, having a movable 

fulcrum. 

12*16. The Common (or Roman) Steelyard. 

It consists of a straight steel lever AB having a fulcrum 
at a fixed point G near one end A. At A there is a hook 
or a scale-pan in which the body to be weighed can be 
placed, and a movable weight P slides along the arm OB 
which has graduations marked on it. After an article has 
been placed in the scale-pan, the movable weight is shifted 
along OB until the beam is horizontal and the mark at X 
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where fche movable weight rests, indicates the weight of the 
article. 



(iraduatioD. 

Let W' he the weight of the steelyard and the scale-pan 
and let G be the point of the beam through which W' acts. 
The steelyard is u'Jually constructed in such a way that its 
C.(i. is on the shorter arm. When there is no weight in 
the scale-pan, let 0 be the position of the movable weight 
P for which the beam is horizontal. The mark of the 
graduation at 0 is then zero. Taking moment about C for 
this case, 

P.OC-TF'.C/C. - (i) 

No\t put a weight W in the scale-pan, and let X be the 
new position of P for which the beam is horizontal. Then 
taking moment about C, we have, 

P.ZC»TF..4C+TF'.GC. (ii) 

Subtracting (i) from (ii), we get 

PlOX-W,CA. 

(iii) 


19 
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Now, i£ we measure off distances OXi, OX*, OXs,... 
along OB, equal to CA, 2CA, 30-4.... and write 1, 2, 3,... 
for Xi, X 2 , Xa.... these graduations give the points for 
which the weight of the body placed in the pan is P, 2P, 
3P.... 

It should be noted that the graduations are of equal 
length and if the movable weight P is taken as 1 lb. (or 
1 kg.), the graduations obtained would indicate pounds (or 
kilogram). If smaller graduations are required, these divi- 
sions can again be divided into suitable sub-divisions. 

Note 1. The distanoes of the bucoessivo graduations from tha 
fulcrum aro in A.P. 

Note 2. Weigh’Brtdge is a modified form of this machine. It is 
‘generally used in railway stations for measuring the weights of heavy 


12*17. The Danish Steelyard. 



The Danish steelyard consists of a lever AB whose 
fulcrum C is movable. At one end B, there is a lump of 
metal as a knob, and at the other end A there is a hook or 
a pan where the body to be weighed is placed. The beam 
is graduated and the weight of an article placed in the scale- 
pan is ascertained by observing the mark of graduation of 
the point at which the fulcrum must be placed so that the 
beam should rest horizontally. ^ 
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Graduation. 


Let P be the weight of the beam and the pan, acting 
through the point G of the steelyard. It is obvious that 
the zero graduation is at O, since the fulcrum must be at 6 , 
when the beam balances in a horizontal position without 
any weight in the scale-pan. 

Let C be the position of the point where the fulcrum 
must rest when there is a weight W^nP (say) in the scale - 
pan. and the beam balances horizontally. 


Taking moment about C, we have 


»P.iC“P.GC 


AO 


^'PUG - AC). 
AG 

es • 

n +1 


Thus, the successive graduations for n^l, 2, 3,... e|p. 
are at points (7i, C 2 , Ca,..., whose distances from A are 

UG, UG, UG.... 

If we mark 1, 2, 3,... for Gi, G 3 , Gj, these graduations give 
the points for which the weights of the body on the pan are 
P, 2 P, 3P,... respectively. If P be equal to 1 lb., the 
graduations indicate pounds. 


Note. Since, i, i,... are in H.P., the distances of the snKcessive 
graditations from the point from which the scale-pan ts suspended are 
in fT.P. 


V. WHEEL AND AXLE 

12*18. The Wheel and Axle. 

This machine consists of the axle AB, in the form 
of a cylinder, capable of rotation about a fixed horizontal 
axis CD, and a loheel EF, rigidly attached to it, and there- 
fore rotating about the same axis which passes through 
the centre of the wheel and is perpendicular to its plane. 
At ^the ends of the axis, there are two pivots C and D 
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resting in fixed sockets This machine is used for raising 
heavy bodies. 


£ 



A string is wound round the circumference of the wheel 
with one end fixed to it ; effort P is applied at the other end 
of the string. The wheel is grooved along the circumference 
to prevent the rope from slipping off. Another string is 
coiled round the axle in the opposite direction with one 
epd fixed to it ; the weight W is suspended from the other 
end of this string. When effort is applied, the point ot 
application of P moves down and the string round the wheel 
is uncoiled, and that round the axle winds up, so that W is 
raised. 

Mechanical Advantage. 

Let a and b(h> a) be the radii of the axle and the 
wheel respectively. Since the only forces (except the 
reaction on the axis) acting on the machine are P and W 
which tend to rotate it round the axis CD in opposite 
directions, for equilibrium, the sum of their moments round 
the axis is zero. 

I 

Hence, T7.a-"P.6“0, 
i.«., W,a^P,h. 

. ■ . mechanical advantage " 

b ^radms of the wheel ^ 

P a radius of the axle 
which is obviously greater than unity. 

Note. Mechanical advantage can easily be increased by making 
the radius of the wheel larger and that of the axle smaller. 
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Verification of the Principle of Work. 

When the wheel and the axle make one complete revo- 
lution, the length of the string uncoiled from the wheel is 
2nh ami the length of the string wound up round the axle 
is Q‘ra. Hence, the point of application of P moves down 
through a di«;tance Qnb and that of W moves up through 
a distance 

. . work done hy the effort ~ P x ^nb 
and work done against the weight *== W x 

Hence, W x ~ p x .* W P.h 

as other\^ ise show n ahowp. 

Note. WimlUsa, used for drawing \sater from a well, and Cape; tan, 
used on board a ship, are different forms of v'bcel and axle. In the 
former the axis is horhohtal, and in the latter, the axis is veitic ik 

12*19. Illustrative Examples. 

Ex. 1. The arm^ ff a balance a^e of unequal lenqth, hut the beam 
leniaim %n a honeontal portion when the scale-pans are not loadi(b If 
a body be Vviqhed^ levw vlared m <.iif cession %n the Uoo scale-pans, 
*<hoin that its tine neiqht is the qeometiK mean between tts a'iq)arent 
weights. 

Since the ijeain remains horUonta) when the scale pans are empty, 
the O.G. of the beam with the pans must !« voitically below the 
fulcrum. 

Let a and b be the lengths of the arms of the beam and let a bod> 
whose true weight is U” appear to weigh and U" successivclj . 

Then taking moment about the fulorum, 
for the first w oighing, W.a -W^,b — (1) 

for the second weighing W.b^W^a. *** U) 

Multiplying (1) and (2), we have TV^-Trjr^. 

Ex 2. If the scale-pans are unequal in u eight, but the balance is 
otherwise cirrecU find the real weight of a body uliich appears to ueigh 

a$Ld IVi V hen placed successively in the two scale-pans. 
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Liet Sit S^ be the weights of the scale-pans, a the length of either 
arm, and W the true weight of the body. 

Talcing moment about the fulcrum at the Ist weighing, 

(W+8i)a^{Wi-^S^)a. •• ( 1 ) 

SimiUrl> , at the 2nd weighing, 

(Tr+5,)a-(Tr, + S.)a. — (2) 

Adding (1) and (2), 2W^ Wt + W,. 

Ex. 3. The arm^ of a balance are equal tn length hut the beam 
unjustly loaded the C*Q* of the whole machine is not on the per- 
pendicular from the fulcrum on the beam). Shoiv that the true weight 
of the body as the amthmetic mean between its apparent weights when 
it is weighed being placed in succession in each scale-pan. 

Let a be the length of each arm and x the horirontal distance of the 
C G. of the machine from the fulcrum on the side of the body at the first 
weighing. Let W be the true weight of the body, Wx and TF* its appa- 
rent weights and w be the weight of the machine. 

Then taking moment about the fulcrum, at the let weighing, 
WxO^Wa'^wx, 

Similarly, at the 2nd weighing, 
y\\a+wx^ Wa. 

Adding, {W^ + Wx)a^2Wa. )F»-i(TF» + TF,). 

Ex. 4. A grocer has a balance whose arms are 30 cm. and 36 cm,, 
respectively, but which «s otherwise correct. If he sells 10 Kg, of tea 
to a customer at Rs. 0 per Kg, by weighing half the quantity vn one 
scale-pan and the ottier half in the other, find how much docs he gam 
or lose by the transaction. 

Let Wx and TF, be the true weights of the quantity of tea which 
appear to weigh 5 Kg. at the time of first and second weighing* 

Then, taking moment about the fulcrum, 

]Fi.80«6.36 ; TF9.36-6.30 

IF* - 6 ; TF9-4I. 

TF9+TF9-6+4.i-10i. 
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\ the grocer real!} gives the customer lOl Kg. of tea and receives 
the price for 10 Kg. 

he loses by thr transaction the price of i Kg. of tea t.e.i he 
lo<ies 6— Re. 1, 

Ex. 5. A shopkeeper u*iing a common steelyardt alters the movable 
weight for which it has been ipaduateJ. Doe$ he cheat himself or hts 
customers ^ [ P. 7/. 1935 ] 

From the fig of Art. we have, when the machine is correct, 

W.CA 1 ir.CG^P CX. 

where W is the weight of the bod> placed m the scale pm and P the 
movable weight. If the ^shopkeoptr increases P, the right side of the 
above equation becomes inc reaped. Hence the left bide, and therefore, 
^Y IS increased. But W was the quantity corroaponding to the marked 
gr iduition. Hence where P is inert ased, the shopkeeper cheats hiffiSf'lf. 

Similarly, if /' is decieased, he cheats his customers. 

Ex. 6. Jf in a Danish steelyaidt an be the thiiance of the fula mn 
ftotn the extremity fiom tihich the Height of n lbs. is suspended, show 
that 

^ + ^ ^ . [o.u.imi 

a, Ot+-j On+l 

Here ani-,, On+a are distances of the fulcrum from the extremity 
carrying the scale-pan, when masses of (n+l)lb3. and (n+2)lbB. are 
placed in the pan. Then from the dg. of Art. 12 17, if P be the weight 
of the machine, taking moment about the positiom of the fulcrum in 
the first case, 


n.au - P.CfC « P(i O - a,,). 




1 1 P+n 

an^AO' P 

(1) 

,, , 1 1 P+(n+l) 

Similarly. ^ 

(2) 

1 1 P+(«+2) 

. an*,’’Aa P 

( 3 ) 
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aOb 


adding (1) and (3), we get 

1+ 1 -_L 

On dn-f-j AC 


r2P-l-2n + 2l 2 1 

rp+(«+in 

L P yAG 

L p J 


2 

B — 

d «+ 1 


from (2). 


Ex. 7. In a ivheel and axle, tf the radius of the xvheel he 6 times 
that of the axle, and if by means of an effort equal to 5 lbs* wt. a body be 
lifted through 50 ft,, find the ariount of uor/: expended, [ l\ U, 1932 ] 
Ijet a — the radius of the axle, 
then radius of the wheel. 

Since the body is lifted through 50 ft., the circular measure of the 

50 

angle through which the axle turns = » which U also equal to the 

A 

angle through which the wheel turns during the time, as tbG\ are 
rigidly connected with each other. 

Tjet X bo the length of the string unroiled from the wheel as the 
body is raised. 

Then 5 .• x--50v«6=300 ft. 

oa a 

. the amount of the work expended « 5 x 300 *= 1500 ft. lbs. 


Examples on Chapter Xll(b) 

1. The pressure on the fulcrum of a straight lever of 
first kind is 6 lbs. wt. and the difference of the forces acting 
at the ends is 2 lbs. wt. Find tlie ratio of the arms at 
which they act. 

2- Two weights P and QiP > Q) i)alanco, acting at the 
ends A and B o! a straight lever AB, If P and Q inter- 
change places and additional weights Pi and Qi are added 
at A and B respectively, the equilibrium is undisturbed. 
Show that P® - 0^“ = PiO - Qi P. 

3. A straight light horizontal lever has for fulcrum 
a hinge at one end C, and from a point B is suspended the 
weight W. If the pressure on the hinge (either upwards 
or downwards) must not exceed iW, show that the effort 
must act somewhere within a space equal to ^BC. 

4. In a lever of the first class, a weight W fastened to 
one end is supported by a force P ajb the other ; if the ends 
are interchanged, the necessary force to balance TF is a force 
Q ; prove that TF- J{PQ). 
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5. A pair of nut-crackers is 4^ inches long, and a nut 
is placed at a distance i in. from the hinge. What pressure 
applied at the ends of the arms, will crack the nut if 
a weight of 20i lbs., when placed on the top of the nut 
cracks it ? 

6. A rectangular block of stone vreighing i ton, whose 
weight acts at its centie, is to be raised b|t a crow-bar 3 ft. 
long resting against a log of wood in front of it, at a dis- 
tance 6 inche« from the end of the bar in contact with the 
btone. Find the least force that must be applied to rai-.e 
the stone. 

7. A straight lev.^r AB whose arras ACt BG are a and 
h, is in equilibrium under the action of the forces P and Q 
at its ends A and B respectively ; the lines of action of the 
forces meet at 0 and Z^OAB^a and /LOBA^p. Find the 
ratio of P to Q, and the pressure on the fulcrum. 

8. A straight lever is acted on at its extremities by 
forces P, Q inclined at angles of 30® and 60® to its length. 
If P; V3 + 1 ; ^/3-l, show that the' reaction at the 
fulcrum is 2 x/2 at 45® to the lever. 

9. A lever without wreight is of length c, and a weight 
IS supported by two strings of lengths a and b from its ends ; 
if the lever rests in a horizontal position, show that the aims 
of the lever are in the ratio 

(a®+c*-6«):(6“ + c®-a*). 

10. The arms of a false balance are a and 5, and a 
weight W balances P at the end of the shorter arm 6, and 
Q at the end of the arm a , show that 


a P- TT 
b 


[ P. U, 1940 ; U. P. 1947 ] 


11. A tradesman weighs out to a customer apparently 
equal quantities of wheat alternately from the two scale- 
pans of a balance with unequal arms. Does he gain or 
lose ? [A.U. 1931 ] 


12. A substance weighed from the two arms succe^- 
sively of a false balance has apparent weights, 9 and 4 lbs. 
Find the ratio of the lengths of the arms and the true 
weight of the body. [ P. U. 1930 1 
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13. In ft false balance the arms being of unequal length, 
a weight is measured in one scale-pan by P lbs. and in the 
other by Q lbs. Show that the arms are to one another 
as ^'P : JQ. 

14. In a balance with unequal arms, the apparent 
weights of a body are lbs. and 49 lbs. when weighed in 
succession in the two scale-pans, and the whole length of 
beam is 2i ft. Find the length of each arm. 

15. A man sitting in one scale of a common balance 

places his “pugree** on the beam between the fulcrum and 
the point of suspension of the scale. Will he weigh more 
or less than if he had pugree on ? Give reasons for your 
answer. [ C. 17. 1930 J 

16. A boy sitting in one scale-pan of a balance presses 
upw^ards with a rod against the beam at any point between 
the fulcrum and the point from which the scale-pan in 
which he is seated is suspended. Show that he will appear 
to weigh more. 

17. The arms of a false balance are in the latio of 
20 . 21. How much does a trader gain or lose if he places 
articles to be weighed at the end of the shorter arm, when 
he is asked for 4 Kilograms of potatoes at 50 paise per Kg. 

18. A balance has its arms unequal and one scale-pan 
unjustly loaded. A body of true weight 9 Eg. appears to 
weigh 87 and 10 Kg. when placed successively in the two 
scale-pans. Find the ratio of the arms and the weight with 
which the pan is loaded. 

19. If the scale-pans are unequal in weight but the 
balance is otherwise correct, find the real weight of the 
body whose apparent weights are 12 lbs. and 14 lbs., when 
the body is placed successively in the two pans. 

20. One scale-pan of a balance is unjustly loaded. If 
TFi and W 2 be the apparent weights of a body when 
weighed in succession in the two scale-pans, find its true 
weight and the weight with which the scale is loaded. * 



Ex. Xll(b) ] 


MACHINES 


•290 


21. If a balance be faulty in every respect, and if the 
apparent weight of a body when weighed from the arms 
of lengths a and h be Wx and W 2 respectively, its true 
weight W is given by 

TFxb+TF.a 
a + b 

*^22. A dealer has a balance faulty in every respect, the 
arms being 10 and 12 inches long. He weighs out to a 
customer two bags of rice each of the same weight. If 
Wx and W 2 be their apparent weights when weighed from 
the shorter and longer arms respectivefy, show that the 
customer loses a quantity equal to {W 2 - Wx). 

^23. If a tradesman weighs out to a customer a quantity 
of wheat by alternately weighing apparently equal portions 

of ifc in the two scftle-pans of a balance which ia unjustly 

loaded, has unequal arms, and whose G.G. is in the longer 
arm, show that he will defraud himself. 

*24. A tradesman has a pair of scales, which do not 
quite ))alance and makes them balance by attaching a small 
weight to one of the pans. Show that if he tries to serve 
a customer with any weight of commodity by weighing 
parts of it in succession in each soale-pan against half the 
weight in the other, be will always cheat himself. 

25. A balance is faulty in every respect. A certain 
article appears to weigh Pi or Pa according as it is put 
into one scale-pan or the other. Similarly, another article 
appears to weigh Qi or Qa< Show that the true weight of 
an article which appears to weigh the same in whichever 
scale-pan it is put, is 

PiGs *" P9O1 

(Pi -Ps)-(Qi 

*26. Three bodies of weights P, Q, R appear to weigh 
P\ Q\ B' in a balance which is faulty in every respect. 

Show that (pg' - p'g) + (gp' - g'p) + (bp' - b'p) » o. 

27. In a common steelyard, show that the distance bet- 
ween any two graduations is proportional to the difference 
between corresponding weights. [ 0, U, 1923 ] 
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28. If fche distance of the G.G. cf the beam of a common 

steelyard from the fulcrum is 2 inches, the movable weight 
4 ozs., and the weight of the beam 2 lbs., find the distance 
of zero graduation from the O.G. [ A. 17. 19QS ] 

29. A uniform beam AB^ 2 ft. long and weighing 3 lbs. 
is used as a steelyard, whose fulcrum is at a distance 3 in. 
from A, If the movable weight be 1 lb., find the greatest 
and least weights which can be weighed with the machine. 

*'30. A shopkeeper using a common steelyard alters the 
movable weight for which it has been graduated. Show that 
he cheats himself or his customers according as he increases 
or decreases the movable weight. 

31. A common steelyard, correctly graduated when new, 
has its weight and position of its G.G. slightly changed by 
the wearing away of the rod. A body of weight 5 lbs. i oz. 
appears to weigh 5 lbs. Find the true weight of a body 
which appears to weigh 12 lbs. 

32. If the beam of a common steelyard be uniform and 
its weight be m times the movable weight P, and the fulcrum 
one-nth part of the length^of the beam from the end where 
the weight is suspended, show that the greatest weight that 
can be weighed is i }(2n ~ 2) + w (n - 2)lP. L P. C7. 1938 J 

33. When weights P and Q are successively placed in 
the scale-pan of a common steelyard, the movable weight is 
at distances a and b from the fulcrum. If the movable 
weight is equal to that of the machine, show that the dis- 
tances of the G.G. of the machine from the fulcrum is 

Pb-Qa 
P-Q ’ 

34. The weight of a Danish steelyard is 6 lbs. and the 
fulcrum is at a distance of 3 inches from the end to which 
the weight is attached, to balance a weight of 8 lbs. Find 
how far the fulcrum must be shifted in order to balance 
a weight of 16 lbs. 

35. A Danish steelyard loses x^th of its weight by use. 
If the O.G. remains unchanged, find the real weight of a 
body whose apparent weight is 20 lbs. as determined by it. 
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36. In a certain Danish steelyard, it is found that the 
distances of the fulcrum from the end carrying the scale-pan 
are a and b if the weights P and Q respectively are placed 
on the scale-pan. Find the position of the centre of gravity 
of the instrument and show that its weight is 


hQ-aP^ 

a-h 


[ 0. U. 1944 ] 


37. In a Danish steelyard, show that the sensibility at 
any point varies as the square of the distance of the point 
from the end at which the weight is suspended. 

[ For a small change in the weighty the gi eater the shifting of the 
fulcrum^ i.c., the greaier the distance between the graduations showing 
the difference in weights, the more jensitive is the steelyard* ] 


38. The radius of the wheel being three times that of the 
axle, find how far the weight will be lifted when the power 
is pulled down through the space of one foot. [ C. U* 1922 ] 

39. A bucket weighing S3 lbs. is raised from well by 
means of wheel and axle. The radius of the wheel is 
21 inches and while it makes 6 revolutions, the bucket rises 
10 ft. Find the force wliich will just raise the bucket. 

40. If the difference between the radii of a wheel and 
axle be eight inches, and the power and the weight be as 
0:7, find the radii. 

41. The radius of the wheel is four times that of the 
axle, and the string on the wheel is only strong enough to 
support a tension of 40 lbs. wt. ; find the greatest weight 
which can be raised. 

42. Two men, who can exert forces of 200 lbs. wt. and 
225 lbs. wt. respectively, work at a wheel and axle, in which 
two wheels are attached, of 5 feet and 4 feet diameter res- 
pectively, the diameter of the axle being 20 inches ; find 
the greatest weight the men can raise by it. 

43. The radii of the wheel and axle are a and h 
respectively, the w^eight consists of a cage of weight W with 
a Qian of weight W* inside it, who supports the system by 
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holding the rope that passes over the wheel. Find the 
tension he produces in the rope. [ Allahabad ] 

*44. A particle of weight 40 lbs. placed on an inclined 
plane is supported by a force 24 lbs. wt. acting along the 
plane. If the same weight were to be supported by a force 
acting horizontally, show that the force must be increased 
in the ratio of 5 : 4, while the pressure on the plane will be 
increased in the ratio of 25 : 10. 

45. Show that the smallest force which will keep a body 
in equilibrium on a smooth inclined plane must act along 
the plane. 

46. Find the inclination of a plane to the horizon on 
which a power parallel to the plane will support double its 
own weight. 

47. A heavy body rests on a plane inclined to the 
horizon at an angle a ; if the pressure on the plane be equal 
to the effort applied, show that the effort is inclined at an 
angle in - 2a to the plane. 

*48. A power P acting parallel to an inclined plane can 
support Wit and acting horizontally can support TT*, both 
resting on the same plane. Prove that P* = TTi* ~ 1^2*. 

ANSWERS 

1. 2:1. 5. 2i lbs. wt. 6. 112 lbs. wt. 

7. P : 0 - 6 sin j8 . d sin a , reaction = \/p* + - 2PQ col (a + H), 
11. Lose. 12. 2:3; 6 lbs. wt. 14. 13 inches ; 14 ins. 

16. Less. 17. Loses 10 paise. 18. 4 : 5 ; ll Kg. 

IS. 18 lbs. 20. + 28. 18‘ inches. 

20. 16 lbs. ; 8 lbs. 31. 12 lbs. i oz. 34. 1 fx inches. 

35., 18 lbs. wt. 36. Distance of G.G. from the scale-pan is 

o6(<?-P)/(6g-aP). 

88. 4 inches. 39. 6 lbs. wt. 40. 4 ft. ; 4| ft. 

41. 160 lbs. 42. 1140 lbs. 43. {W-hW'Ma-^b). 

46. 80*’. 



Appendix A 

THEORETICAL PROOF OF THE 
PARALLELOGRAM OF FORCES 

1. LapIace^s proof. 

We shall 6rsfc of all coobider the case of two perpendi- 
cular forces, and then extend the result to the case of any 
two oblique forces. 



Let P and Q be any two perpendicular forces acting at 
0 along OA and 0J3, and let B be the magnitude of their 
resultant acting in an unknown direction OC at angle 0 to 
OA. Let XOY be drawn perpendicular to OC, 


Then B along 00 is equivalent to a force P at an angle 
d to it along 0A\ and a force Q perpendicular to P. 
Hence, a force A.i2 along OG is equivalent to force ^.P at 
an angle 0 to it, together with a force A.Q perpendicular 
to the latter, for multiplying by the factor A is essentially 
the same as an alteration in the scale of representation. 
Thus, the force P along OA, which can be taken as 


f 


along OA, tsan be replaced by a force ^ -P at 
an angle 6 to OA, along 00), together with force 

p 

P Q in the direction OX perpendicular to OC. In the 
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, hame manner, the force Q= alon^ OB can be replaced 
by a force ^ • P along OY at an angle d to 05, together 

with a perpendicular force ^ ‘Q along OG. Thus, the two 

given foi?ce9 P along OJ and Q along 05 are equivalent to 

P® Q® PQ 

a force j> ^ along OC, together with a force along 

Qp 

OX and a force ^ along OY, and the two latter, being 
equal and opposite, cancel one another. Thus, the single 

p® 4- Q® 

force equivalent to the two given forces P and Q is ^ 

along 00, which is thus the required re&ultant 5. 

Hence, 5“ * or, 5^ «P*** + Q®,i.e., VP®"+^®, 

giving the magnitude of the resultant of two perpendicular 
forces. 






For direction, let us consider first three equal forces 
P, P, P, acting at 0 along three mutually perpendicular 
directions OX, OY, 0^?, and let them be represented by 
04, 05, 00 respectively. Complete the rectangular parallele- 
piped with 04, 05, 00 as adjacent edges (Fig. i). 
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The resultant of the two equal forces F, F represented^ 
HV OA and OB must, from symmetry, be equally inclined to 
them, and therefore must act along the diagonal OD ; alsqjts 
magnitude, from what has been proved above, is JF^'^F^ 
** F ^/2. Combining with this the force F along 00, the 
resultant of F along OD and F along 00 must evidently 
be along some line in the plane COD, Again, considering 
the two forces F^ F represented by OB and 00 'first, and 
then combining their resultant with OA^ the final resultant 
will he in the plane AOE. Thus, the direction of the final 
resultant being common to the two planes COD and AOE 
must be along the diagonal 00'. Hence, we e^ablish that 
the resultant of two perpendicular forces F J‘2 along OD 
and F along 00 is"" in the direction of the diagonal 00' of 
the rectangle ODO^C, and its magnitude is 

JF^HFUW = Fj3=- 00 '. 

Next, taking forces F F along OX, OF, OZ 
Tepresented by OA^ OB, 00 (Pig. ii), considering first the 
resultant of OA, OB, and then combining it with 00, and 
alternatively, finding the resultant of OB, 00 and then com- 
bining with OA, we can show exactly in a similar manner as 
above that the resultant of two perpendicular forces F ^/3 
along OD and Xj.long 00 is along the diagonal 00', and its 
magnitude = X ^/4 = 00'. 

Then take F, F J3, X along OX, OF, OZ, Proceeding 
in this manner, we show finally that the resultant of two 
perpendicular forces F Jn and F is represented by the 
diagonal in magnitude and direction. 

Now, taking F, F, F Jn along OX, OF, OZ we extend 
the above result to the case of two perpendicular forces 
Fj2 and F s/n. Then taking F, X^/2, F Jn the result is 
extended to F and F Jn, Proceeding thus, we prove 
the result for the case of two perpendicular forces F Jm 
and F Jn where m and n are any two positive integers. 
Writing m—p* and n^q^, where p and q are any two 
positive integers, we finally prove the parallelogram law of 
forces to hold good for two perpendicular forces pF and 
qF,^ We can replace pF and qFh^ P and Q, where P and 

ao 
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Thus, the two forces P along OA and Q + B along 0BD 
are ultimately equivalent to two forces both acting at E, 
one along OE and the other along BE. Hence, the resultant 
of P and Q + B acting at 0, represented by OA and 
OD respectively, must be acting through E and therefore 
must to along the diagonal OE of the parallelogram 
ODEA. 

Now, to start with, take two equal forces F, F along 
any two directions, represented by OA and OB. From 
symmetry, their resultant must be equally inclined to OA 
and OS, and accordingly it is in the direction of the 

diagonal of the rhombus OACB. Hence, from what has 
been proved above, the parallelogram law for direction 
of the resultant will hold good for forces F and F+ F i.e., F 
and 2F along OA and OB. Again, as the result is true for 
F, F and for F, 2P acting at the same angle, it is true 
for forces F and ZF acting at the same angle. Proceeding 
in this manner, it can be shown to be true for F and pF. 
Thus, it is true for P+P and pF, for 2P and pF. 
Similarly, it will to true for 3P and pF and ultimately for 
qP and pF where p and q are any integers. Replacing pF 
and qF by P and Q, we see that, so far as the direction 
is concerned, the parallelogram law for resultant is true 
for any two commensurable forces P and Q acting at- 
any angle. 

The result then can to extended to incommensurable ' 
forces as well, in the limit, as in the previous proof. 

Hence, for any two forces P and Q, commensurable or 
incommensurable, acting at any angle, the parallelogram- ' 
law is established so far as the direction of the resultant 
is concerned. Now to establish that the law being true for 
direction, it will be true for magnitude as well, it is left as 
an exercise to the student. In this connection, see Art. 2*10,. 
Hx. 8, worked out, and Ex. 58, p. 32 set in. the book. 
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1. Note on Art. 8*2. 

Let ABG be the triangle where the forces P, Q, B acting 
rerp. to BO, CA, AB all outwards meet at 0, a point 
inside the triangle ABG. Let the forces cut BG, CA, AB 
at D, E, P respectively. a 



^ Q . B 

sin EOF” sin FOB “ sin DOE' 

[*.• Z.4-180*-Z.iSOP] 

Hence by the converse of Lami's theorem, the forces are 
in equilibrium. 

We can prove the theorem similarly if 0 be outside, 
on a side or at any angular point of AilBC. 

Note. Also in case the directions of the forces are such that 
forces make equal angles with the corresponding sides of the triangle 
<instead of being only perpendicular), the theorem can also be proved. 
The proof is as follows : — 

Let ABG be a triangle where the forces P, Q, through 
O make the same angle a (a 0, or n) with BC, CA, AB. 

Let the forces cut BO, CA, 
AB D, E, F respectively. 
/LODC = /LOEA » ZOPB * a. 
Let /LEOF'^Si, LFOD^B%, 
L'DOE'^^z. From the quad. 
ODCE, ©8 + o + 0 + Jt - a ■■2«, 
t.s., ^8 “ » "* Similarly 

• jj — Z and Oa •• ys -* B. 
Hence the proof follows as 
before. 




310 


STATICS 


2. On Note 8, Art. 8*1. ^ 

Proof : In note 8, Art. 6*8 we have seen that if a 
system of forces, acting on a rigid body keeps it at rest, 
the algebraic sum of their moments about any line in the 

bodyjB zero. 


Let three forces P, Q, B acting on a rigid body keep it 
in equilibrium. Let A be a point in the body on the line 
of action of P. We take two distinct points B and D on 
the line of action of Q. Since forces P, 6, B are in equili- 


brium, the algebraic sum 
straight lines AP, AD must 



of their moments about the 
be zero. But the moments of 
P and Q about AB and AD 
vanish, since AB, AD intersect 
the lines of action of P and 
Q, Hence, the moment of B 
about AB and AD must 
vanish. It therefore follows 
that B must intersect the 
straight lines AB and AD. 
Let the points of intersection 
be 0 and E. Now AB and 
AD are two intersecting 
straight lines ; so they deter- 
mine a plane n. Hence it- 
follows that the lines of 


action of Q and B lie in this plane n. The ooplanar forces 
Q and B have a single resultant (say 8) in the plane n. 
Now this force S and the force P keep the body in equili- 
brium. Hence P and 8 must have the same line of action. 


forces P, Q, B are co-planar. 


Otherwise, we may proceed thus : 

Since the plane n passes through A, which is any point 
on the line of action of P, the plane n contains the line of 
action of P. 


Hence the forces P, Q, B are co-planar. 








